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Abstract  

The two-dimensional s teady-state p:opagatic$n o f  e l e c t r o s t a t i c  
waves i s  governed by a v / a ~  + a3v/ac + a ( 1 V I  v) /a& = o , t h e  
Complex Mod i f i ed  Korteweg-DeVries equation. The p r o p e r t i e s  of 
t h i s  equat ion a r e  studied.  

To be presented a t  t h e  Symposium on Nonl inear ( S o l i t o n )  S t ruc tu re  
and Dynamics i n  Condensed Matter,  Oxford, England, June 27-29, 1978. 
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Derivation of Eauation 

Some anisotropic media, e.g. a magnetized plasma, can support propagatlng 
electrostatic waves. We wish to study the dispersion and nonlinear self- 
modulation of such waves when the system is two-dimensional (x and y , x  
being the principal axis) and has reached a steady state [a I I field quant i -  
ties - exp(- iwt) , w = constant]. We w i  I I take the med i urn to be homogeneous 
and non-dissipative, and will assume that the dielectric tensor depends on 
the electric field amplitude squared. The equation for the complex elec- 
tric potential, + , is 

2 
We expand 7 about V = 0 ,  Iv@] = 0 (the long-wavelength, linear limit) 

where E is a formal expansion parameter. Assuming Kyy > 0 > Kxx then to 
2 2 2 2 

order EO ( I  1 becomes the wave equation - I~~,la @/ax + %,a @/ay = 0. 

Expanding @ about the right-going solution we let @ = +(T , 5 )  , where 
1 1 2  

r o: y and o: x - ( I~,I/Y/~) Y and a$/ag = O(I) , a@/a~ = O(E) . TO 

order E we obtain 

where v QE a@/ag, and subscripts denote differentiation. We call ( 3 )  the 
Complex Modified Korteweg-deVries equation [I 1. 

2. Constants of the Motion 

Only four constants of the motion are known. This is in contrast to equa- 
tions soluble by the inverse scattering method which have an infinite num- 
ber of constants of the motion. The four constants are: 



I n  ( 7 )  k i s  t h e  Four ie r - t rans form v a r i a b l e  conjugate t o  6 .  Three o f  
these constants have phys ica l  i n t e r p r e t a t i o n s .  II = const.  s ta tes  t h a t  t h e  
e l e c t r i c  f i e l d  i s  d e r i v a b l e  from a p o t e n t i a l .  I, = const.  and I, = const.  
g i v e  t h e  conservat ion o f  momentum and energy, i.e. t h e  fo rce  and power ba- 
I  ances. 

3. Soluble L i m i t s  

Although (3)  i s  n o t  a n a l y t i c a l l y  soluble, it i s  c l o s e l y  r e l a t e d  t o  t h e  
modi f ied  Korteweg-deVries equation, 

i c h  i s  so lub le  by t h e  inverse s c a t t e r i n g  method [2]. To see t h i s  r e l a t  
r e w r i t e  ( 3 )  i n  two ways, 

2 2 
V T + V  + 3 l v l  v5 = 2 i  l v l  ve5 , SSE 

i on  

where 9 = a r g ( v )  . I n  t h e  l i m i t s  o f  slow and r a p i d  phase va r ia t i on ,  t h e  
r i g h t  hand s ides  o f  (9) and (10) respec t i ve l y  a r e  n e g l i g i b l e  and i n  these 
I  fm l t s  (3 )  reduces t o  (81, al though t h e  s t reng th  o f  t h e  non l inear  term, K ,  

i s  d i f f e r e n t .  When n e i t h e r  l i m i t  appl ies,  we must solve ( 3 )  numer ical ly .  

4 .  Numerical S o l u t i o n  

We choose i n i t i a l  c o n d i t i o n s  o f  t h e  form, 

v ( T = O , E )  = Asech(5)exp( ikoS) . 
Figs. 1 and 2 show two examp,les o f  t h e  evo lu t ion .  We see t h a t  t he re  a re  
two types o f  s o l i t a r y  pulses produced; one had a constant  phase (Fig.  I ) ,  
wh i l e  t h e  o the r  i s  an envelope pulse (Fig.  2 ) .  

5 .  Constant Phase Pulses 

The constant  phase pulses a re  a specia l  case o f  t h e  s o l i t o n s  o f  (8). The i r  
form i s  

The area o f  these pulses i s  n.rr . However, these pulses do n o t  behave as 
so l . i tons  i n  (3 ) .  F ig.  3 shows t h e  c o l l i s i o n  o f  two o f  these pulses which 
have d l f f e r e n t  phases, 8 We see t h a t  a f t e r  t h e  c o l l i s i o n  t h e  phase and 
amp l i tude o f  t h e  pu I  ses Rave changed and some " rad ia t i on "  i s produced. 

6. Envelobe Pulses 

The general f o r m o f  t h e  envelope pulses i s  v ( T , ~ )  = V ( ~ ) e x p ( i k o S - i w O ~ )  , 
2 2 2 where V i s  complex, 5 = 5 - C T ,  c = a - 3k0, and w = ko(3a2 - k o ) .  

0 
Here - a i s  t h e  decay r a t e o f  V as I S /  - t a .  V s a t i s f i e s  



For ko = 0 ,  we recover t h e  constant  phase pulses. Numerical ly i n t e g r a t i n g  

(131, we f i n d  t h a t  f o r  0 < l k o l  2 0.5a, V does not  form a pulse, whi1.e f o r  

I ko l  .w > 0.5a we do o b t a i n  a pulse. The asymptot ic form o f  t h e  pulse f o r  ko 

l a rge i s  

where E = a/k . I n  t h e  l i m i t  E -+ 0 we recover t h e  s o l i t o n  o f  ( 8 )  ( w i t h  
K = 3 ) .  The 'pabsol~te"  area o f  V i s  ( c f .  t h e  area o f  t h e  constant  phase 
pulses)  

7. T r a n s i t i o n  From Envelope t o  Constant Phase Pulses 

Since s o l i t a r y  pulses do no t  e x i s t  f o r  t h e  f u l l  range o f  ko/a it i s  c l e a r  
t h a t  t h e r e  cannot be a continuous t r a n s i t i o n  from envelope t o  constant  phase 
pulses. I f  .we t ake  an envelope pulse and a l t e r  t h e  i n i t i a l  cond i t i ons  i n  such 
a way t h a t  1 kol < 0 . 5 a ,  .we see from ( 15) t h a t  it has s u f f i c i e n t  area t o  break 
up i n t o  about 3 constant  phase pulses. For i n i t i a l  cond i t i ons  o f  t h e  form of 
( 1 1 )  t h i s  happens when A = 2k0 (see Fig.  4 ) .  F ig.  5 shows schemat ical ly  what 
pulses a re  produced f o r  d i f f e r e n t  i n i t i a l  cond i t ions .  The equ iva len t  f i g u r e  
f o r  ( 8 )  would c o n s i s t  o f  a s i n g l e  se t  o f  l i n e s  a t  A ( K / ~ ) ' / ~ =  N - 1 /2 .  
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Figure  Captions 

Fig. I  Evo lu t ion  o f  ( 3 )  w i t h  i n i t i a  
A = 3 , k -  = I .  The s o l i d  I  
denote " l v l  , Re(v) , and 

I  cond i t i ons  g iven by ( 1 1 )  w i t h  
ine, long dashes, and sho r t  dashes 
Im(v) respec t i ve l y  

Fig. 2 Same as Fig.  I ,  except A = 5 , ko = 3 

Fig. 3 C o l l i s i o n  o f  two constant  phase pulses 

Fig.  4 Same as Fig.  2 ,  except A = 6 

Fig. 5 Schematic showing numbers and types o f  pulses produced w i t h  i n i t i a l  
cond i t i ons  g iven by ( 1 1 )  
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