
Link: http://charles.karney.info/biblio/kritz81.html

http://charles.karney.info/biblio/kritz81.html


E f f e c t  o f  Resonance Broadening on t h e  E v o l u t i o n  o f  t h e  Edge 

o f  a  T u r b u l e n t  Spectrum 

Arnold H. K r i t z  

Plasma P h y s i c s  L a b o r a t o r y ,  P r i n c e t o n  U n i v e r s i t y  

P r i n c e t o n ,  NJ 08544 

and 

Hunter Co l l ege  o f  t h e  C i t y  U n i v e r s i t y  o f  New York 

New York, NY 10021 

Na than ie l  J .  F i s c h  and C h a r l e s  F. F. Karney 

Plasma P h y s i c s  L a b o r a t o r y ,  P r i n c e t o n  U n i v e r s i t y  

P r i n c e t o n ,  NJ 08544 



ABSTRACT 

The e x t e n t  t o  which n o n l i n e a r  wave-par t i c le  resonance broadening r e s u l t s  

i n  a narrowing of an i n c i d e n t  lower-hybrid wave spectrum i s  i n v e s t i g a t e d .  

T h i s  narrowing i s  of concern because i t  could make c o n t r o l  of lower-hybrid 

h e a t i n g  d i f f i c u l t .  We numer ica l ly  show, however, t h a t  r e l a t i v e l y  uniform 

s p a t i a l  power d e p o s i t i o n  occurs  i f  resonance broadening e f f e c t s  a r e  t r e a t e d  

c o n s i s t e n t l y  on both  t h e  wave spectrum and t h e  p a r t i c l e  d i s t r i b u t i o n .  A more 

n a i v e  approach,  i n c l u d i n g  only  t h e  e f f e c t s  on t h e  e v o l u t i o n  of t h e  wave 

spectrum,  would i n c o r r e c t l y  p r e d i c t  a n  unfavorab le  power d e p o s i t i o n  p r o f i l e .  



I. INTRODUCTION 

The i n j e c t i o n  o f  l o w e r  h y b r i d  waves  i n t o  a  tokamak p l a s m a  h a s  been 

sugges ted  a s  a  means o f  h e a t i n g  t h e  p l a s m a  t o  i g n i t i o n 1  o r  a s  a  means  o f  

d r i v i n g  t h e  t o r o d i a l  plasma c u r r e n t . '  The s u c c e s s  o f  bo th  schemes is based 

on t h e  a b s o r b t i o n  o f  t h e  rf-power by plasma e l e c t r o n s  and d e p e n d s ,  i n  p a r t ,  

o n  t h e  e x p e c t a t i o n  t h a t  t h e  s p a t i a l  d e p o s i t i o n  o f  t h e  r f - p o w e r  c a n  b e  

c o n t r o l l e d .  In  p a r t i c u l a r ,  f o r  h e a t i n g  e l e c t r o n s  o r  g e n e r a t i n g  c u r r e n t ,  i t  

i s  l i k e l y  t h a t  t h e  most d e s i r a b l e  d e p o s i t i o n  o f  lower h y b r i d  rf-power would 

be nea r  t h e  plasma c e n t e r  where  t h e  t e m p e r a t u r e  and  d e n s i t y  p r o f i l e s  a r e  

r e l a t i v e l y  f l a t .  The g o a l  o f  t h e  p r e s e n t  s t u d y  i s  t o  a s s e s s  whether t h e  
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n o n l i n e a r  e f f e c t  o f  r e sonance  broadening i n t e r f e r e s  w i t h  t h e  c o n t r o l  t h a t  we 

hope t o  r e t a i n  over  t h e  power d e p o s i t i o n .  

To f a c i l i t a t e  our  assessment  o f  r e s o n a n c e  b r o a d e n i n g  e f f e c t s ,  we m u s t  

model  t h e  i n t e r a c t i o n  o f  t h e  waves  w i t h  t h e  p l a s m a  i n  a  manner  t h a t  i s  

r e a l i s t i c ,  y e t  i s o l a t e s  t h e  e f f e c t s  o f  r e s o n a n c e  b r o a d e n i n g  f r o m  o t h e r  

e f f e c t s .  S p e c i f i c a l l y ,  we s h a l l  model t h e  plasma a s  a  homogeneous s l a b .  We 

a r e  m o t i v a t e d  by t h e  f o l l o w i n g  q u a l i t a t i v e  d e s c r i p t i o n  o f  t h e  s p a t i a l  

d e p o s i t i o n  o f  t h e  r f - p o w e r :  We imagine t h a t  t h e  p a r a l l e l  ( t o  t h e  magne t i c  

f i e l d )  wave phase v e l o c i t y  is chosen l a r g e  compared t o  t h e  e l e c t r o n  t h e r m a l  

v e l o c i t y  nea r  t h e  plasma p e r i p h e r y ,  b u t  o n l y  t h r e e  t o  f o u r  t i m e s  t h e  t h e r m a l  

v e l o c i t y  a t  some h o t t e r  i n t e r i o r  p o i n t .  Thus ,  e x p o n e n t i a l l y  few e l e c t r o n s  

a r e  r e s o n a n t  w i t h  t h e  w a v e  n e a r  t h e  c o o l  p e r i p h e r y  s o  t h a t  t h e  wave 

p ropaga tes  r e l a t i v e l y  undamped u n t i l  i t  r e a c h e s  an i n t e r i o r  p o i n t .  There  t h e  

p lasma  i s  warmer s o  t h a t  a  s u b s t a n t i a l  number o f  r e s o n a n t  e l e c t r o n s  a r e  

p r e s n t .  The wave power i s  a b s o r b e d  b e t w e e n  t h i s  i n t e r i o r  p o i n t  and t h e  

p lasma  c e n t e r  ( t h e  magnet ic  a x i s ) .  To t h e  e x t e n t  t h a t  t h e  i n t e r i o r  p o i n t  i n  



q u e s t i o n  and t h e  plasma c e n t e r  a r e  c l o s e  t o g e t h e r ,  t h e  plasma can b e  modeled 

a s  n e a r l y  homogeneous .  Although t h e  model may n o t  be e n t i r e l y  a c c u r a t e ,  i t  

does  i s o l a t e  f o r  u s  t h e  r e s o n a n c e  b r o a d e n i n g  e f f e c t s  f rom t h e  e f f e c t s  o f  

t e m p e r a t u r e  and d e n s i t y  g r a d i e n t s .  The o t h e r  s i m p l i f i c a t i o n  t h a t  we employ 

i n  modeling t h e  power d e p o s i t i o n  i s  t h a t  t h e  waves  a r e  i n c i d e n t  upon an 

i n f i n i t e  h a l f - s p a c e ,  r a t h e r  t h a n  c o n v e r g i n g  upon t h e  magnet ic  a x i s .  Th i s  

model ing i s o l a t e s  f o r  u s  t h e  resonance  broadening e f f e c t s  from t h e  e f f e c t s  of  

c y l i n d r i c a l  geometry.  

I n  o r d e r  t o  unders tand  t h e  r o l e  o f  r e sonance  b r o a d e n i n g  w i t h  r e g a r d  t o  

s p a t i a l  d e p o s i t i o n  o f  r f - p o w e r  , i t  i s  i m p o r t a n t  t o  d i s t i n g u i s h  low-power 

i n j e c t i o n  from high-power i n j e c t i o n .  By low-power i n j e c t i o n  we mean t h a t  t h e  

r f - p o w e r  i s  s o  weak ,  o r  t h e  p l a s m a  c o l l i s i o n a l i t y  i s  s o  s t r o n g ,  t h a t  t h e  

e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  remains  n e a r l y  Maxwellian. ( I t  i s  u n d e r s t o o d  

t h a t  t h e  r e l a t i v e  plasma c o l l i s i o n a l i t y  depends ,  i n  p a r t ,  on t h e  wave phase 
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v e l o c i t y .  ) I n  t h i s  l i m i t  t h e  d a m p i n g  c o e f f i c i e n t  f o r  t h e  w a v e s  i s  

i n d e p e n d e n t  o f  t h e i r  power. I n  a  uniform plasma, t h e  t r a n s m i t t e d  wave power 

would decay e x p o n e n t i a l l y  w i t h  d i s t a n c e  i n t o  t h e  p l a s m a  s i n c e  t h e  damping 

c o e f f i c i e n t  i s  p r o p o r t i o n a l  t o  t h e  v e l o c i t y  d e r i v a t i v e  o f  t h e  d i s t r i b u t i o n  

f u n c t i o n .  That  is  dD/dt = YD where D i s  a  measure o f  t h e  i n c i d e n t  r f - p o w e r  

and where Y a aF/av i s  e s s e n t i a l l y  independent  o f  D. 

I n  t h e  o p p o s i t e  l i m i t  of  high-power rf-waves, t h e  c o l l i s i o n a l i t y  o f  t h e  

plasma i s  t o o  s m a l l  t o  r e s t o r e  t h e  Maxwellian e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n .  

I n s t e a d ,  a  p l a t e a u  forms on t h e  t a i l  o f  t h e  p a r a l l e l  v e l o c i t y  d i s t r i b u t i o n  a t  

t h e  v e l o c i t y  c o r r e s p n d i n g  t o  t h e  wave p h a s e  v e l o c i t y .  Thus,  i n  t h e  h i g h  

power l i m i t ,  t h e  s l o p e  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  a n d ,  c o n s e q u e n t l y ,  t h e  

damping c o e f f i c i e n t  f o r  t h e  waves is  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  wave power 

s o  t h a t  i t  i s  t h e  r a t e  o f  power d e p o s i t i o n ,  and n o t  t h e  damping c o e f f i c i e n t ,  



t h a t  i s  independent  o f  t h e  wave power, i . e . ,  dD/dt a (1/D)D. T h e r e f o r e ,  t h e  

t r a n s m i t t e d  wave power would o n l y  decay l i n e a r l y  w i t h  d i s t a n c e  i n t o  a  uniform 

plasma. However, even when h igh  power lower h y b r i d  waves a r e  i n j e c t e d  i n t o  

t h e  p l a s m a ,  t h e r e  a r e  some c o m p o n e n t s  i n  t h e  v e l o c i t y - s p a c e  spec t rum,  i n  

p a r t i c u l a r  t h o s e  n e a r  t h e  edge o f  t h e  spect rum,  whose d e c a y  a r e  g o v e r n e d  by 

t h e  low power l i m i t .  T h a t  t h e r e  e x i s t s  some s p e c t r a l  componen t s  i n  t h e  

low-power regime i s  a s s u r e d  i f  t h e  spect rum i s  c o n t i n u o u s .  T h u s ,  we e x p e c t  

t h a t  u n d e r  h igh-power  i n j e c t i o n ,  t h e  edge o f  t h e  wave spect rum must s h a r p e n  

because t h e  i n t e n s i t y  o f  t h e  components  n e a r  t h e  s p e c t r u m  e d g e  a r e  i n  t h e  

low-power r e g i m e  and e x p e r i e n c e  e x p o n e n t i a l  d e c a y  r e l a t i v e  t o  t h e  l i n e a r  

decay o f  t h e  components i n  t h e  c e n t r a l  p o r t i o n  o f  t h e  s p e c t r u m .  A s s o c i a t e d  

w i t h  t h i s  s h a r p e n i n g  o f  t h e  s p e c t r u m ,  t h e r e  would  b e  a  n a r r o w i n g  o f  t h e  

spectrum because  o f  t h e  f a s t e r  decay o f  t h e  edge o f  t h e  s p e c t r u m .  However ,  

narrowing can occur  i n d e p e n d e n t l y ,  i . e . ,  even when t h e  spect rum is  f l a t .  The 

narrowing o f  t h e  spect rum can occur  by v i r t u e  o f  r e sonance  b r o a d e n i n g ,  w h i c h  

a s s u r e s ,  among o t h e r  t h i n g s ,  t h a t  t h e  damping r a t e  o f  t h e  s p e c t r a l  components 

undergoes a  c o n t i n o u s  t r a n s i t i o n  b e t w e e n  low- and  h igh-power  l imits.  I n  

p a r t i c u l a r  , t h e  s p e c t r a l  components w i t h i n  a  r e sonance  broadening width  o f  

t h e  spectrum edge would e x p e r i e n c e  a  damping r a t e  l a r g e r  t h a n  t h e  c o m p o n e n t s  

i n  t h e  c e n t e r  o f  t h e  spectrum. P h y s i c a l l y  t h i s  c o r r e s p o n d s  t o  t h e s e  s p e c t r a l  

components exchanging energy w i t h  e l e c t r o n s  t h a t  have v e l o c i t i e s  o u t s i d e  t h e  

r a n g e  o f  t h e  wave phase  v e l o c i t i e s  a s s o c i a t e d  w i t h  t h e  spec t rum - i . e . ,  w i t h  

e l e c t r o n s  f o r  which  t h e  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  p r e s u m a b l y  h a s  a  

l a r g e r  s l o p e .  I f  t h e  r e s o n a n c e  b r o a d e n i n g  w i d t h  i s  b r o a d e r  t h a n  t h e  

c h a r a c t e r i s t i c  width  a s s o c i a t e d  w i t h  t h e  edge o f  t h e  wave s p e c t r u m ,  t h e n  i t  

c a n  be  i m a g i n e d  how t h e  spectrum can narrow i n d e p e n d e n t l y  o f  t h e  s h a r p e n i n g  

o f  t h e  edge.  



Even a  small  narrowing of t h e  wave spectrum may be o f  g r e a t  impor t ance  

because it a f f e c t s  t he  value of  v l ,  t he  lowest p a r a l l e l  phase ve loc i ty  i n  t h e  

wave spectrum. The number of resonant  e l e c t r o n s  i n  t he  s t e a d y  s t a t e  s c a l e s  

a s  N - exp(-v l  /2vte2) where vte i s  t h e  e l ec t ron  thermal ve loc i ty  and is a  

func t ion  of d i s t a n c e  i n t o  t h e  plasma. The s e n s i t i v e  dependence o f  N ,  on vl 

i s  r e f l e c t e d  i n  t h e  power d e p o s i t i o n .  A s m a l l  narrowing of t h e  spectrum 

i m p l i e s  t h a t  t h e  power  i n  t h e  e d g e  s p e c t r a l  c o m p o n e n t s  i s  q u i c k l y  

( e x p o n e n t i a l l y )  abso rbed  by t h e  p lasma,  A s  a  consequence ,  v l  becomes a 

func t ion  of  d i s t a n c e  i n t o  t h e  plasma. Assoc ia ted  w i t h  t h e  i n c r e a s e  i n  v l ,  

t h e  plasma becomes t r anspa ren t  t o  the  c e n t r a l  s p e c t r a l  components. Thus, t he  

narrowing of t h e  spec t rum would g i v e  a  v e r y  unwelecome p r o f i l e  o f  power 

depos i t i on .  

The concern of t h i s  s tudy i s  whether, due t o  resonance b r o a d e n i n g ,  t h e  

na r rowing  of t h e  wave spectrum occurs  i n  t h e  high-power l i m i t .  This concern 

i s  p a r t i c u l a r l y  a p p r o p r i a t e  i n  t h e  c a s e  o f  c u r r e n t  g e n e r a t i o n  i n  tokamak 

r e a c t o r s  where one s t a r t s  with a  narrow spectrum inc iden t  on the  plasma. We 

w i l l ,  i n  f a c t ,  show t h a t  t h i s  narrowing does n o t  occu r  when t h e  e f f e c t s  o f  

r e s o n a n c e  b r o a d e n i n g  a r e  included i n  a  proper and se l f - cons i s t en t  manner i n  

t h e  e v o l u t i o n  o f  b o t h  t h e  wave s p e c t r u m  a n d  t h e  e l e c t r o n  v e l o c i t y  

d i s t r i b u t i o n .  The concern, although even tua l ly  discounted,  i s  never the less  

genuine and could not  have been a l l e v i a t e d  without a  numer ica l  c a l c u l a t i o n .  

We w i l l  show how a  more n a i v e  f o r m u l a t i o n  o f  t h e  problem,  inc luding  the  

resonance broadening e f f e c t s  on t h e  evolu t ion  of t h e  wave spectrum only ,  does 

l e a d  t o  a  narrowing of  t he  spectrum and an unfavorable depos i t ion  p r o f i l e  i n  

t he  manner descr ibed above. 

The pape r  i s  o r g a n i z e d  a s  fol lows:  I n  Sec. I1 we wr i t e  down t h e  bas i c  

equat ions  and pose t h e  concern r a i sed  i n  t h i s  s ec t ion  i n  a  more q u a n t i t a t i v e  



manner. The d e r i v a t i o n  o f  t h e s e  e q u a t i o n s  i s  f o u n d  i n  A p p e n d i x  A .  I n  S e c .  

I11 we p r e s e n t  t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  r e s o n a n c e  b r o a d e n i n g  e q u a t i o n s  

and we d e m o n s t r a t e  t h e  i m p o r t a n c e  o f  s e l f - c o n s i s t e n c y  i n  f o r m u l a t i n g  t h e s e  

e q u a t i o n s .  We c o n c l u d e  w i t h  a d i s c u s s i o n  o f  o u r  r e s u l t s  i n  Sec .  I V .  



%I, BASIC EQUATIONS 

T h e  e v o l u t i o n  o f  t h e  p a r a l l e l  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n ,  F ,  may b e  

e s c r i b e d  by a  Fokker-Planck  e q u a t i o n  ( w r i t t e n  i n  p a r a l l e l  v e l o c i t y  o n l y )  

w i t h  an added q u a s i l i n e a r  d i f f u s i o n  t e rm due  t o  t h e  waves ,  i . e . ,  

( I f  

where  t h e  q u a s i l i n e a r  d i f f u s i o n  c o e f f i c i e n t  D d e p e n d s  on  F [ s e e  Eqs. ( 4 )  a n d  

( 5 )  b e l o w ] .  A l l  q u a n t i t i e s  a r e  w r i t t e n  u s i n g  t h e  n o r m a l i z a t i o n s  i n t r o d u c e d  

i n  Appendix A .  Thus ,  T is  t i m e  i n  u n i t s  o f  i n v e r s e  c o l l i s i o n  f r e q u e n c y ,  w i s  

p a r a l l e l  e l e c t r o n  v e l o c i t y  i n  u n i t s  o f  t h e  e l e c t r o n  t h e r m a l  speed  and 5 ,  t h e  

n o r m a l i z e d  s p a t i a l  v a r i a b l e ,  i s  a  measu re  o f  d i s t a n c e  i n t o  t h e  p l a s m a .  We 

u s e  t h e  a v e r a g e  o p e r a t o r  < > d e f i n e d  by 

w h e r e  6 i s  a  g i v e n  r e s o n a n c e  b r o a d e n i n g  w i d t h  a n d  G(w) i s  a n  a r b i t r a r y  

f u n c t i o n ,  which i s  a v e r a g e d  o v e r  t h i s  w i d t h ,  The c o l l i s i o n  o p e r a t o r  i s  g i v e n  

T h i s  o p e r a t o r  is l i n e a r i z e d  and w r i t t e n  i n  t h e  h i g h - v e l o c i t y  l i m i t .  A l s o ,  a  

Maxwel l ian  d i s t r i b u t i o n  h a s  b e e n  a s s u m e d  f o r  t h e  p e r p e n d i c u l a r  v e l o c i t y  

d i r e c t i o n .  The  j u s t i f i c a t i o n  f o r  u s i n g  t h i s  c o l l i s i o n  o p e r a t o r  i n  t h e  

p r e s e n t  problem f o l l o w s  t h e  a r g u m e n t s  o f f e r e d  i n  R e f e r e n c e s  2 a n d  4 .  The  

wave  d i f f u s i o n  c o e f f i c i e n t ,  D, w h i c h  i s  p r o p o r t i o n a l  c o  t h e  i n c i d e n t  wave 



power ( s e e  Appendix A) ,  e v o l v e s  a c c o r d i n g  t o  t h e  f o l l o w i n g  e q u a t i o n :  

w h e r e  V = w a n d  5 a r e  t h e  d i m e n s i o n l e s s  r a d i a l  g r o u p  v e l o c i t y  and s p a t i a l  
g  

c o o r d i n a t e  a s  shown i n  Appendix A.  The wave damping r a t e , y  , i s  g i v e n  by 

w h e r e  t h e  c o n s t a n t  A is  d e f i n e d  i n  Eq. (A12). Below we d i s c u s s  some o f  t h e  

p r o p e r t i e s  o f  Eqs. ( 1 ) - ( 5 ) .  

No te  t h a t  i f  c o l l i s i o n s  a r e  n e g l e c t e d ,  i . e . ,  ( a F / a ~ )  = 0 ,  Eqs. ( 1 ) - ( 5 )  
C 

c o n s e r v e  e n e r g y  o n l y  i f  t h e  r e s o n a n c e  b r o a d e n i n g  w i d t h ,  6 ,  i s  e q u a l  t o  z e r o .  

( N o t e  t h a t  momentum i s  c o n s e r v e d  e v e n  f o r  6 f 0 . )  When 6 i s  n o t  e q u a l  t o  

z e r o ,  c o n s e r v a t i o n  o f  e n e r g y  is m a i n t a i n e d  o n l y  i f  we d o  n o t  u s e  a  f u n c t i o n  

t o  a p p r o x i m a t e  t h e  r e s o n a n c e  b r o a d e n i n g  o p e r a t o r  d e r i v e d  i n  R e f e r e n c e  3. 

However ,  t h e  e q u a t i o n s  w o u l d  t h e n  a s s u m e  a  f a r  m o r e  c o m p l i c a t e d  f o r m .  

A l t e r n a t i v e l y ,  we c o u l d  f o r c e  e n e r g y  c o n s e r v a t i o n  i n  t h e  manner d e s c r i b e d  i n  

R e f e r e n c e  5 ,  b u t  we d o  n o t  c o n s i d e r  t h i s  n e c e s s a r y  f o r  t h e  p r e s e n t  

a p p l i c a t i o n .  E n e r g y  i s  n e a r l y  c o n s e r v e d  if 6 is s m a l l .  Moreover,  i n  t h e  

p r e s e n c e  o f  c o l l i s i o n s ,  t h e  e n e r g y  and momentum o f  t h e  r e s o n a n t  e l e c t r o n s  and 

waves a r e  n o t  s e p a r a t e l y  c o n s e r v e d .  Thus,  t h e  s o l u t i o n  f o r  F i n  t h e  p r e s e n c e  

o f  c o l l i s i o n s  is n o t  s e n s i t i v e  t o  s m a l l  d i s c r e p a n c i e s  i n  t h e  s e p a r a t e  b a l a n c e  
6 

of  ene rgy  and momentum between t h e  r e s o n a n t  e l e c t r o n s  and t h e  waves. On t h e  

o t h e r  hand,  Eqs. ( 1 ) - ( 5 )  do  a d v a n t a g e o u s l y  p r e s e r v e  t h e  n o n - n e g a t i v e  n a t u r e  

o f  b o t h  F a n d  D ,  n o  m a t t e r  how 6 i s  c h o s e n .  T h u s ,  f o r  t h e  p r e s e n t  

a p p l i c a t i o n ,  where t h e  e n e r g y  t h a t  t h e  r e s o n a n t  e l e c t r o n s  g a i n  from t h e  waves 

i s  t o  b e  b a l a n c e d  a g a i n s t  t h e  e n e r g y  t h e y  l o s e  by c o l l i d i n g  w i t h  n o n r e s o n a n t  



e l e c t r o n s ,  o u r  approach o f  i n t r o d u c i n g  t h e  phenomena o f  r e sonance  b r o a d e n i n g  

i n  a n  a p p r o x i m a t e  b u t  s i m p l e  manner ( w i t h  d e s i r a b l e  mathemat ica l  p r o p e r t i e s )  

r e t a i n s  t h e  e s s e n t i a l  p h y s i c s .  

Our i n t e r e s t  l i e s  i n  o b t a i n i n g  t h e  s t e a d y - s t a t e  s o l u t i o n  o f  Eqs .  

I - 5  Taking a F / a ~  = 0 i n  Eq. ( I ) ,  we immediate ly  f i n d  

w h e r e  c ( 6 )  i s  d e t e r m i n e d  by  t h e  c o n d i t i o n  t h a t  t h e  e l e c t r o n  d e n s i t y  [ i . e . ,  

F(w) i n t e g r a t e d  over  t h e  p a r a l l e l  v e l o c i t y  w l  remains  a  ( g i v e n )  f u n c t i o n  o f  5 

o n l y .  Note t h a t  F(w) is  Maxwellian where <D> v a n i s h e s  and is f l a t  where <D> 

i s  l a r g e .  Fur thermore ,  n o t e  t h a t  t h e  h e i g h t  o f  t h e  p l a t e a u  where  F  i s  f l a t  

i s  e x p o n e n t i a l l y  s e n s i t i v e  t o  t h e  v a l u e  o f  t h e  s l o w e s t  phase v e l o c i t y  i n  t h e  

wave spect rum.  

The power c a r r i e d  by  t h e  t r a n s m i t t e d  wave may now b e  determined u s i n g  

Eqs. ( 4 ) - ( 6 )  wi th  a D / a ~ =  0. The c o n c e r n  r e g a r d i n g  r e s o n a n c e  b r o a d e n i n g ,  

e x p r e s s e d  i n  Sec. I ,  s tems from Eq. ( 4 ) .  Near t h e  spect rum edge,  t h e  damping 

r a t e  t e n d s  t o  be much l a r g e r  when t h e  averaged F  i s  employed i n s t e a d  o f  t h e  

u n a v e r a g e d  F. The e f f e c t  o f  t h i s  l a r g e r  damping  r a t e  i s  t h a t  t h e  e d g e  

s p e c t r a l  components a r e  l o s t  f a s t e r  than  t h e  c e n t r a l  components. However, we 

s h a l l  s e e  be low t h a t  t h i s  e f f e c t  i s  m i t i g a t e d  when t h e  D used i n  Eq. ( 6 )  i s  

a v e r a g e d  o v e r  t h e  r e s o n a n c e  b r o a d e n i n g  w i d t h ,  a s  o p p o s e d  t o  n o t  b e i n g  

a v e r a g e d .  The r e d u c t i o n  o f  t h e  resonance  broadening e f f e c t  o c c u r s  because  

t h e  p a r t i c l e  d i s t r i b u t i o n  becomes f l a t t e n e d  somewhat even o u t s i d e  t h e  r a n g e  

o f  t h e  spect rum phase v e l o c i t i e s  when <D> is used.  

In t h e  n e x t  s e c t i o n ,  we w i l l  p r e s e n t  n u m e r i c a l  s o l u t i o n s  o f  E q s .  

- 6  When t h e  r e s o n a n c e  b r o a d e n i n g  e f f e c t s  a r e  i n c l u d e d  i n  b o t h  



evolut ion equat ions ,  i .e . ,  f o r  t h e  waves and f o r  t h e  e l e c t r o n s ,  we r e f e r  t o  

t he  so lu t ions  a s  s o l u t i o n s  of  t h e  c o n s i s t e n t  s e t  o f  equat ions .  What we r e f e r  

t o  a s  s o l u t i o n s  of the  i n c o n s i s t e n t  s e t  o f  e q u a t i o n s  a r e  s o l u t i o n s  o f  Eqs.  

( 4 ) - ( 6 )  b u t  w i t h  t h e  unaveraged  v a l u e  o f  D ( n a i v e l y )  employed in  Eq. (6 )  

ins tead  of t he  resonance broadened value <D>. It w i l l  be shown t h a t  i t  i s  

o n l y  t h e  incons i s t en t  s e t  o f  equat ions  t h a t  e x h i b i t s  t h e  severe  narrowing o f  

t he  spectrum and t h e  consequent unfavorable power depos i t i on  p r o f i l e .  



111. NUMERICAL SOLUTION 

I n  o r d e r  t o  show t h e  e f f e c t  o f  r e sonance  broadening on t h e  propagat ion 

o f  lower  hybr id  waves and d e p o s i t i o n  o f  t h e i r  power, we choose a  t y p i c a l  s e t  

o f  p a r a m e t e r s  and d i s p l a y  v a r i o u s  a s p e c t s  o f  t h e  s t e a d y  s t a t e  s o l u t i o n s  o f  

Eqs. ( 4 ) - ( 6 )  wi th  ( a )  no resonance  b roaden ing ,  i . e . ,  6 = 0 ;  ( b )  c o n s i s t e n t  

r e s o n a n c e  b r o a d e n i n g ;  and ( c )  i n c o n s i s t e n t  resonance b roaden ing ,  i . e . ,  6 + 0  

i n  Eq. ( 5 )  and 6 = 0  i n  Eq. ( 6 ) .  

We c h o s e  D ( w ,  5 = 0 )  = 30/w f o r  3.6 < w < 6.0 and z e r o  o u t s i d e  t h i s  range 

o f  p a r a l l e l  phase v e l o c i t y .  Th i s  i s  r e p r e s e n t a t i v e  o f  l o w e r  h y b r i d  waves  

w i t h  f r e q u e n c y  o f  1 .2  GHz and power l e v e l s  o f  1  MW propaga t ing  i n  a  plasma 

1 3  -3 
w i t h  e l e c t r o n  d e n s i t y  2.5 x 10 cm and e l e c t r o n  t e m p e r a t u r e  Te = 2 . 5  keV. 

The r e s o n a n c e  b r o a d e n i n g  w i d t h  i s  t a k e n  t o  be  c o n s t a n t  e q u a l  t o  0.1 v t e ,  

i . e . ,  S = 0.1. Taking 6 t o  be a  c o n s t a n t  and making no a t t e m p t  t o  r e l a t e  i t  

1 / 3  
b a c k  t o  ( D / k , , )  i s  n o t  s t r i c t l y  c o r r e c t  b u t  s u f f i c e s  h e r e  i n  o u r  

examina t ion  o f  t h e  n a t u r e  o f  t h e  i n f l u e n c e  t h a t  r e s o n a n c e  b r o a d e n i n g  h a s  on 

t h e  d e p o s i t i o n  o f  power. 

The v a r i a t i o n  o f  t h e  s p e c t r a l  power d e n s i t y  a s  a  f u n c t i o n  o f  5 i s  shown 

i n  F i g .  1 .  It i s  s e e n  t h a t  w i t h  no  r e s o n a n c e  b r o a d e n i n g ,  c u r v e  ( a ) ,  and 

c o n s i s t e n t  r e sonance  b r o a d e n i n g ,  c u r v e  ( b )  , t h e  d e c a y  o f  t h e  S p e c t r u m  i s  

n e a r l y  l i n e a r .  The d e c a y  i n  c a s e  ( b )  i s  somewhat f a s t e r  than  i n  c a s e  ( a ) .  

However, w i t h  i n c o n s i s t e n t  r e sonance  b r o a d e n i n g ,  c u r v e  ( c )  , a  r a p i d  i n i t i a l  

d e c a y  o f  t h e  s p e c t r u m  i s  f o l l o w e d  by a  much s lower  decay o f  t h e  spect rum.  

Case ( c )  is i l l u s t r a t i v e  o f  t h e  e f f e c t  t h a t  we had f e a r e d  b e f o r e  d o i n g  t h e  

problem s e l f - c o n s i s t e n t l y  . 
The r e s u l t s  shown i n  F ig .  1 a r e  i l l u s t r a t e d  more s u c c i n c t l y  i n  F i g s .  2  

a n d  3. I n  F ig .  2  we p l o t  a s  a  f u n c t i o n  o f  5 t h e  f r a c t i o n  o f  t h e  t o t a l  power 



c a r r i e d  by t h e  l o w e r  h y b r i d  w a v e s  a n d  i n  F i g .  3 ,  t h e  r a t e  o f  p o w e r  

d e p o s i t i o n .  Note i n  Fig .  3 t h e  uniform d e p o s i t i o n  o f  power i n  c a s e  ( a )  and 

( b )  compared wi th  t h e  non-uniform d e p o s i t i o n  i n  c a s e  ( c ) .  The o r i g i n  o f  t h i s  

b e h a v i o r  c a n  b e  s e e n  i n  Fig .  4 where we p l o t  t h e  l o c a t i o n  o f  t h e  i n n e r  ( l o w  

v e l o c i t y )  edge o f  t h e  spectrum a s  a  f u n c t i o n  o f  6 f o r  t h e  t h r e e  c a s e s .  The 

l o c a t i o n  o f  t h i s  edge is d e f i n e d  by t h e  l e s s e r  o f  t h e  two s o l u t i o n s  t o  

Whereas, i n  c a s e s  ( a )  and ( b )  t h e  e d g e  i s  n e a r l y  s t a t i o n a r y  u n t i l  a  m a j o r  

f r a c t i o n  o f  t h e  r f - e n e r g y  h a s  been d e p o s i t e d ,  i n  c a s e  ( c )  t h e  edge moves t o  

l a r g e r  v e l o c i t i e s  wi th  i n c r e a s i n g  5 ( p r o p a g a t i o n  i n t o  t h e  p l a s m a )  r e d u c i n g  

t h e  number o f  r e s o n a n t  p a r t i c l e s  and hence t h e  damping r a t e .  



I V .  CONCLUSIONS 

We have examined t h e  e x t e n t  t o  which n o n l i n e a r  resonance broadening 

a f f e c t s  a  lower hybr id  rf-spectrum. While one might expect  resonance 

broadening on t h e  waves t o  d r a m a t i c a l l y  narrow t h e  spectrum, i t  i s  shown t h a t  

t h i s  e f f e c t  i s  c o u n t e r a c t e d  by resonance broadening on t h e  p a r t i c l e s ,  which 

ex tends  t h e  p l a t e a u  i n  t h e  p a r a l l e l  v e l o c i t y  d i s t r i b u t i o n  a resonance 

broadening width i n t o  t h e  non-resonance reg ion .  Thus, when resonance 

broadening i s  t r e a t e d  c o n s i s t e n t l y ,  t h e  rf-power spectrum does no t  narrow 

s i g n i f i c a n t l y  and t h e  uniform s p a t i a l  d e p o s i t i o n  of t h e  rf-power i s  

r e t a i n e d .  
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APPENDIX A 

I t  c a n  b e  s h o w n  t h a t  w h e n  t h e  p l a s m a  i s  s u b j e c t  t o  t h e  i n c i d e n t  

r f - e l e c t r o s t a t i c  w a v e s ,  t h e  o n e - p a r t i c l e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  

f u n c t i o n  s a t i s f i e s  t h e  e q u a t i o n  

w h e r e  1 and 11 r e f e r  t o  t h e  d i r e c t i o n  o f  t h e  m a g n e t i c  f i e l d ;  v ,  t h e  e l e c t r o n  

v e l o c i t y ;  k ,  t h e  w a v e  n u m b e r ; o , t h e  wave f r e q u e n c y ;  and  e and  m t h e  c h a r g e  

and mass  o f  t h e  e l e c t r o n .  The v a l u e s  o f  ,$i , t h e  s p e c t r a l  e n e r g y  d e n s i t y ,  

a n d  Ck , t h e  p a r a l l e l  s p e c t r a l  e n e r g y  d e n s i t y ,  a r e  e x p r e s s e d  i n  terms o f  

t h e  e n e r g y  d e n s i t y ,  2cf, a s s o c i a t e d  w i t h  t h e  i n c i d e n t  r f - w a v e s  ( w i t h  e l e c t r i c  

f i e l d  a m p l i t u d e  E) by t h e  r e l a t i o n s h i p  

The d i s p e r s i o n  r e l a t i o n  f o r  l o w e r  h y b ' r i ' d  w a v e s ,  i . e . ,  

where  M i s  t h e  i o n  m a s s  a n d  w h e r e  w w a n d  wce a r e  t h e  p l a s m a  i o n ,  p i  ' p e  

p l a s m a  e l e c t r o n  and  e l e c t r o n  c y c l o t r o n  f r e q u e n c i e s ,  r e s p e c t i v e l y ,  i s  u s e d  t o  

e l i m i n a t e  k l l / k  f r o m  t h e  i n t e g r a n d  i n  Eq. ( A l ) .  T h e r e f o r e ,  t h e  e q u a t i o n  f o r  

t h e  d i s t r i b u t i o n  f u n c t i o n  becomes  



w h e r e  we h a v e  e x p r e s s e d  t i m e  i n  u n i t s  o f  b1 d e f i n e d  by IT' = 4 ~ n v & ~ / 3 k '  inA and 
pe 

w h e r e  . 

I n  c o m p u t i n g  t h e  c o l l i s i o n  t e r m ,  we a s s u m e  t h a t  t h e  b a c k g r o u n d  

d i s t r i b u t i o n s  o f  b o t h  t h e  e l e c t r o n s  a n d  i o n s  a r e  n o n - d r i f t i n g  , n o n - e v o l v i n g  

M a x w e l l i a n  d i s t r i b u t i o n s .  T h e r e f o r e ,  i n  t h e  h i g h  v e l o c i t y  l i m i t ,  v a l i d  f o r  

t h e  r e s o n a n t  and  n e a r b y  e l e c t r o n s ,  t h e  c o l l i s i o n  t e r m  becomes 

w h e r e  u = v / v  and ! ~ = w / u .  It h a s  b e e n  shown4 t h a t  t h e  p e r p e n d i c u l a r  v e l o c i t y  
te 

s p a c e  d y n a m i c s  p l a y  a  m i n o r  r o l e .  T h u s ,  we a s s u m e  a  M a x w e l l i a n  p e r p e n d i c u l a r  

d i s t r i b u t i o n  and  i n t e g r a t e  o v e r  t h a t  d i r e c t i o n 9  s o  t h a t  E q .  ( R 4 )  becomes 

d:". When I .  = I 9  E q .  (A7) r e d u c e s  t o  E q .  ( 1  ) w i t h  (8 
1 

g i v e n  by Eq. ( 3 ) .  

The d e c a y  o f  D(w) i s  g o v e r n e d  by  t h e  e q u a t i o n  



where  t h e  d e c a y  c o n s t a n t  y ' and  t h e  g r o u p  v e l o c i t y  v  f o r  t h e  l o w e r  h y b r i d  
€3 

e l e c t r o s t a t i c  waves a r e  

We e x p r e s s  t i n  u n i t s  o f  u-l, v  i n  u n i t s  o f  U d e f i n e d  i n  E q .  ( A 9 ) ,  x  i n  
gx 

u n i t s  o f  U/u. T h e r e f o r e  E q .  (A8) becomes 

where  

( A l l )  

From E q .  (A9)  i t  f o l l o w s  t h a t  t h e  wave damping  r a t e  c a n  b e  w r i t t e n  

When r e s o n a n c e  b r o a d e n i n g  on F i s  i n c l u d e d ,  Eq,. (A12)  r e d u c e s  t o  E q .  (4). 



REFERENCES 

T. H.  S t i x ,  Phys. Rev. L e t t .  - 15 ,  878 ( 1 9 6 5 ) .  

N .  J .  F i s c h ,  Phys. Rev. L e t t .  - 41,  873 (1978) ;  Phys. Rev. L e t t .  - 42,  

410 ( 1 9 7 9 ) .  

T. H.  Dupree, Phys. F l u i d s  - 9 ,  1773 ( 1 9 6 6 ) .  

C. F. F. Karney and N .  J .  F i s c h ,  Phys. F l u i d s  - 22 ,  1817 (1979) .  

N. J .  F i s c h  and A .  Be r s ,  Phys. Rev. L e t t .  - 35,  373 (1975) .  

N .  J .  F i s c h ,  M.S. t h e s i s ,  Massachuse t t s  I n s t i t u t e  o f  Technology,  1975. 

R .  C .  Davidson,  Methods i n  Nonl inear  Plasma Theory ,  (Academic P r e s s ,  

New York, 1 9 7 2 ) ,  p. 166. 

B. A.  Trubnikov,  i n  Reviews o f  Plasma P h y s i c s ,  e d i t e d  by 

M. A.  Leon tov ich  ( C o n s u l t a n t s  Bureau,  New York, 1965) ,  Vol. 1 ,  p .  105. 

A .  A .  Vedenov, i n  Review of Plasma P h y s i c s ,  e d i t e d  by M .  A.  Leontovich  

( C o n s u l t a n t s  Bureau,  New York, 1 9 6 7 ) ,  Vol. 3 . ,  p. 229. 



(PPPL-802145) 
Fig. 1. Wave power spectrum (in 

parallel velocity space) as a func- 
tion of depth into the plasma. At 
the 5=0, the power is zero except 
when 3.6 < w < 6.0. In case (a) 
the effects of resonance broadening 
are omitted; in case (b) resonance 
broadening is included; and in case 
(c) resonance broadening is parti.- 
ally taken into account and thus 
treated inconsistently. 

(PPPL-802146) 
Fig. 2. Fraction of 

incident power retained by 
the rf as a function of 
depth into the plasma- a) 
resonance broadening omitted, 
b) resonance broadening in- 
cluded, and c) resonance 
broadening partially taken 
into account. 



(PPPL-802148) 
F ig .  3 .  Rate of rf-power 

depos i t i on  a s  func t ion  of 
depth i n t o  t h e  plasma- a )  
resonance broadening omi t ted ,  
b )  resonance broadening in-  
c luded ,  and c )  resonance 
broadening p a r t i a l l y  taken 
i n t o  account.  

(PPPL-832147) 
F ig .  4 .  Location of t h e  

i n n e r  (low v e l o c i t y )  edge 
of t h e  rf-spectrum- a )  
resonance broadening omit- 
t e d ,  b )  resonance broaden- 
i n g  inc luded ,  and c )  reso-  
nance broadening p a r t i a l l y  
taken  i n t o  account.  




