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Abstract

The two-dimensional sTeady—sTaTe propagaToon of electrostatic
waves is governed by 8v/atT +23°v/3E +3(|v|2 v)/3E = 0, the
Complex Modified Korteweg-DeVries equation. The properTies of
this equation are studied.
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i. Derivation of Equation

Some anisotropic media, e.g. a magnetized plasma, can support propagating
electrostatic waves. We wish to study the dispersion and nonlinear self-
modulation of such waves when the system is two-dimensional (x and y, x
being the principal axis) and has reached a steady state [all field quanti-
ties ~exp(- fwt) , w = constant]. We will take the medium to be homogeneous
and non-dissipative, and will assume that the dielectric tensor depends on
the electric field amplitude squared. The equation for the complex elec-
tric potential, ¢, is

-_— 2
VeK(V,|Vo| )sVd =0 . (1
- 2
We expand K about V = 0, |V¢| = O (the long-waveiength, linear limit)
- ‘2 - = == 2
K(V, |Vv¢| ) = K + e(1/2) (3 R/aVaV): V¥ + €(3K/3| Vo] )lw»l2 , (2)

where € is a formal expansion parameter. Assuming Kyy > 0 > Kygx Then to
2 2 2
order €° (1) becomes the wave equation - |Kyx|3 ¢/3x + Kyy® /3y = 0.
Expanding ¢ about the rlghT-going solution we let ¢ = ¢(1, E), where
/2
Tey and £ = x - (|Kxx|/rw y and 3¢/3F = O(l), 3¢/31 = O(e) . To
order € we obtain

2
Vo * Vegp ¥ (Jv] Vg =0, (3)

where v « 3¢/9§ , and subscripts denote differentiation. We call (3) the
Complex Modified Korteweg-deVries equation C13.

2. Constants of the Motion

Only four constants of the motion are known. This is in contrast to equa-
tions soluble by the inverse scattering method which have an infinite num-
ber of constants of the motion. The four constants are:

© © 2

|, =/ vdE , (4) 1, =/ -lvl g, (5)
© " 2 oo 2

I, = fmlvl /2 - |vE| dg , (6) o=/ v /kdk . (7N
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In (7) k is the Fourier=-transform variable conjugate to £ . Three of
these constants have physical interpretations. |, = const. states that the
electric field is derivable from a potential. |, = const. and |, = const.
give the conservation of momentum and energy, i.e. the force and power ba-
lances.

3. Soluble Limits

Although (3) is not 5naly+ically soluble, it is closely related to the
modified Korteweg-deVries equation,

2
vT+vEEE+Klv| vg =0, (8)

which is soluble by the inverse scattering method [2]. To see this relation
we rewrite (3) in two ways,

2 2
+ + =
Vet Vege 3| v| Ve 21| v] veg (9
2
+ + = - 2 0)
Vet Veee [v] Ve v|v IE , (1
where 6 = arg(v) . In the limits of slow and rapid phase variation, the

right hand sides of (9) and (10) respectively are negligible and in these
Iimits (3) reduces to (8), although the strength of the nonlinear term, K,
Is different. When neither limit applies, we must solve (3) numerically.

4, Numerical Solution

We choose initial conditions of the form,

vit=0,8&) = Asech(glexp(ikyE) . an
Figs. | and 2 show two examples of the evolution. We see that there are
two types of solitary puises produced; one had a constant phase (Fig. |),
while the other Is an envelope pulse (Fig. 2).

5. Constant Phase Pulses

The constant phase pulses are a special case of the solitons of (8). Their
form is

v =2 asech[a(&-Eo-azT)]exp(ieo) ) (12)

The area of these pulses is YZw. However, these pulses do not behave as
solitons in (3). Fig. 3 shows the collision of two of these pulses which
have different phases, 8 . We see that after the collision the phase and
amp|itude of the pulses "have changed and some "radiation" is produced.

6. Envelope Pulses

The general form of the envelope pulises is v(t, &) = V(c)exp(ikoi'-iwor),
. - - = a2 _ 2 = 2 _ 2
where V s compiex, [ = § cT, C a 3ko, andwo kO(Sa ko).

Here a is the decay rate of V as |[g| »®. V satisfies

(v +|v|2v 2yy 4+ ik _(3V +|v]2v 3a2V) = 0 (13)
44 @ T e Ve av =y
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For ko = 0, we recover the constant phase pulses. Numerically integrating
(I13), we find that for 0 < lko[ < 0.5a, V does not form a pulse, while for

Ikol > 0.5a we do obtain a pulse. The asymptotic form of the pulse for Ko

farge is
3

V = /6 asech(ar){! + ie tanh(ag) +ez[+anh2(a§) -1/2]/3+0(e)} , (14)
where € = a/k_. In the Iimit € = 0 we recover the soliton of (8) (with
Kk = 3). The "absolute" area of V is (cf. the area of the constant phase
pulses)

2|V dg = VBl +e /4 +06e™] . (15)

-

7. Transition From Envelope to Constant Phase Pulses

Since solltary pulses do not exist for the full range of ko/a it is clear
that there cannot be a continuous transition from envelope to constant phase
pulses. 1|f we take an envelope pulse and alter the Initial conditions in such
a way that |K°| < 0.5a, .we see from (15) that it has sufficient area to break
up into about 3 constant phase pulses. For initial conditions of the form of
(Il1) this happens when A = 2k, (see Fig. 4). Fig. 5 shows schematically what
pulses are produced for different initial conditions. The equivalent figure
for (8) would consist of a single set of lines at A(k/6)¥2=N - 1/2.
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Figure Captions

Evolution of (3) with initial conditions given by (Il) with
A=3, k° = | . The solid line, long dashes, and short dashes
denote vl , Re(v), and Im(v) respectively

Same as Fig. |, except A =5, kO =3
Collision of two constant phase pulses

Same as Fig. 2, except A =6

Schematic showing numbers and types of pulses produced with initial
conditions given by (1)
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Fig. 2. 782166
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Fig. 3.
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