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Introduction 

In RLE P r o g r e s s  Repor t  No. 117 (pp. 193-197) we considered the nonlinear motion 

of a n  ion in  a perpendicularly propagating e lec t ros ta t i c  wave. We found the condition 

under  which the ion becomes momentar i ly  t rapped by the wave and so  exchanges signif-  

icant  energy with the wave. In th is  r e p o r t  we examine the subsequent behavior of the 

ions  and the conditions under  which the ions a r e  s tochast ica l ly  heated. 

Hamiltonian Formulation 

To study the long- te rm behavior of an ion, i t  is convenient to work with i t s  Hamil-  

tonian. The applied e lec t r i c  f ield is c o s  (ky-at-+). The equations of motion (d i s -  

cussed  in our  previous r e p o r t )  a r e  

*a 
y -I- y = a c o s  (y-vt-+); 5 = y 

2 
where  lengths a r e  normal ized to l /k  and t i m e s  to  1/52, a = y k ~ / 5 2  m, and v = w / n .  

By evaluating the Hamiltonian equations, i t  can be ver i f ied  that  the Hamiltonian is 

1/2(p; - a s i n  (y-ut-+). In o r d e r  to  work with a conservat ive  sys tem,  we r e c a s t  

the Hamiltonian into 
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H = J t vJ2 - a s i n  (a1 sin wl - w2),  1 (2 

where  J1, 

y = m1 
give w2 = 

w1, and J2 ,  w2 a r e  conjugate action angle var iables ,  and p = 7 cos  w l ,  
Y 

s in  w The Hamiltonian equation G2 = may be integrated directly to 
1' 

vt t +. Thus w2 is the wave phase and J2 i t s  conjugate action. Equation 2 

m a y  be viewed a s  describing two harmonic osci l la tors  (the ion with frequency 1 descr ibed 

by J1, w1 and the wave with frequency v described by J 2 ,  w2) coupled by the las t  t e r m  of 

the equation. 

Phase  Plane Tra jec to r i e s  

We begin our  study of an ion with the Harniltonian given by Eq. 2 by solving numer - 
ical ly fo r  i t s  t r a j ec to ry  in  phase space.  To picture the t r a j ec to ry  mos t  easi ly,  we plot 

only the c r o s s  section defined by wl  = 71 (the ion traveling in the -y direction).  We plot 

r ( = q  against  w2 f o r  each c ross ing  of the wl  = n plane where  r is the normalized 

velocity of the ion. Figure  X-29 shows such plots f o r  v = 3 0 .  11 and 30 .  23, and a = 1, 

2, and 3 .  The t r a jec to r i e s  of 15 par t ic les  a r e  followed in each case .  In these  plots 

the condition that the ions t r ave l  at  the wave phase velocity is given by r = v. If 

r < v - &, we expect negligible interaction with the wave. With a = 1 the t r a j ec to r i e s  

a l l  l ie  on smooth curves .  The existence of such continuous curves  indicates that with 

s m a l l  but finite a the re  is a new conserved quantity. (With a = 0  the t r a j ec to r i e s  would 

a l l  l ie  on horizontal  s t ra ight  l ines ,  s ince J1 is then a conserved quantity.) At a = 2 we 

s e e  the formation of " is lands ."  The islands a r e  f i r s t  o r d e r  f o r  v = 3 0 .  11 but fourth 

o r d e r  f o r  v = 3 0 .  23 (in the l a t t e r  case  the part icle takes  four  c ross ings  of the wl = T 

plane to r e t u r n  to the island on which i t  s t a r t ed ) .  Outside the islands we s e e  the 

beginning of stochastic behavior, but the stochastic regions a r e  separa ted f r o m  one 

another by coherent  regions,  which prevents the movement of par t ic les  f r o m  one s to-  

chas t ic  region to another. Finally, at  a = 3 ,  the stochastic regions have begun to 

m e r g e ,  although island format ions  a r e  s t i l l  evident. 

Conditions f o r  Island Format ion 

Following Walker and Ford, '  we t r ans fo rm our  Hamiltonian into one that is cyclic 

in  the angle var iables  and s o  obtain conserved actions. (The technique is valid only f o r  

s m a l l  a . )  We begin by expanding the las t  t e r m  of Eq. 2 in a F o u r i e r  s e r i e s .  

H = J l  t v J 2  - a I J,(\IZJ~) s in  (mwl-w2). 
m=-w 

Here  Jm is a Besse l  function 

FZ = J 1 w l  -!- J2w2 - a 

of the f i r s t  kind. Using the generating functionL 

C 3_(m) cos (mwl-w2) 

m - v  2 
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Fig.  X - 2 9 .  w1 = ?r c r o s s  section of phase space .  C r o s s e s  (X )  indi- 

ca te  initial conditions, dots ( ) subsequent cross ings .  
In (d) numbers indicate positions of four th-order  island 
formations and the o r d e r  in which they a r e  visited. 

( a )  v  = 3 0 .  1 1 ,  a  = 1  (b)  v  = 3 0 .  2 3 ,  a  = 1  
(c )  v = 3 0 . 1 1 ,  a = 2  (d)  v  = 3 0 .  2 3 ,  a  = 2 
( e )  v = 3 0 . 1 1 ,  a = 3  (f) v = 3 0 . 2 3 ,  a = 3  

P R  No. 118 



(X.  PLASMA DYNAMICS) 

we obtain the following canonical t ransformat ion into action-angle var iables  j 1 ,  and 

$2' @z: 

- aF2 C m J m ( W )  s i n  (mwl-w2) - 
$1 J l  -5- m - v  

m 

The t r ans fo rmed  Hamiltonian 

X = H = j1 t v j 2  t a 2 [Jm(W ) - J~(-)]  s in  (mwl-w2).  
m 

Under the assumption that the t ransformat ion is near ly  an identity t ransformat ion,  i. e .  , 

8, = J l  4- eta,, 

s o  that and a r e  approximate constants of the motion. F r o m  (5 )  

C m J m ( T )  s i n  (mwl-w2) 
% p J l - a  m - v  

m 

In o r d e r  to compare  this  with the numerical  solutions of Fig.  X-29, we take wl  = n. 
Equation 9 then reduces  to 

m(-1lm ~ ~ ( - 1  
s i n  w2. 

m - v  

In Fig.  X-30 we use  Eq. 10 to plot cu rves  of constant f o r  the p a r a m e t e r s  in 

Fig.  X-29. We s e e  that  the genera l  f ea tu res  of the p r imary  island format ion f o r  v = 

30. 11 a r e  well predicted by Eq. 10. The higher o r d e r  islands fo rmed  with v = 30. 23 

and a = 2 a r e  not predicted by Eq. 10, although f o r  a = 3 we s e e  the s a m e  f i r s t - o r d e r  

island that was  observed in Fig. X-29. 

F r o m  Eq. 10 we can derive the condition f o r  p r imary  island formation by sett ing 

8$l/aw2 = a j 1 / a J l  = 0. We find that  i s lands  occur  where 
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Fig.  X-30. Contour plots of the approximate constant of the motion ( s e e  

Eq. 9 ) .  P a r a m e t e r s  fo r  a-f a r e  the s a m e  a s  in Fig .  X-29. 
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If v " n (an in teger) ,  then Eq. 11 can be simplified to  give 
3 

where 6 = v - n. 

Conditions f o r  Stochasticity 
-- 

Although we s e e  f r o m  Eq. 12 that the f ield fo r  p r i m a r y  island formation h a s  a s t r o n g  

dependence on 6, the numerical  r e su l t s  in Fig. X-29 indicate that the condition for  the 

merging of stochastic regions is insensitive to 6 .  This stochastici ty c r i t e r ion  is m o s t  

important  f r o m  the point of view of heating, s ince  i t  gives the conditions under which an 

ion can be heated appreciably. 

In Fig.  X-31 we plot the extent of the connected stochastic regions a s  a function of 

a f o r  v = 30. 11 and 30. 23. Since the boundaries of the stochastic region a r e  not neces-  

s a r i l y  l ines of constant r ,  we plot the intersection of the boundaries with the line w2 = 0 .  

S E E  EQ 13 

D ISCONNECTED S T O C H A S T I C  

C O N N E C T E D  S T O C H A S T I C  

COHERENT 

\,* f 

' i ' i l i ' t i i  

0 20 a 
4 0  6 0  

C O N N E C T E D  S T O C H A S T I C  

COHERENT 

Fig.  X-31. (a) Extent of connected stochastic regions a s  a 
function of a .  

(b) Lower portion of (a) on an expanded scale .  
P lus  (+) indicates v =  30.11, c r o s s  (X )  ~ ~ 3 0 . 2 3 .  
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We observe  only coherent  motion f o r  r below the lower curves ,  and disconnected 

stochastic regions  above the upper curves .  We may derive an approximate equation 

f o r  the upper data points by assuming that  Eq.  12 gives the c o r r e c t  sca l ing of the s to-  

chastici ty condition with r ,  although not i t s  scaling with 6. We expand asymptotically 

the Besse l  function in Eq.  12, solve f o r  r ,  and replace  6 with A to s e r v e  a s  an adjust-  

able pa ramete r ,  to  obtain 

Equation 13 with n = 30 and A = 0 .  28 is shown a s  a solid curve  in Fig.  X-31. The c lose  

f i t  suggests that  Eq.  13 gives cor rec t ly  the upper l imit  to the heating. 

Since l inear  theory shows such a pronounced dependence on 6 i t  is somewhat s u r -  

pr is ing that Eq.  13 should not depend at  all on 6. To understand this ,  we go back to 

the l inear  theory.  Consider a part icle that  at  t  = 0  has  5; = -r and y = 0. If the p a r -  

t icle equation of motion (1) is integrated along i t s  unperturbed orbi t  f o r  a t ime  271, we 

find that the change in  the part icle L a r m o r  rad ius  is 

2711, A r  = -  a cos  ( v n + + )  J (r) .  r v (14) 

(We have approximated the Anger ' s  function a r i s ing  f r o m  this integration by the c o r -  

responding Besse l  function, since v is assumed  large . )  Observe that Eq.  14 does not 

exhibit a s t rong  6-dependence (that  dependence comes  into l inear  theory when we 

s u m  Eq. 14 over  many cyclotron periods) and the cos  ( v r  t 4) t e r m  constructively o r  

destructively in te r fe res ,  depending on whether o r  not v is integral .  Substituting 

Eq. 13 in  Eq.  14, we find that at  the upper l imit  of the stochastici ty region we have 

A r  = 271A cos ( v v t  +) cos (r-v71/2 -71/4). Thus in o r d e r  fo r  the motion to be stochastic,  

we requ i re  that  the jump in the L a r m o r  rad ius  which the part icle makes  in one cyclo- 

t ron  orbi t  be s o m e  fraction of the period of the Besse l  function appearing in Eq. 14. 

Fig.  X-32. 

40 I w1 = 71 c r o s s  section of phase space  showing 

LOWER L I M I T  O F  T R A P P I N G  R E G I O N  the effect of trapping. Dots ( * )  indicate the 
(EQ 15)  par t ic le  orbit  in the coherent  region,  c r o s s e s  

(X)  the part icle orbit  just inside the s tochas-  
t i c  region. N u m b  e r s r e f e r  to success ive  
c ross ings  of the wl = 71 plane. 

2 0  
1 2  

0 277 
"'2 
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This  explanation does not sa t i s fac tor i ly  explain the lower s e t  of data in Fig. X-31. 

Presumably,  the reason  is that w h e r e a . ~  the upper l imit  of the s tochast ic  region is gen- 

e r a l l y  quite far removed f r o m  r = v ,  the lower l imit  is not, and we expect the strongly 

nonlinear effect of trapping to be important .  In RLE P r o g r e s s  Report No. 117 (pp. 193- 

197) we gave r > v - & a s  the condition f o r  trapping; however, i t  is evident f r o m  

Fig.  X-31b that the stochastic region extends somewhat below the trapping region. 

F igure  X-32 i l lus t ra tes  nicely the distinction between s tochast ic  and trapping regions.  

The dotted line gives the phase space  t r a j ec to ry  of a par t ic le  just outside the s tochast ic  

region.  The solid line above which par t ic les  a r e  trapped is 

C r o s s e s  show the position of a par t ic le  s t a r t ing  within the s tochast ic  region but below 

the trapping region.  Note that  the ion gains energy slowly and af ter  the fifth cyclotron 

orbi t  i t  is just inside the trapping region. The sixth cyclotron orbi t  where the par t ic le  

velocity is roughly doubled has  the s a m e  charac te r i s t i c s  of the trapped orbi ts  d iscussed 

in o u r  previous repor t .  In this  case ,  t rapping is c lear ly  the mos t  important  mechanism 

by which the ion becomes heated initially. The importance of the ini t ial  slow ion heating 

is that  i t  allows par t ic les  c lose r  to the bulk of the ion distribution to become trapped. 

Long-Term Effects  and Asymptotic State 

In o r d e r  to  understand the long- term behavior of the ions, we integrate the equa- 

t ions f o r  40 par t ic les  with velocit ies just above the lower l imi t  of the stochastic region 

and wi thevenly  dis t r ibutedphases .  (Th i s  is a m o d e l  f o r  the heat ingof  the t a i l o f  the 

ion distribution.) In Fig. X-33 we plot r m s ,  maximum, and minimum speeds  of the 

Fig.  X-33. (a) Heating of a group of 40 par t ic les  with initial 
velocity r = 23 and evenly distr ibuted phases. 

(b)  Same. as (a) on an expanded scale .  

160 - 100 
4 0  p a r t i c l e s  

. v:30 2 3  MAXIMUM VELOCITY 
a = 2 0  ............... 

*,<". , . . . . .  \ -:.!>: .,-Y.!. *.-, 
\ , S  ,,:*? ;.::..;; -, .... ..... 

Ti.., - . s. 
i 
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par t ic les  a s  a function of cyclotron orbit  number (which is near ly  proportional to t ime)  

fo r  a = 20 and v = 30. 23. We note that fo r  two o r  th ree  cyclotron orbi ts  the ions a r e  

Fig.  X-34. Asymptotic distribution function f o r  the par t ic les  in 
Fig.  X-33 averaged over  cyclotron o rb i t s  900- 1200. 

00 
Normalization is such that So 2arf d r  = 1. Also 

shown is the position of the initial 6-function dis-  
tribution. 

heated quite slowly. This  is followed by a rapid  energy gain as the par t ic les  become 

trapped by the wave, and then by slower heating to an asymptotic r m s  velocity of approxi-  

mate ly  90. The distribution function (Fig.  X-34) at this  asymptotic s ta te  is obtained 

by averaging over  the l a s t  300 cyclotron orbi ts  in Fig.  X-33. Note that the effect of the 

wave is to cause  the perpendicular  distribution to f o r m  a plateau within the s tochast ic  

region.  
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