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ABSTRACT

The extent to which nonlinear wave-particle resonance broadening results
in a nérrowing of an incident lower—~hybrid wave spectrum is investigated.
This narrowing is of concern because it could make control of lower-hybrid
heating difficult. We numerically show, however, that relatively uniform
spatial power deposition occurs if resonance broadening effects are treated
consistently on both the wave spectrum and the particle distribution. A more
naive approach, including only the effects on the evolution of the wave

spectrum, would incorrectly predict an unfavorable power deposition profile.



I. TINTRODUCTION

The injection of lower hybrid waves into a tokamak plasma has been
suggested as a means of heating the plasma to ignition1 or as a means of
driving the torodial plasma current.2 The success of both schemes is based
on the absorbtion of the rf-power by plasma electrons and depends, in part,
on the expectation that the spatial deposition of the rf-power can be
controlled. In particular, for heating electrons or generating currént, it
is likely that the most desirable deposition of lower hybrid rf-power would
be near the plasma centef where the temperature and density profiles are
relatively flat. .The goal of the present study is to assess whether the
nonlinear effect of resonance broadening3 interferes with the control that we
hope to retain over the power deposition,

To facilitate our assessment of resonance broadening effects, we must
model the interaction of the waves with the plasma in a manner that is
realistic, yet isolates the effects of resonance broadening from other
effects. Specifically, we shall model the plasma as a homogeneous slab. We
are motivated by the following qualitative description of the spatial
deposition of the rf-power: We imagine that the parallel (to the magnetic
field) wave phase velocity is chosen large compared to the electron thermal
velocity near the plasma periphery, but only three to four times the thermal
velocity at some hotter interior point. Thus, exponentially few electrons
are resonant with the wave near thé cool periphery so that the wave
propagates relatively undamped until it reaches an interior point. There the
plasma 1s warmer so that a substantial number of resonant electrons are
presnt. The wave power is absorbed between this interior point and the

plasma center (the magnetic axis). To the extent that the interior point in



question and the plasma center are close together, the plasma can be modeled
as nearly homogeneous. Although the model may not be entirely accurate, it
does isolate for us the resonance broadening effects from the effects of
temperature and density gradients. The other simplification that we employ
in modeling the power deposition is that the waves are incident upon an
infinite half-space, rather than converging upon the magnetic axis. This
modeling isolates for us the resonance broadening effects from the effects of
cylindrical geometry.

In order to understand the role of resonance broadening with regard to
spatial deposition of rf-power, it is important to distinguish low-power
injection from high-power injection. By low-power injection we mean that the
rf-power is so weak, or the plasma collisionality is so strong, that the
electron velocity distribution remains nearly Maxwellian. (It is understood
that the relative plasma collisionality depends, in part, on the wave phase
velocity.z) In this limit the damping coefficient for the waves is
independent of their power. In a uniform plasma, the transmitted wave power
would decay exponentially with distance into the plasma since the damping
coefficient is proportional to the velocity derivative of the distribution
function. That is dD/dt = YD where D is a measure of the incident rf-power
and where Y o 9F/dv is essentially independent of D.

In the opposite limit of high-power rf-waves, the collisionélity of the
plasma is too small to restore the Maxwellian electron velocity distribution.
Instead, a plateau forms on the tail of the parallel velocity distribution at
the velocity correspnding to the wave phase velocity. Thus, in the high
power limit, the slope of ‘the distribution function and, consequently, the
damping coefficient for the waves is inversely proportional to the wave power

so that it is the rate of power deposition, and not the damping coefficient,



that is independent of the wave power, i.e., dD/dt o (1/D)D. Therefore, the
transmitted wave power would only decay linearly with distance into a uniform
plasma. However, even when high power lower hybrid waves are injected into
the plasma, there are some components in the veiocity-space spectrum, in
particular those near the edge of the spectrum, whose decay are governed by
the low power limit. That there exists some spectral components in the
low-power regime is assured if the spectrum is continuous. Thus, we expect
that under high-power injection, the edge of the wave spectrum must sharpen
because the intensity of the components near the spectrum edge are in the
low-power regime and experience exponential decay relative to the linear
decay of the components in the central portion of the spectrum. Associated
with this sharpening of the spectrum, there would be a narrowing of the
spectrum because of the faster decay of the edge of the spectrum. However,
narrowing can occur independently, i.e., even when the spectrum is flat. The
narrowing of the spectrum can occur by virtue of resonance broadening, which
assures, among other things, that the damping rate of the spectral components
undergoes a continous transition between low- and high-power limits. 1In
particular, the spectral components within a resonance broadening width3 of
the spectrum edge would experience a damping rate larger than the components
in the center of the spectrum. Physically this corresponds to these spectral
components exchanging energy with electrons that have velocities outside the
range of the wave phase velocities associated with the spectrum - i.,e., with
electrons for which the velocity distribution function presumably has a
larger slope. If the resonance broadening width is broader than the
characteristic width associated with the edge of the wave spectrum, then it
can be imagined how the spectrum can narrow independently of the sharpening

of the edge.



Even a small narrowing of the wave spectrum may be of great importance
because it affects the value of Vi the lowest parallel phase velocity in the
wave spectrum. The number of resonant electrons in the steady state scales
as Nr - exp(»vl/ZVuf) where Vi 15 the electron thermal velocity and is a
function of distance into the plasma. The sensitive dependence of Nr on v,
is reflected in the power deposition. A small narrowing of the spectrum
implies that the power in the edge spectral components is quickly
(egﬁonentially) absorbed by the plasma. As a consequence, Vv becomes a
function of distance into the plasma. Associated with the increase in Vi
the plasma becomes transparent to the central spectral components. Thus, the
narrowing of the spectrum would give a very unwelecome profile of power
deposition.

The concern of this study is whether, due to resonance broadening, the
narrowing of the wave spectrum occurs in the high-power limit. This concern
is particularly appropriate in the case of current generation in tokamak
reactors where one starts with a narrow spectrum incident on the plasma. We
will, in fact, show that this narrowing does not occur when the effects of
resonance broadening are included in a proper and self-consistent manner in
the evolution of both the wave spectrum and the electron velocity
distribution. The concern, although eventually discounted, is nevertheless
genuine and could not have been alleviated without a numerical calculation.
We will show how a more naive formulation of the problem, including the
resonance broadening effects on the evolution of the wave spectrum only, does

lead to a narrowing of the spectrum and an unfavorable deposition profile in

the manner described above.

The paper is organized as follows: In Sec. II we write down the basic

equations and pose the concern raised in this section in a more quantitative



manner, The derivation of these equations is found in Appendix A. In Sec.
III we present the numerical solution of the resonance broadening equations
and we demonstrate the importance of self-consistency in formulating these

equations., We conclude with a discussion of our results in Sec. IV.



II. BASIC EQUATIONS

The evolution of the parallel electron velocity distribution, F, may be
described by a Fokker-Planck equation (written in parallel velocity only)

with an added quasilinear diffusion term due to the waves, i.e.,

F F F
?—- = ‘8‘"<D(W,€,T)>-§—— + E_. [ (1)
T oW ow 3T Jo

where the quasilinear diffusion coefficient D depends on F [see Egqs. (4) and
(5) below]. All quantities are written using the nofmalizations introduced
in Appendix A. Thus, T is time in units of inverse collision frequency, w is
parallel electron velocity in units of the electron thermal speed and §, the
normalized spatial variable, is a measure of distance into the plasma. We

use the average operator < > defined by

1 W+ §
<G(w)> = -—-S Glw') dw' (2)
26
W= ¢§

where & is a given resonance broadening width and G(w) is an arbitrary

function, which is averaged over this width. The collision operator is given

by
afy o8 1 3F [ 1 g : (3)
dT oW w3 3w w2
(o]

This operator is linearized and written in the high-velocity 1imit. Also, a
Maxwellian distribution has been assumed for the perpendicular velocity
direction. The justifiéation for using this collision operator in the
present problem follows the arguments offered in References 2 and 4. The

wave diffusion coefficient, D, which is proportional to the incident wave



power (see Appendix A), evolves according to the following equation:
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where Vg = w and £ are the dimensionless radial group velocity and spatial

coordinate as shown in Appendix A. The wave damping rate, y, is given by

3 <F>
ow

Y = Awlw) (5)
where the constant A is defined in Eq. (A12). Below we discuss some of the
properties of Egs. (1)—(5).

Note that if gollisions are neglected, i.e., (aF/aT)c = 0, Egs. (1)=-(5)
conserve energy only if the resonance broadening width, § , is equal to zero.
(Note that momentum is conserved even for 6 # 0.) When 6 is not equal to
zero, conservation of energy is maintained only if we do not use a function
to approximate the resonance broadening operator derived in Reference 3.
However, the equations would then assume a far more complicated form.
Alternatively, we could force energy conservation in the manner described in
Reference 5, but we do not consider this necessary for the present
application. Energy is nearly conserved if § is small. Moreover, in the
presence of collisions, the energy and momentum of thé resonant electrons and
waves are not separately conserved. Thus, the solution for F in the presence
of collisions is not sensitive to small discrepancies in the separate balance
of energy and momentum between the resonant electrons and the waves.6 On the
other hand, Egs. (1)-(5) do advantageously preserve the non-negative nature
of both F and D, no matter how §is chosen. Thus, for the present
application, where the energy that the resonant electrons gain from the waves

is to be balanced against the energy they lose by colliding with nonresonant
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electrons, our approach of introducing the phenomena of resonance broadening
in an approximate but simple manner (with desirable mathematical properties)
retains the essential physics.

Our interest lies in obtaining the steady-state solution of Egs.

(1)~(5). Taking 3F/3t = 0 in Eq. (1),Iwe immediately find

W
W
F = exp<d- —_— dw (6)
P j 1+ <D>w
c

where c(g) is determined by the condition that the electron density [i.e.,
F(w) integrated over the parallel velocity w] remains a (given) function of £
only. Note that F(w) is Maxwellian where <D> vanishes and is flat where <D
is large. Furthermore, note that the height of the plateau where F is flat
is exponentially sensitive to the value of the slowest phase velocity in the
wave spectrum.

The power carried by the transmitted wave may now be determined using
Eqs. (4)-(6) with 3D/dt=z 0. The concern regarding resonance broadening,
expressed in Sec. I, stems from Eq. (4). Near the spectrum edge, the damping
rate tends to be much larger when the averaged F is employed instead of the
unaveraged F., The effect of this larger damping rate is that the edge
spectral components are lost faster than the central components., However, we
shall see below that this effect is mitigated when the D used in Eq. (6) is
averaged over the resonance broadening width, as opposed to not being
averaged. The reduction of the resonance broadening effect occurs because
the particle distribution becomes flattened somewhat even outside the range

of the spectrum phase velocities when <D> is used.

In the next section, we will present numerical solutions of Egs.

(4)-=(6). When the resonance broadening effects are included in both
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evolution equations, i.e., for the waves and for the electrons, we refer to
the solutions as solution; of the consistent set of equations. What we refer
to as solutions of the inconsistent set of equations are solutions of Egs.
(4)~(6) but with the unaveraged value of D (naiQely) employed in Eq. (6)
instead of the resonance broadened value <D>. It will be shown that it is
only the inconsistent set of equations that exhibits the severe narrowing of

the spectrum and the consequent unfavorable power deposition profile.
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ITT. NUMERICAL SOLUTION

In order to show the effect of resonance broadening on the propagation
of lower hybrid waves and deposition of their power, we choose a typical set
of parameters and display various aspects of the steady state solutions of
Eqs. (4)-(6) with (a) no resonance broadening, i.e., 6 = 0:; (b) consistent
resonance broadening; and (c¢) inconsistent resonance broadening, i.e.,§ # 0
in Eq. (5) and 6 = 0 in Eq. (6).

We chose D(w, £ = 0) = 30/w for 3.6<w< 6.0 and zero outside this range
of parallel phase velocity. This is representative of lower hybrid waves
with frequency of 1.2 GHz and power levels of 1 MW propagating in a plasma
with electron density 2.5 x 1013 cm_3 and electron temperature T, = 2.5 keV.
The resonance broadening width is taken to be constant equal to 0.1 vie,
i.e., d = 0.1. Taking 8§ to be a constant and making no attempt to relate it
back to (D/k”)l/3 is not strictly correct but suffices here in our
examination of the nature of the influence that resonance broadening has on
the deposition of power.

The variation of the spectral power density as a function of g is shown
in Fig. 1. It is seen that with no resonance broadening, curve (a), and
consistent resonance broadening, curve (b), the decay of the sSpectrum is
nearly linear. The decay in case (b) is somewhat faster than in case (a).
However, with inconsistent resonance broadening, curve (c¢), a rapid initial
decay of the spectrum is followed by a much slower decay of the spectrum.
Case (¢) is illustrative of the effect that we had feared before doing the
problem self-consistently.

The results shown in Fig. 1 are illustrated more succinctly in Figs. 2

and 3. In Fig. 2 we plot as a function of & the fraction of the total power
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carried by the lower hybrid waves and in Fig. 3, the rate of power
deposition. Note in Fig. 3 the uniform deposition of power in case (a) and
(b) compared with the non-uniform deposition in case (c¢). The origin of this
behavior can be seen in Fig. U4 where we plot the lécation of the inner (low
velocity) edge of the spectrum as a function of £ for the three cases. The

location of this edge 1s defined by the lesser of the two solutions to

D(w;) = 0.5 max, [D(w)] (7

Whereas, in cases (a) and (b) the edge is nearly stationary until a major
fraction of the rf-energy has been deposited, in case (c) the edge moves to
larger velocities with increasing ¢ (propagation into the plasma) reducing

the number of resonant particles and hence the damping rate.
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Iv. CONCLUSIONS

We have examined the extent to which nonlinear resonance broadening
affects a lower hybrid rf-spectrum. While one might expect resonance
broadening on the waves to dramatically narrow the spectrum, it is shown that
this effect is counteracted by resonance broadening on the particles, which
extends the plateau in the parallel velocity distribution a resonance
broadening width into the non-resonance region. Thus, when resonance
broadening is treated consistently, the rf-power spectrum does not narrow
significantly and the uniform spatial deposition of the rf-power is

retained.
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APPENDIX A

It can be shown that when the plasma is subject to the incident
rf-electrostatic waves, the one-particle electron velocity distribution

funetion satisfies the equation

8re? 1 9 of
= f‘(v VoE) = g — f(v2,v,0) | — (A1)
L k av ~1w+1k|v" Bv ot o

where L and | refer to the direction of the magnetic field; v, the electron
velocity; k, the wave number; u ,the wave frequency; and e and m the charge
and mass of the electron. The values of éf* , the spectral energy density,
and g&ll, the parallel spectral energy density, are expressed in terms of
the energy density,?Lf-, associated with the incident rf-waves (with electric

field amplitude E) by the relationship

dk £+ = [dk Z =z U = EZ/8n (A2)
k i k" .

The dispersion relation for lower hybrid waves, i.e.,

k? M w2 .
w2 = @ 1 4+ Wl m e PLl (A3)
LH k2 m LH ™ 737702 702

where M is the ion mass and where wpl ' wpe

plasma electron and electron cyclotron frequencies, respectively, is used to

and w,e are the plasma ion,

eliminate k"/k from the integrand in Eq. (A1). Therefore, the equation for

the distribution function becomes

af 3 ] af
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where we have expressed time in units of ! defined by vl = Mnnvge/SugelnA and

where
I o= 2 .
W vu/vte vte = KTe/m
(A5)
D w2, (w2=02,)
D=2 & b, - —bt
W M WAV nmuvgeuﬁH ‘

In computing the collision term, we assume that the background
distributions of both the electrons and ions are non-drifting, non-evolving
Maxwellian distributions. Therefore, in the high velocity limit, valid for

the resonant and nearby electrons, the collision term becomes

af Z +1 3 af 1 3 /1 of
— = — (12 y2) == — |-t (46)
3T 6us au au 3u2 Sufu au

where U:V/Vte and p=w/u. It has been shown“ that the perpendicular velocity
space dynamics play a minor role. Thus, we assume a Maxwellian perpendicular

distribution and integrate over that direction® so that Eq. (AY) becomes

AF (w) 3 9 2+Zi 3 1 3 1
2 e D(W) —— F(w) + | e e 4 e V F (W) (A7)
3T ow ow 3 ow \w3 ow w2

where F(w)=/f d3l. When Zi:1, Eq. (A7) reduces to Eg. (1) with(aF/ar)c
given by Eq. (3).

The decay of D(w) is governed by the equation

3D 3D _ . A
TE T Vegx §% T 2D (48)
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where the decay constant v” and the group velocity vgx for the lower hybrid

>

electrostatic waves are

T w? kﬁ aF T w? w? m oF
Y’:—- pew}w!—-————-:— Pe w Wi - 1] —— )
2 2
2w ki 3 2w . u)LH M ow
2 2 3/2 1/2
wLH w m
Vox = Uw} U= -1 —_ %:p
g w? w%H M -

We express t in units of v, vgx in units of U defined in Eq. (A9Q),

units of U/u. Therefore Eq. (A8) becomes

Qo

“p D
{FF + Vg 5T - YD y

where
V =w £ = xv/U J y = 2u-ly~

From Eq. (A9) it follows that the wave damping rate can be written

3F ‘“21 f‘”z
Y = AWIW]-——- A= U"l'n' P — -]
W ) 2 .
w Wiy

(A9)

Xx in

(A10)

(A11)

(A12)

When resonance broadening on F is included, Eq. (A12) reduces to Eq. (4),
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(PPPL-802148)
Fig. 3. Rate of rf-power

4 1 T x ; deposition as function of
' depth into the plasma- a)
resonance broadening omitted,
3 (c) b) resonance broadening in=-

cluded, and c) resonance
broadening partially taken
into account.

{b)

: (PPPL-802147)
Fig. 4. Location of the
inner (low velocity) edge
' ’ ‘ ! of the rf-spectrum- a)
resonance broadening omit-

(a) ted, b) resonance broaden-
////”’pﬂﬂ—‘-_(b) ing included, and c) reso-
(c) nance broadening partially
:///j::::::::::::::::::¥::y//, 7] taken into account.
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