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ABSTRACT

The theory of Alfvén resonance heating of
tokamaks is extended beyond the incompressible MHD
model to include finite w/Qi effects, which lead to
off-diagonal terms in the conductivity tensor, and
compressibility, which permits the fast Alfvén mode.
The finite frequency effects can greatly change
the dissipation resulting from the shear Alfvén
resonance. With an appropriate choice of parameters,
the dissipation can vanish allowing high-Q toroidal

eigenmodes in large tokamaks such as PLT.
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Tokamaks of the size of PLT are the first to nominally
permit propagation of magnetosonic (i.e., compressional Alfvén)
modes at frequencies that are a modest fraction of the ion-
cyclotron frequency. (Typically w/Q:.L = 0,5,)

In this freqguency range, the transition from the high
density propagation region for magnetosonic waves to the low
density evanescent region does not occur via a simple cutoff,
but rather by a closelymspaced cutoff~resonance~cutoff triplet.
The resonance, which occurs at the point in the plasma profile
where w = kHVA’ is called the shear Alfvén rescnance and
generally leads to energy absorption. The goal of this work
is to evaluate how much absorption the shear Alfvén resonance
causes. We accomplish this by calculating the reflection
coefficient for magnetosonic waves incident on the cutoff-
resonance-cutoff triplet.

Previous analyses of the probleml’2 treated the MHD limit
in which w/Qi + 0, and, by and large, ignored compressibility
thus suppressing magnetosonic modes. The recent work of Ott,
et al.,2 does recognize that the shear Alfvén resonance can
damp magnetosonic modes but does not include finite frequency
effects, which we find to be important, and specializes 1its
results to the m = O(kyﬁz 0) case.

Since the dissipation depends on the fields close to
the region of the cutoffs and resonance, which typically occupy
only a small fraction of the minor radius of a tokamak, we
may accurately treat fhe problem by a slab geometry model
in which x is parallel to the density gradient and z is

parallel to the constant magnetic field, By - A linear
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variation of density with x is employed. The neglect of

the shear of the magnetic field is justifiable for a tokamak

as long as n >> m/qg (n and m are the toroidal and poloidal

mode numbers and g is the safety factor). The electrons and
ions are treated as separate cold fluids. All field quantities
vary as f(x) exp(ikyy-kikzz-iwt). The parallel electrical
field is neglected (it is shorted out by the high parallel
ealectron conductivity). The remaining components of the

electric field are described by

2

A - k E + i(D - k d/dX)E_ = 0 1
(a - k%) B+ i(D - kK d/ANE =0, (1)
- i(D + k d/dX)E_ + (A + d%/dx%)E_ = O (2)
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where A= (W /VA )[Qi /(,Qi - w )] kz , D= (A + kz )w/Qi and

Va = ch/wpi. Making the substitutions E = Ey and

v= (& -kx O adzax - x D)E (3)
Y Y Y

we may recast (1) and (2) as a coupled set of first order

differential equations,
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The right-hand side of Eg. (5) is the cutoff-resonance-cutoff triplet.



We put Egs. (4) and (5) into dimensionless form by

defining a scalelength £ = [A‘(xo)]ml/3 and a new coordinate

il

£ (x - xo)/ﬂ » where A' = dA/dx and X is the point at which
A = 0 (the finite frequency generalization of the shear
Alfvén resonance). For small £ we retain only the leading
order terms in the series expansions, for A and D. Thus

A = E/E2 and D = S/E2 , Wwhere § = k%yez(w/ﬂi). Equations (4}

and (5) then become

2
d MS &g -M N
agEﬂ——ng B Y o= Q (6)
2 2
ol MS £ - 8 - ) 7
H‘E\PJFWEWJFWE E 0 (7)

where M = kyﬂ and ¥ = £y. The equation for E reads

(8)

We note the following points about Eg. (8). The equation
is singular at £ = 0, the shear Alfvén resonance. The point
£ = M2 is only an apparent singularity as may be seen from
Egs. (6) and (7). This point is the cutoff for the magnetosonic
wave. In the limit |&| -+ = the eguation becomes the Airy
equation, d2E/dE2 + (& - M2)E = 0, which physically describes
a propagating magnetosonic wave for & > M2 and an evanescent

2
mode for & < M .,
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We wish to determine the reflection coefficient, for
this will determine Q of magnetosonic modes. To do this we
solve Eg. (8) with the boundary condition that as &+ -~ =,

E « Ai(Mz-x £) , the evanescent Airy function. We ignore the
small portion of the Bi function which should be added since
the boundary of the plasma where E = 0 is at the finite
distance § = —xo/ﬂ . By integrating Eg. (8) through the
Alfvén resonance layer we find what combination of the Ai

and Bi functions we have at § » « , (Treating the frequency

as a Laplace transform variable, we find that causality

requires us to go above the singularity at & = 0 in the
complex £ plane.) We decompose the Ai and Bi functions
into a wave incident on the layer & = M2 and a reflected

wave. We define an amplitude reflection coefficient, R,
and from it the fraction, g, of incident power dissipated upon
reflection g = 1 - IR}z.

In cases of interest, S and M are small. An analytical
estimate of g is then possible. We obtain this by finding
series solutions to Eg. (8) about the singular point and by
matching these onto the Airy functions at large £ . In the

neighborhood of the singularities, the solutions are (to

lowest orders in M and §)

3 2.2

2y e +o(st, €3, s%%) (9)

S
=
B 1+ (+ S

1+ Ms (1-m8) B log (£) + O (s*, &3, s%c%).
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I

(10)
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[We assume M = 0(S). ] The appropriate combination of E,

and E., that matches onto Ai ( =§) in the region

M2 << =E£ > & << 1 is
o
2
E = [cl - (M/S)c2]E2 + [(M/S)c2 + log(—io)(M c, - MScl)]nl, (11)
where cl = Ai(0) = 0.355 and c2 = ~Aig(0) = 0.259. We write

log(-g ) = log}EOI + im, and then ignore the log }Eot term

gsince it is smaller than the other real terms. TFor

MZ << § << 1 we then have

B o= AL (-8) +1(1/2/3) e, /o) P = s (e /e A1 B
(12)

from which we determine the fractional power absorbed,

a = (21//3) Mic,/c)) /2o s(c /e H1? . (13)

2771 1772
The MHD limit is given by S8 - Q. We see that the effect of
the finite frequency is either to increase or to decrease q
depending on the sign of M. If 8 = Mcz/c:l we have g = 0.
In Fig. 1 we compare Eg. (13) with the value of g

obtained by numerically integrating Egs. (6) and (7). We see
that there is good agreement for |S|, |M| S 0.5. 1In particular

the line along which g=0 is accurately given by Eqg. (13).
To illustrate our result let us compute g for PLT taking

k = -m/a,k,=n/R,a= 40cm, R = 1.3m and assuming a parabolic

Y 1
density profile. We find
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where B4O is the toroidal field in units of 40kG, f25 is

the frequency of the wave generator in units of 25 MHz,
14 -3

nqy is the central density in units of 107 cm and 340
the minor radius in units of 40cm. Thus if m = -1, q is
small for n=+10 . With this value of n the wave energy

propagates away from the antenna reasonably guickly (since
kK, ~ kH) so that the parallel damping length is long. We
expect, therefore, that a high-Q eigenmode will be excited.
Practically, this allows us to combine the high antenna
loading associated with toroidal eigenmodes3 with the

" Alfvén wave dissipation process.

The physics of the dissipation mechanism has not been
discussed here. 1Inclusion of finite temperature and parallel
electric field effects4 shows that the dissipated energy is
linearly modemconverted5 into a thermal wave which propagates
into the plasma from the resonance; This wave damps via
linear electron Landau damping. Hence the energy absorbed by

the shear Alfvén resonance shows up as electron heating near

the resonance.
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Fig. 1. Contours of constant /E . (a) Results obtained by
numerically integrating (6) and (7). (b) Analytic result, (13).





