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Abst rac t  

C e r t a i n  a s p e c t s  of  t h e  genera t ion  of s t eady-s ta t e  c u r r e n t s  by e l e c t r o n  

cyclo t ron waves a r e  explored. A numerical s o l u t i o n  of  t h e  Fokker-Planck 

equat ion  is used t o  v e r i f y  t h e  theory of Fisch and Boozer and t o  extend 

t h e i r  r e s u l t s  i n t o  t h e  nonl inear  regime. F k l a t i v i s t i c  e f f e c t s  on t h e  

c u r r e n t  generated a r e  discussed. Appl ica t ions  t o  s t eady-s ta t e  tokamak 

r e a c t o r s  a r e  considered.  



I. INTRODUCTION 

The generation of e l e c t r i c  currents  i n  a plasma by means of e lectron 

cyclotron wave absorption appears t o  be one of the  more promising schemes of 

providing a steady-state to ro ida l  current i n  a tokamak.' These waves can be 

employed t o  generate to ro ida l  current merely by heating selected electrons 

and, in te res t ing ly ,  without d i r ec t ly  in jec t ing  subs tan t ia l  to ro ida l  momentum 

i n t o  these electrons.  The wave launching s t ruc tures  a r e  advantageously 

simple; because the  wave need not have high p a r a l l e l  ( t o  8, t he  dc magnetic 

f i e l d )  momentum content, its p a r a l l e l  phase veloci ty  can be superluminous 

and, accordingly, no slow wave s t ruc tu re  is necessary. Moreover, the  

u t i l i z a t i o n  of t he  high frequency range ( t h e  wave frequency, w, is 

comparable t o  Qe, t he  e lectron cyclotron frequency) implies t h a t  t he  wave 

power density is a l so  high. It follows t h a t  f r e e  space waves of high power 

density may be in jec ted  i n t o  the  plasma through conveniently small waveguide 

apertures i n  order t o  dr ive the  to ro ida l  current.  

The main problem i n  generating current by t h i s  means is  the  power 

requirement, both i n  terms of t he  magnitude of the  recycled power i n  a 

tokamak reactor  a s  w e l l  a s  t he  cap i t a l  costs  of the  equipment. Ef f ic ien t  cw 

power sources fo r  t h i s  range of frequencies a r e  yet  t o  be developed. 

Assuming t h a t  these sources can be developed, the  current must s t i l l  be 

generated with minimal power d i ss ipa t ion  f o r  the  scheme t o  be economically 

feas ib le  i n  a fusion reactor .  This minimization requires the  absorption of 

t he  wave by only the  f a s t e s t  e lectrons,  which a re  the  most co l l i s ion le s s  and 

hence r e t a i n  t h e i r  di rected current longest. I n  t h i s  respect,  t h i s  scheme 

is s imilar  t o  the  a l t e rna t ive  technique of current generation by lower 

hybrid waves, * which a l so  exploi ts ,  among other things,  the  r e l a t i v e  

infrequency with which the  superthermal e lectrons experience co l l i s ions .  



The p r e s e n t  scheme, however, may a l low t h e  wave t o  r e s o n a t e  even w i t h  

r e l a t i v i s t i c  e l e c t r o n s 3  whereas t h e  lower hybr id  waves a r e  c o n s t r a i n e d  by a n  

a c c e s s i b i l i t y  c o n d i t i o n  t h a t ,  depending on t h e  plasma p and tempera ture ,  

a l l ows  resonance only  wi th  somewhat s lower e l e c t r o n s .  

It is a n  o b j e c t  of t h e  p r e s e n t  paper  t o  ana lyze ,  bo th  a n a l y t i c a l l y  and 

numer ica l ly ,  t h e  mechanisms by which t h e  a b s o r p t i o n  of e l e c t r o n  c y c l o t r o n  

waves l e a d s  t o  t h e  p roduc t ion  of  c u r r e n t .  The paper  is o rgan ized  a s  

fo l lows:  I n  S e c t i o n  11 we cons ide r  a n a l y t i c a l l y  t h e  wave a b s o r p t i o n  from 

t h e  s t a n d p o i n t  of l i n e a r  t h e o r y  i n  a s l a b  model low d e n s i t y  plasma. Th i s  

s i m p l i f i e d  a n a l y s i s  none the l e s s  i n d i c a t e s  t h e  m o s t  p romis ing  i n j e c t i o n  a n g l e  

of t h e  wave i n t o  t h e  tokamak and reasonably  e s t i m a t e s  t h e  speed of t h e  

e l e c t r o n s  t h a t  absorb  t h e  wave. I n  S e c t i o n  I11 w e  check numer ica l ly  t h e  

formula g iven  i n  R e f .  1 f o r  J/Pdr t h e  c u r r e n t  gene ra t ed  p e r  power 

d i s s i p a t e d ,  and w e  f i n d  c l o s e  v e r i f i c a t i o n  of t h e  theory .  W e  t h e n  t u r n  t o  

o t h e r  e f f e c t s  t h a t  a r e  l i k e l y  t o  e n t e r  t h e  problem i n  impor tan t  parameter  

regimes. I n  S e c t i o n  I V  we  cons ide r  non l inea r  e f f e c t s r  i . e . ,  t h e  e f f e c t  t h a t  

f i n i t e  o r  even l a r g e  wave power h a s  on t h e  amount of c u r r e n t  genera ted  and 

t h e  wave damping r a t e .  I n  S e c t i o n  V we  a s s e s s  t h e  i m p l i c a t i o n s  of 

r e l a t i v i s t i c  e f f e c t s 3  t h a t  become p e r t i n e n t  i n  r e a c t o r  grade  plasmas. I n  

S e c t i o n  V I  w e  p r e s e n t  a summary of our  f i nd ings .  

Throughout ou r  d i s c u s s i o n  w e  s h a l l  be comparing o u r  obse rva t ions  wi th  

a n a l y t i c a l  and numerical t r e a t m e n t s  of t h e  c l o s e l y  r e l a t e d  and more f a m i l i a r  

problem of  c u r r e n t  gene ra t ion  by lower hybr id  waves214 where t h e  wave- 

p a r t i c l e  i n t e r a c t i o n  t a k e s  p l a c e  a t  t h e  Landau resonance. W e  conclude t h e  

p r e s e n t  s e c t i o n  wi th  a n  impor tan t  d i s t i n c t i o n  between t h e  two mechanisms. 

The resonance c o n d i t i o n  f o r  e l e c t r o n s  t o  exchange energy wi th  t h e  waves is 



w - k v  = n n  (s) , n n e 

where k is the  wave p a r a l l e l  wavenumber, v i s  the e lec t ron  p a r a l l e l  n II 

veloci ty ,  s measures distance i n  t he  d i rec t ion  of t he  tokamak major radius  

and f o r  lower hybrid waves n = 0 ,  while fo r  e lectron cyclotron waves 

n = t l .  It may he seen tha t ,  neglecting the  poloidal  magnetic f i e l d  and 

to ro ida l  curvature e f f ec t s ,  e lectrons with the sane v absorb the  lower n 
hybrid wave. Near the plasma center,  t he  plasma i s  ho t t e r  and denser than 

near the  plasma periphery, so the absorption can be concentrated there  a s  

there  a r e  more e lectrons there  t o  absorb the  wave. This s i t ua t ion  i s  

depicted i n  Fig. l ( a )  , where a spectrum of waves with purposefully high 

p a r a l l e l  phase veloci ty  is u t i l i z e d  t o  avoid power absorption near t he  cool 

and underdense periphery. 

In contras t ,  as e lectron cyclotron waves propagate i n t o  regions of 

d i f f e r en t  magnetic f i e l d ,  they not only resonate with more e lec t rons ,  but 

they resonate with e lectrons of d i f f e r en t  p a r a l l e l  velocity.  This is  

depicted i n  Fig. l ( b ) ,  which indicates  t he  phenomenon i n  the  case of the  

extraordinary wave, which is  launched from the  high-field s ide  of the  

tokamak, where there  a r e  no resonant e lectrons.  A t  some i n t e r i o r  point ,  

however, there  may be a la rge  number of resonant electrons.  Jus t  a s  f o r  the  

lower-hybrid wave, a s  the  wave propagates inward, more and more e lec t rons  

become resonant. However, i n  cont ras t  t o  the  case of the  lower-hybrid wave, 

the  e lec t rons  becoming resonant a r e  those t h a t  a r e  slower and slower a s  t he  

wave nears the  resonant surface,  w = Qe. The slower e lectrons a re  less 

e f f i c i e n t  t o  heat  f o r  generating currents  so t h a t  it becomes c r i t i c a l  t h a t  

the  e lectron cyclotron wave damp completely before v becomes too small. 
II 



I I. WAVE ABSORPTION 

The e f f e c t  of e lec t ron  cyclotron resonance heat ing is  t o  increase 

primarily the  perpendicular ve loc i ty  of the  resonant e lectrons.  The 

ve loc i ty  increase l i e s  i n  t h i s  d i rec t ion  because the  waves have very l i t t l e  

p a r a l l e l  momentum content compared t o  energy content,  so  t h a t  when the  wave 

i s  absorbed by an electron,  the  e lectron energy increases,  but, by momentum 

conservation, i t s  p a r a l l e l  momentum barely increases.  That the  waves 

themselves have l i t t l e  p a r a l l e l  momentum t o  impart t o  the  e lectrons is a 

consequence of t h e i r  superluminous p a r a l l e l  phase veloci ty .  The energy i n  a 

wave is  proportional t o  w, while i ts  momentum is  proportional t o  $ . 
Since o/k,, > c, t he  waves possess r e l a t i v e l y  l i t t l e  momentum. 

Neglecting then the  m a l l  p a r a l l e l  momentum of the  wave (which vanishes 

i n  the  l i m i t  w/kl + -), we view the  wave-particle in te rac t ion  as a d i f fu s ive  

process i n  ve loc i ty  space where 

where f  is the  e lec t ron  veloci ty  d i s t r i bu t ion  and Drf i s  the  wave diffusion 

2 
coe f f i c i en t  which may be wri t ten h e u r i s t i c a l l y  a s  D = <Avl>/At , 

r f  

where Av is the  cha rac t e r i s t i c  ve loc i ty  change i n  an autocorrela t ion 

time A t .  The waves acce le ra te  e lectrons through a perpendicular e l e c t r i c  

f i e l d ,  E 
1- 

For extraordinary waves we may wr i te  

where e/m is the  e lec t ron  charge to  sass ra t io .  The cor re la t ion  time of the  

waves is given approximately by 



where w e  have chosen t h e  constant  n s o  t h a t  

which is j u s t  t h e  r e s u l t  derived i n  a more p r e c i s e  manner.5 The power 

d i s s i p a t e d  may be found from 4. ( 1 )  a s  

where w e  i n t e g r a t e d  t w i c e  by p a r t s  t o  ob ta in  t h e  second equa l i ty ,  assuming 

Drf is independent of v i n  a range i n  v and we  de f ine  nr a s  t h e  number of 
1 I 

resonant  e lec t rons .  The i n t e r p r e t a t i o n  of 4. ( 5 )  is  t h a t  t h e  power 

d i s s i p a t e d  depends d i r e c t l y  on t h e  number of resonant  e lec t rons .  (This  

r e s u l t  is a consequence of t a k i n g  D , ~  t o  be independent of v ) In  t h e  
1 

l i n e a r  l i m i t ,  t h e  d i s t r i b u t i o n  funct ion is a Maxwellian and nr and t h e  

damping r a t e  a r e  independent of Drf.  It is poss ib le ,  however, t h a t  nr could 

change due t o  nonl inear  e f f e c t s .  Should nr inc rease ,  then  t h e  wave damping 

r a t e ,  with inc reas ing  D r f I  would inc rease  r a t h e r  then decrease, i n  c o n t r a s t  

t o  t h e  s c a l i n g  i n  t h e  case of lower hybrid waves. It i s  d i f f i c u l t ,  however, 

t o  f i n d  nr a n a l y t i c a l l y .  W e  do, however, explore numerically nonl inear  

a spec t s  of t h i s  problem i n  Section IV. 

W e  consider now t h e  impl ica t ions  of t h e  l i n e a r  theory  on t h e  e f f i c i e n c y  

of d r i v i n g  cur ren t .  Using 4. ( 4 )  and assuming k > k w e  may w r i t e  t h e  
II 1 ' 

temporal damping of ex t raord ina ry  waves a s  



where w i s  the  e lec t ron  plasma frequency, and nr is the  density of 
Pe 

resonant e lectrons i n  a  width Av . n The s p a t i a l  damping of the  wave i s  

given i n  t he  l i m i t  of underdense plasma a s  

where subscr ip t  s denotes the  d i rec t ion  t h a t  is a l so  p a r a l l e l  t o  $R, where R 

is  the major radius.  

It is important t o  determine the  region of veloci ty  space i n  which the 

l a r g e s t  portion of the  wave energy i s  absorbed. The wave en te r s  the  plasma 

a t  some horizontal  pos i t ion  s = sa and eventually loses  i ts  power a t  some 

pos i t ion  s = sb. It may be imagined t h a t  a t  s = sa the re  a r e  no o r  very few 

e lec t rons  resonant with the  wave, whereas a t  s = sb the re  a r e  a  subs t an t i a l  

number of e lec t rons ,  hopefully with normalized para 1 l e  1 

ve loc i ty  v  /v = w >> 1, t h a t  a r e  resonant w i t h  the  wave. Thus, sb 
I t e  

s a t i s f i e s  the  equation 

The in t eg ra l  i s  perhaps more t ransparent  i n  w-space where we wr i te  

and 



dw - 
de 

s o  t h a t  

I-- 

v ds 
te I 

4. ( 8 )  becomes 

where w is the  normalized resonant p a r a l l e l  veloci ty  a t  s = sb. 

For fusion grade plasma, it is  e a s i l y  seen from 4. (11) t h a t  w > 4 i s  
A. 

a t t a inab le  consis tent  with f u l l  damping of t he  extraordinary wave. Further 

optimization i e  , damping a t  higher ' w)' can be obtained by minimizing ks 

fo r  a  given k . This corresponds t o  angling the  wave not only i n  t he  n 
t o ro ida l  di rect ion,  but a l so  i n  the  v e r t i c a l  d i rec t ion  a s  it enters  the  

plasma. 

Note t h a t  because of the  exponential dependence on w, nearly a l l  the  - 
wave energy is absorbed i n  a  narrow range Aw i n  w. This corresponds t o  a  

narrow width A s  i n  s. To estimate the  damping width A s ,  consider t h a t  a  

Maxwellian exponentiates i n  a  width Aw = l/w. Thus, making use of Eq. 

(101, we f ind  t h a t  A s  = k Rv Aw/Qe, o r  i n  normalized parameters 
I t e  

where a  is  the minor radius and T10 i s  the temperature normalized t o  10 

keV. In the regime T > 1, pertinent-- t o  reactors ,  it is seen t h a t  As/a i s  
10 -. 

indeed s m a l l .  The heat ing and current  generation p r o f i l e s  can, however, be 

much broader than is  apparent a t  f i r s t  glance. This is because A s  only 

measures dis tance p a r a l l e l  t o  $R. In f a c t ,  by v e r t i c a l l y  angling the  wave 



(k  << k not  only is  t h e  c u r r e n t  generated a t  h igher  w, b u t  t h e  depos i t ion  
s 1 

p r o f i l e  is  broader s i n c e  t h e  wave damping now occurs over a longer length  

t h a t  i n t e r s e c t s  many magnetic surfaces .  

In  order  t o  determine which is  a c t u a l l y  t h e  b e s t  conf igura t ion f o r  

c u r r e n t  generat ion,  a  f u l l  propagation s tudy,  such a s  has  been conducted f o r  

t h e  h e a t i n g  p r o f i l e s , 6  would have t o  be undertaken. Note t h a t  f o r  a  given 

plasma (i.e., dens i ty  and temperature p r o f i l e s  and dimensions) t h e r e  i s  t h e  

oppor tuni ty  t o  vary f i v e  wave parameters: t h e  frequency, which determines 

t h e  v e r t i c a l  resonance surface;  t h e  p o l o i d a l  angle  a t  which t h e  waveguide 

i n t e r s e c t s  t h e  plasma periphery;  t h e  angles  of i n j e c t i o n ,  both i n  t h e  

t o r o i d a l  d i r e c t i o n  and i n  t h e  v e r t i c a ~ ' t 3 i r e c t i o n ;  and, f i n a l l y ,  t h e  f i f t h  

parameter is  t h e  narrowness of t h e  wave spectrum f o r  a  given power. The 

power is given roughly by t h e  amount of c u r r e n t  t o  be generated. The f i f t h  

parameter involved i n  t h e  opt imizat ion d i c t a t e s  whether t h i s  power is  t o  be 

concentra ted  i n  a narrow spectrum of k o r  not .  
I .. 

111. CHECK OF THE LINEAR THEORY 

A formula was der ived i n  Fkf. 1 f o r  t h e  q u a n t i t y  J/Pd f o r  t h e  case  

where t h e  waves push e l e c t r o n s  a t  v e l o c i t i e s  much exceeding t h e  thermal 

v e l o c i t y .  This a n a l y s i s  represented a s i g n i f i c a n t  advance on t h e  previous 

one-dimensional theory2 i n  t h a t  it d i s t i n g u i s h e s  t h e  s c a t t e r i n g  of e l e c t r o n s  

i n  p i t c h  angle and energy. hlr thermore,  it t r e a t s  t h e  case  of e l e c t r o n  

cyclot ron damping which was not  covered by t h e  one-dimensional t reatment.  

The important approximation made i n  Ref. 1 was t h e  neglect  of d i f f u s i o n  i n  

t h e  energy d i r e c t i o n .  (Slowing down only was included i n  t h i s  d i r e c t i o n . )  

The d e r i v a t i o n  i t s e l f  i s  only v a l i d  when t h e  speed of t h e  resonant  e l e c t r o n s  

f a r  exceeds t h e  e l e c t r o n  thermal speed. W e  now seek t o  check t h e  



t h e o r e t i c a l  r e s u l t  of Ref. 1 by computing J/Pcl from a numerical so lu t ion  of 

t h e  two-dimensional Fokker-Planck equation. 

The Fokker-Planck program used i s  the  same a s  described i n  Refs. 4 and 

7. That is, it solves  

where 5 i s  the  wave d i f fus ion  tensor  (a  function of G) and the  co l l i s i on  r f 

term a f / a t  1 cO1l i s  calculated assuming f ixed ,  constant temperature 

backgrounds of e lect rons  and ions. As before, w e  adopt a normalization 

= l o g  A w4 / ( 2mov:e) I , + + +  
where T = v 0 t  

IVo 
u = v/vte ( v t e  = Te/m). 

P e 

Normalized current  and power d i ss ipa t ion  a r e  measured i n  u n i t s  of enovte 

and v n T respectively.  In addi t ion we def ine  x and w t o  be t he  
o o e  

perpendicular and p a r a l l e l  ( t o  so) components of 6 .  The domain of 

in tegra t ion  i s  u < 10 with t he  condit ion t h a t  t he re  be no f lux  of p a r t i c l e s  - 
normal t o  the  boundary. Normally, we w i l l  only be concerned with cases 

++ 
where only t h e  2; (cyclotron damping) o r  t h e  ww (Larldaa damping) 

component of 6 i s  nonzero. 

With these  normalizations J/Pd i s  predicted t o  be 1 

where 3 is  a un i t  vector i n  the  d i rec t ion  i n  which the  wave pushes the  

e lec t rons  (i .e . ,  8 = 2 f o r  cyclotron damping and 5 = $ f o r  Landau damping) 

and Zi is the  i o n  charge s t a t e .  In  p rac t i ce  4. (13) should be in tegra ted  

over the  spectrum of waves. A f u r the r  complication arises if the waves a r e  

s t rong enough t o  a l t e r  the  d i s t r i bu t ion  function f s i gn i f i can t ly  because 



then f  must be determined before 4. (13) can be applied. These 

d i f f i c u l t i e s  ru l e  out a  de ta i led  comparison of 4. (13) with the  numerical 

r e s u l t s  obtained f o r  t h e  Landau damping case. 4 

Here we circumvent these d i f f i c u l t i e s  by choosing 5 t o  be small and 

local ized i n  veloci ty  space. Although the  loca l iza t ion  of 5 may be 

d i f f i c u l t  t o  r ea l i ze ,  t h i s  approach does allow us t o  check the  physics 

embodied i n  4. (13). W e  take srf t o  have a  form which is zero except 

f o r  w < w < w and x < 1 where it is equal t o  a  constant D nu l t ip ly ing  
1 2  

e i t h e r  H o r  ft. We take w - w = 1 and D = 10-l. Figure 2 shows J/Pd 
2 1 

2 p lo t t ed  a s  a  function of <w > where the  average i s  computed with a  

Maxwellian weighting. There is excel lent  agreement between the  numerical 

r e s u l t s  ( t h e  symbols) and t h e  ana ly t i ca l  predict ions  ( t he  l i n e s ) .  

In te res t ing ly ,  the  theory and numerical r e s u l t s  appear t o  agree f a i r l y  w e l l  

even with w small f o r  the  cyclotron damping case but not f o r  t he  Landau 

damping case. This is because the  p a r a l l e l  input of momentun begins t o  be 

very subs tan t ia l  f o r  low-phase ve loc i ty  waves7 and J/Pd must begin t o  

increase a s  l/w. This e f f e c t  is not present f o r  the  ECRH. Note, however, 

t h a t  these numerical ca lcu la t ions  were performed assuming the  background 

e lec t rons  t o  be nondrifting. If t h i s  cons t ra in t  is  relaxedI7 the  r e s u l t s  

fo r  J/Pd f o r  w l t 2  2. 1 should be increased by a f ac to r  of about 2. 

IV. NONLINEAR RESULTS 

Normally w e  w i l l  be i n t e r e s t ed  i n  cases where Drf is  large enough t o  

per turb  f s ign i f ican t ly .  To i l l u s t r a t e  the  type of behavior we might 

expect, we show i n  Fig. 3 p lo t s  of f f o r  D + and w l  = 4, w2 = 5 F o r  the 

cases of cyclotron and Landau damping. ( A s  i n  t he  previous sect ion,  we t ake  

Drf  t o  be a  constant D fo r  w l  < w < w 
2 

The perpendicular extent  of the 

waves was determined only by the  in tegra t ion  region, u  < 10.) - 



A novel method was developed t o  t r e a t  the  case of D + m. This is 

based on the  observation t h a t  Q.af/af must be zero. (Recall  8 is the  

d i rec t ion  i n  which the  waves accelerate  the  pa r t i c l e s . )  T h i s  is achieved by 

replacing the  diffusion operator by an averaging operator where the  

averaging is performed i n  s t r i p s  aligned with 3. 

Returning t o  Fig. 3, we f i r s t  of a l l  note t h a t  the  perturbation t o  f  is 

much greater  i n  t he  cyclotron damping case. The reason f o r  t h i s  is t h a t  the  

waves accelerate  t he  p a r t i c l e s  so t h a t  they tend t o  s tay  i n  t he  resonant 

region. The waves a re ,  therefore ,  more e f fec t ive  a t  accelerat ing the  

p a r t i c l e s  than waves which in t e r ac t  with p a r t i c l e s  via  the  Landau 

resonance. The greater  perturbation i n  t he  cyclotron damping case means 

f i r s t  t h a t  more current is generated ( f o r  Fig. 3, J = 3 x fo r  cyclotron 

damping and 6 x 1 0 ' ~  f o r  Landau damping). Since much of t h i s  current is 

ca r r i ed  by r e l a t i ve ly  co l l i s ion le s s  p a r t i c l e s  with high perpendicular 

veloci ty ,  J/Pd is approximately twice its value i n  the  low-D l imi t .  (For wl 

= 4 and w2 = 5, J / P d =  37 f o r D + m w h i l e  J / P d X  17 fo r  D + O . )  In  f a c t ,  

the  cyclotron damped waves have overtaken the  Landau damped waves which a t  

low D were more e f f i c i e n t  i n  terms of J/Pd. (For Landau damped waves with 

w1 = 4 and w2 = 5, J/Pd = 31 fo r  D .* a and J/Pd = 26 fo r  D .+ 0 . )  

The ease with which cyclotron damped waves can per turb f  has one 

in t e r e s t i ng  consequence, namely, t h a t  the  power diss ipated by the wave does 

not necessari ly sa tura te  a s  D is increased. (pd did sa tura te  for  the  case 

shown i n  Fig. 3 because of t he  e f fec t ive  cutoff on D a t  u = 10.) Such a 

sa tura t ion  does occur with waves which a re  Landau damped and the  r e s u l t s  i n  

the  damping r a t e  becoming zero a s  D + CO. With cyclotron-damped waves, the  

behavior of t he  damping r a t e  a s  D var ies  is a function of the  v dependence 
1 

of D. In  pa r t i cu l a r ,  even when D is large enough t o  great ly  d i s t o r t  f t h e  

damping r a t e  may be f a i r l y  close t o  the  l inear  damping ra te .  



Figure 4 shows J/Pd and Pd a s  functions of D f o r  w l  = 4 and w2 = 5. A s  

D is  increased, J/Pd shows a steady r i s e  while Pd i s  very nearly 

proport ional  t o  D showing the  constancy of t he  damping r a t e .  This i s  so  

even though the  d i s t r i bu t ion  a t  t he  h ighes t  value of D given i n  Fig. 4, D = 

0.25 is f a r  from a Maxwellian; see  Fig. 5. For comparison, t h e  lower hybrid 

case  i s  i l l u s t r a t e d  i n  Fig. 4 also.  Note t he  strong sa tu ra t i on  of Pd. 

A coro l la ry  of t he  near ly  l i n e a r  behavior of Pd with D is  t h a t  t h e  

damping of a p a r t i c u l a r  component of the  wave spectrum is not grea t ly  

a f fec ted  by the  neighboring components. This is  i l l u s t r a t e d  i n  Table I 

where t he  cases of (w,,  w2) = (4,  5) , (5,  6 ) ,  and (4,  6)  with D = 0.1 a r e  

compared. W e  see  t h a t  J and Pd f o r  t h e  (4,  6 )  case  is given t o  within 10% 

by the  sums of t he  (4, 5) and (5, 6) cases. On t h e  other  hand, t he  

discrepancy with lower hybrid waves is a f a c t o r  of about 2. 

The r e s u l t s  presented i n  t h i s  sect ion need t o  be taken with some 

caution because when Drf is constant ( a s  i n  these  computations), t he re  is  a 

p o s s i b i l i t y  of a runaway i n  t h e  perpendicular d i rec t ion  s ince a t  high v t h e  
1 

co l l i s i ons  a r e  not ab le  t o  hold the  e lec t rons  back e f f ec t i ve ly  so  t h a t  

p a r t i c l e s  would be- continuously acce le ra ted  i n  v precluding t h e  
1 

establishment of a steady s t a t e .  Tne presence of t he  numerical cutoff  of 

t h e  waves a t  u = 10 would then dramatically a l t e r  t he  r e su l t s .  However, i n  

p r ac t i ce  t h e  f i n i t e  perpendicular wavelength of t h e  waves causes D t o  t ake  a 

Bessel function dependence5 s o  t h a t  Drf - l/vl f o r  high v 
1 ' 

( I n  t he  

spec ia l  case of l i n e a r  po la r iza t ion ,  t he re  i s  a cancel la t ion which r e s u l t s  

3 
i n  Drf 1/v1.) This decay of Drf i s  probably su f f i c i en t ly  f a s t  t o  ensure 

the  existence of a steady s t a t e .  (We a re  assuming t h a t  a t  large v the  
1 

effect iveness  of Drf is  d i l u t ed  by the  geometrical f a c t o r  a r i s i n g  from t h e  

f a c t  t he  f r ac t i on  of t he  ve loc i ty  space s h e l l  a t  u occupied by the  resonant 



region is proportional t o  l/u. The e f fec t ive  Drf then decays a s  l/u2 which 

is a t  the  same r a t e  a s  the  f r i c t i o n a l  term i n  the  Fokker-Planck equation. 

This allows 

exponentially 

Now the  

the  establishment of a steady s t a t e  i n  which f decays 

with U. ) 

l/vl dependence takes  over a t  v - S),/kL - C. For typ ica l  
1 

e lec t ron  temperatures (-- 10 keV) t h i s  would be x -- 10. I f  we solve f o r  f 

with a boundary a t  u = 10, then the  e r ro r  en ta i led  by introducing the  

boundary w i l l  be small i f  f a t  the  boundary is small since we know f i n  f a c t  

decays exponentially beyond the  boundary. Because the  decay r a t e  depends on 

D r f I  we must a l so  restrict Drf from being too large. I n  order t o  determine 

the  behavior of the  p a r t i c l e s  a t  l a rger  values of Drf where the  large 

v behavior of Drf is  important, we must include r e l a t i v i s t i c  e f f e c t s  
1 

because the  ve loc i t i e s  of these p a r t i c l e s  a r e  close t o  t h a t  of l i gh t .  This 

is addressed i n  t he  next section.  

V. RELATIVISTIC EFFECTS 

In  t h i s  sect ion w e  ou t l ine  how various r e l a t i v i s t i c  e f f ec t s  may play a 

role .  These e f f ec t s ,  which a re  per t inent  t o  fusion grade plasmas, a re  a l l  

ra ther  weak i n  the  lower temperture reactors  (T10 < 21, but become 

increasingly important a t  the  higher temperatures t h a t  a re  cha rac t e r i s t i c  of 

more advanced reactors.  

The most important r e l a t i v i s t i c  e f f ec t  r e l a t e s  t o  the  eff ic iency of 

current generation. A s  described i n  Ref. 3, t h i s  eff ic iency is somewhat 

reduced fo r  mildly r e l a t i v i s t i c  e lectrons,  but approaches zero fo r  very 

r e l a t i v i s t i c  electrons.  I n  view of t h i s  ineff ic iency of r e l a t i v i s t i c  

e lectrons,  t h i s  e f f e c t  supercedes the addi t ive  deleter ious  e f f ec t  of power 

loss  through synchrotron radiat ion of very f a s t  electrons.  



There are other re la t iv i s t i c  effects  that  impinge on the wave-particle 

interaction i t s e l f .  One effect  is the decrease in  Drf due t o  f i n i t e  

gyroradius effects ,  which is an effect  available nonrelativistically too. 

We turn here, however, t o  more fundamentally re la t iv i s t i c  effects.  In our 

analysis, we assumed that  electrons were pushed by the wave only 

i n  v space where they remained i n  resonance with the wave. The result  of 
1 

t h i s  would be that ,  in  the absence of collisional effects ,  there would be 

complete flattening in  v space for the resonant electrons, i .e. ,  f + 0 . 
1 

Relativist ic  effects  change t h i s  picture in two ways. F i r s t  of a l l ,  as the 

electron perpendicular energy increases, so does i ts re la t iv i s t i c  mass, 

which means that  it can f a l l  out of resonance. To be specific,  the 

resonance condition is now 

where y = ( 1  - v /C -'I2 and Qe is the cyclotron frequency of non- 

r e l a t i v i s t i c  electrons. The result  of the electron fa l l ing out of resonance 

is that  the f lat tening i n  v cannot continue and f w i l l  not vanish anywhere 
1 

in  the collisionless limit.  

The second re la t iv i s t i c  effect  impinging on the flattening of f relates 

t o  the direction in  which electrons are diffused. This diffusion path may 

be thought of as that  sector of velocity space where f is  induced t o  be 

constant by the influence of a wave with paral lel  phase velocity w'k . It is 
II 

given by 

E - pllw/kll = constant , 



which is the  r e l a t i v i s t i c  statement of conservation of energy and p a r a l l e l  

momentum. The e f f e c t  of t h i s  is again t o  push electrons not purely i n  the  

perpendicular d i rec t ion  and and hence t o  push them out  of t he  resonance with 

t he  wave. Now, f becomes nonnalizable i n  t he  co l l i s ion le s s  l i m i t .  

To appreciate 4. (14) ,  it is he lpfu l  t o  p ic ture  these d i f fus ion  

paths. In the  nonre l a t i v i s t i c  l imi t ,  4. (14) describes the  fami l ia r  

concentric c i r c l e s  i n  ve loc i ty  space about t h e  

point  (v = 0 ,  v,, = w/k,,) . 1 
mnsider ,  however, Fig. 6 (a )  where diffusion 

paths due t o  a wave a t  w/lc = 0.6 c a r e  depicted. The famil iar  c i r c l e s  a r e  n 
now seen t o  be somewhat d i s to r t ed  i n  order t o  assure t h a t  the p a r t i c l e  

veloci ty  remain l e s s  than c. In Fig. 6 (  b) we show d i f fus ion  paths due t o  a 

superluminous wave with w/ka = 2 c. Here, the  topology of the  paths a r e  

seen t o  have changed from e l l i p so ida l  t o  hyperboloidal surfaces. The 

topology change is cha rac t e r i s t i c  of superluminous waves and occurs i n  

momentum space too. In Fig. 6 (c )  w e  show the diffusion paths i n  momentum 

space f o r  w/k  = 1.1 c. 
I 

W e  now turn t o  r e l a t i v i s t i c  e f f e c t s  t h a t  impinge upon technological 

considerations. From an engineering standpoint, it would be most preferred 

t o  use a wave of t he  lowest possible  frequency and t o  i n j e c t  it from the  low 

f i e l d  s ide  of the  tokamak. 

Cbnsider f i r s t  the  launching of the  extraordinary plasma wave which 

must be done from the  high-field s ide  OF the tokamak. The resonance 

condition k v = w - Q /y may be wri t ten a s  
I I e 



and two impl ica t ions  with respec t  t o  minimizing o become apparent .  Note 

t h a t  w/kl  > c; however, - a t  r e a c t o r  grade temperatures,  v may approach c. 
II 

Thus, w e  may bound 

and t h e  lower (p re fe rab le )  l i m i t  is access ib le  only f o r  near ly  p a r a l l e l  

i n j e c t i o n  (k 
R >> kl) and absorpt ion by r e l a t i v i s t i c  e l e c t r o n s .  This l i m i t  

i s  p r e f e r r e d  because it minimizes t h e  frequency of t h e  power source. 

The second p o i n t  t o  be made about E q .  (15) is  t h a t  f o r  r e l a t i v i s t i c  

e l e c t r o n s  y becomes l a rge ,  which has t h e  e f f e c t  of r e q u i r i n g  a smal ler  

frequency power source. 

For t h e  ordinary  wave, which is  launched from t h e  low f i e l d  s i d e ,  

s i m i l a r  cons ide ra t ions  a r e  p e r t i n e n t .  Here w e  have 

and, f o r  t h i s  wave k smal l  impl ies  w smal le r  and w > $2 /y is  always t rue .  
I e 

VI. OONCLUSIONS 

W e  have examined va r ious  aspec t s  of c u r r e n t  d r i v e  by e l e c t r o n  cyclot ron 

waves. Although t h e  c u r r e n t  d r i v e  mechanism is i n t r i n s i c a l l y  less e f f i c i e n t  

than f o r  c u r r e n t  d r i v e  by lower hybrid waves, t h e  g r e a t e r  f l e x i b i l i t y  of 

p o s i t i o n i n g  t h e  wave spectrum and t h e  nonl inear  enhancement of J/Pd given i n  

Sect ion IV o f f s e t  t h i s  disadvantage. 

The most i n t e r e s t i n g  r e s u l t  of t h e  numerical s t u d i e s  of t h e  nonl inear  

problem is t h a t  t h e  damping r a t e  of t h e  wave is  near ly  independent of t h e  



power level .  The weak dependence 

2 f a c t o r  exp(-wl/2) en te r ing  the  

t h a t  t he re  is  is masked by t h e  exponential 

formula fo r  the  p e r  dissipated. This 

means t h a t  ray-tracing codes may safely  use l i nea r  damping theory. 

Nonlinear e f f e c t s  become important i n  estimating the  current  d r ive  

e f f ic iency ,  where the nonl inear i ty  can enhance J/Pd by up t o  a f ac to r  of 

about 2. 

I n  order f o r  the  current t o  be generated i n  a s ing le  direct ion,  we 

require  t h a t  a l l  t he  power be absorbed before the cyclotron layer.  In 

Section 11 it was shown t h a t  t h i s  was ea s i ly  achieved with the  extraordinary 

wave i n  a reactor .  An addi t ional  margin of s a fe ty  i s  provided, however, by 

posi t ioning the  source c lose t o  the  top o r  bottom of t he  machine (bu t  s t i l l  

i n  the  high-field s ide  of the  cyclotron l aye r )  s ince the  group ve loc i ty ,  

normal t o  the  cyclotron layer  is, thereby, reduced. Such an arranagement 

a l s o  allows e a s i e r  access f o r  t he  waveguides. 

W e  have presented here only the  numerical r e s u l t s  f o r  the  extraordinary 

wave fo r  which D is independent of v f o r  low v . For the  ordinary wave 
1 1 

the polar izat ion of the  wave is such t h a t  t he  e l e c t r i c  f i e l d  vector  i s  

r o t a t i n g  i n  the  opposite d i rec t ion  t o  t h a t  of the  electrons.  The diffusion 

coe f f i c i en t  D then behaves a s  v4 f o r  low v 
1. 

This is more d i f f i c u l t  t o  
1 

model numerically because of the  grea te r  importance of an accurate  treatment 

of the  behavior of large v par t ic les .  We expect t h a t  f o r  a given w, and 
1 

W2 t he  eff ic iency of current  generation w i U  be greater  because more of the  

current  is ca r r i ed  by co l l i s ion le s s  h i g h v e l o c i t y  pa r t i c l e s .  However, t h e  

damping r a t e  is  a l so  weaker so t h a t  more current  w i l l  be generated a t  lower 

values of w l .  

Several phenomena influence the  diffusion of e lectrons a t  high v . 
" 1 

Fin i te  wavelength e f f e c t s  cause the  d i f fus ion  coe f f i c i en t  t o  o s c i l l a t e  with 



a Bessel function dependence. Equally important, however, may be 

relativistic effects which change both the diffusion paths and the resonant 

region. Ralativistic effects also allow the use of frequencies 

substantially below the cyclotron frequency. This will be important in hot 

second-generation reactors. 
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TABLE I. 

J and Pd f o r  ( w l ,  w2) = (4 ,  5) , (5 ,  61, and (4 ,  61, and D = 0.1-  The 

subscripts  cyc and l h  denote cyclotron waves and lower hybrid waves. The 

column headed "sum" is the  sum o f  the  columns ( 4 ,  5 )  and (4 ,  6 ) .  



FIGURE CAPTIONS 

Fig .  1. Comparison of e l e c t r o n  c y c l o t r o n  and lower hybr id  methods of 

c u r r e n t  d r i v e .  The wave spectrum and d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  

lower hybr id  ( a )  and t h e  e l e c t r o n  c y c l o t r o n  ( b )  methods of c u r r e n t  

d r i v e  . 

Fig. 2. J/Pd f o r  sma l l  D a s  a  f u n c t i o n  of <w> where D = w2 - w, = 

1. The waves e x i s t  on ly  f o r  x < 1. The open circles denote  

c y c l o t r o n  damping and c l o s e d  c i r c l e s  Landau damping. The l i n e s  

show t h e  t h e o r e t i c a l  p r e d i c t i o n s  of Eq. ( 1 3 ) .  

Fig.  3.  The s t e a d y - s t a t e  d i s t r i b u t i o n  f u n c t i o n s  f o r  D + cu with  wl = 4,  and 

w2 = 5. F igu res  ( a )  and ( b )  show t h e  c a s e s  of e l e c t r o n  c y c l o t r o n  

waves and lower hybr id  waves, r e s p e c t i v e l y .  

Fig. 4. J/Pd ( a )  and Pd ( b )  a s  f u n c t i o n s  of D f o r  wl = 4 and wZ = 5. The 

open circles denote c y c l o t r o n  damping and t h e  c losed  c i r c l e s  Landau 

damping. 

Fig. 5. S t eady- s t a t e  d i s t r i b u t i o n  f o r  D = 0.25, wl = 4,  and wZ = 5 

( c y c l o t r o n  damping). 

Fig. 6. D i f fus ion  p a t h s  f o r  p a r t i c l e s  i n  waves. Ve loc i ty  space  wi th  

( a )  w/kl = 0.6 c, ( b )  w/kl = 2 C, ( c )  momentum space  wi th  

dk,, = 1.1 c .  



Center A 

P i g .  1 Comparison o f  e l e c t r o n  c y c l o t r o n  and lower h y b r i d  methods  o f  c u r r e n t  d r i v e .  The wave s p e c t r u m  
and d i s t r i b u t i o n  f u n c t i o n  for t h e  lower h y b r i d  (a)  and  t h e  e l e c t r o n  c y c l o t r o i ,  ( b )  mcthods  o f  
c u r r e n t  d r i v e .  



J/Pd f o r  small  D a s  a  funct ion  of <w> where D = l o v 3 #  w2 - w l  = 1 .  
The waves e x i s t  on ly  f o r  x < 1. The open c i r c l e s  denote cyc lo tron  
damping and c l o s e d  c i r c l e s  Landau damping. The l i n e s  show the  
t h e o r e t i c a l  pred ic t ions  o f  E q .  ( 1 3 ) .  



Fig. 3 The steady-state distribution functions for D -+ with wl = 4, and 
w2 = 5. Figures (a) and (b) show the cases of electron cyclotron 
waves and lower hybrid waves, respectively. 



Fig. 4 J/Pd (a) and Pd (b) a s  func t ions  of 3 f o r  wl = 4 and w2 = 5 .  
The open c i r c l e s  denote cyc lo t ron  damping and the c losed  
c i r c l e s  Landau damping. 



I . ' i g .  5 Steady-state distribution for D = 0.25, wl = 4 ,  w2 = 5 (cyclotron 
damping) . 



Fig. 6 Diffusion paths for particles in waves. Velocity space with 
(a) w/kii  = 0.6 c, (b) u/k,,  = 2 C, (c1 momentum space with 

u /k , ,  = 1.1 c. 




