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Abstract. 

The motion of an ion in the presence of a constant magnetic field and a perpendicularly 

propagating electrostatic wave with frequency several times the ion cyclotron frequency is shown 

to become stochastic for fields satisfying E/Bo ' (f i /d' '3h/k).  This rlocharlicify condition is 

independent of how close o is to a cyclotron harmonic. Applicajions of current interest in 

supplementary heating of plasmas with RF power near the lower hybrid frequency are suggested. 
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Sfochasfic Ion Heating b y  a Perpendicularly Propagating Electrostatic Wave. 

I t  is well known that a small (infinitesimal) amplitude electrostatic wave traveling across a 

constant magnetic field suffers linear dam ing on the ions only i f  its frequency w is an exac 

multiple of the ion cyclotron frequency, R. At finite amplitudes of the wave, nonlinear effects 

ecome important and w can expect that this resonance is 

ave leads lo  stochastic i n amplitude which is 

cyclotron harmonic, 

broadened. We show that a sin 

independent of how close w is t 

lasma can be heate 

ar mechanisms o 

of the ions in the otential of the wave; this 1 

eating of the  ions near the I er boundary of the stochastic region.' The second is due to 

onlinear resonances that arise from the perturbed cyclotron motion of the ions in the wave field, 

uce stochastic i n motion in a region of ion velocity space extending from 

rapping region to an upper bound determined by the fietd amplitude; this leads to a slower 

eating of the ions up to the upper boundary of the stochastic region. 

I n  current schemes for the supplementary heating of tokamak plashas with microwave 

ower, wavepacket fields that propagate nearly across the magnetic field (e.g. lower hybr id 

esonance cones and some of their parametricaliy excited decay waves) are generated. The 

stochastic ion heating mechanism we present can play an important role in such heating schemes. 

Stochastic ion motion can also be caused by an obliquely propagating wave, that traps ions 

in the potential wells parallel to the magnetc field.2 This mechanism is inapplicable .for the wave 

of interest here, which we take to propagate exactly across the magnetic field. 

We consider an ion in a constant magnetic field Bo3 and a perpendicularly propagating 

iectrostatic wave jX cos(ky - wt - QI).   he equations of motion are 
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where lengths are normalized to k" and times to R", a = qk~/(mR2) and v = w/R. (Without loss of 

generality, the constant of the motion 2 - y is set equal to zero.) The Hamiltonian for this system 

H a II + v12 - a sin[(21~)~/' sinw, - w2), 

where (II, wl) and (I2, w2) are conjugate action-angle variables and y = (21,)'~' sinw,. The 

variables (I2, w2) have been introduced to make H time independent. In (2) w2 is the wave phase 

and so H describes two harmonic oscillators, the ion in a magnetic field described by (II, wl) and 

the wave described by (I2, w2), coupled by the last term in (2). 

I n  order to find the condition for the onset of stochasticity we use the surface of section 

r n e t h ~ d . ~  We choose the cross section defined by wl = n and numerically compute r (21~ )It2, the 

normalized velocity, against w2 for each crossiq of the w, - n plane. Fig. 1 shows the results of 

such computations for v = 30.23, a = 2.2 and 4, and in a region of velocity space with r > v. With 

a = 0 the trajectories would all lie on horizontal straight lines, since II is a conserved quantity. At 

a = 2.2 the trajectories have become quite complex, many lying on chains of "islands." The order 

of the islands is given by the number of cyclotron orbits it takes for the ion to return to the 

island it started on. Clearly visible are chains of fourth and fifth order islands. Outside the 

islands the motion appears stochastic, but the stochastic regions are separated from one another 

by coherent regions, preventing the movement of particles from one stochastic region to another 

and limiting the amount of energy the particles can gain. Finalty at a 4, the stochastic regions 

have merged allowing particles to be heated through the region of velocity space shown in the 

figure, In  this case the destruction of the coherent region is caused by the appearance of a chain 

of third order islands. We define the field at which the stochastic regions merge as the 

"stochasticity threshold." 



From the study of these figures and others at different frequencies, 

picture of how the motion becomes stochastic: The presence of the wav 

change in the cyclotron frequency, ( W ~ ) .  This in turn causes the ratio of the wave freque 

the cyclotron frequency to become a "simple" rational number in certain regions of velocity 

leading to fixed points. [In Fig. l b ) ,  for instance, the cyclotron frequency has 

u/(30$ at the fourth and fifth order islands, respectively.] Around half of these f ixe 

islands form; the other h I f  are hyberbolic fixed points at the separatrices etween the islan 

s is well known?14 the addition of any small erturbation to the system causes the motion in  

vicinity of the s paratix to becom stochastic. As the fie1 is increased the size of the stochasti 

s increases, and islan 

estroy enough of the coher articles to be heated. 

To find the scaling of !he stochasticity threshold, we must find the conditions under 

islands can form. The location of p'th order islands may be derived analytically by finding p't 

order fixed points. These in turn are found by setting 

(C, )/W, = (CI )/Y = PIS, (3) 

where s and p are integers and the (time) average is performed over p cyclotron orbits (or, 

equivalently, s wave periods). For first order islands (p = 1, s n), (w,) is readily found by 

Fourier-transforming the last term in (2). Then to order a, nw, - w2 is constant, and so only one 

term in  the Fourier sum contributes to give 

To find the threshold for first order islands we substitute (4) in (3) and take sin(nwl - w P )  +I.  

I f  we also asymptotically expand the essel function we obtain 
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where v = n + 8; For p # 1, we transform5 H to a set of action-angle variables for which the 

angles are cyclic to order a. To order 02, there are contributions l o  H varying as sin(rnw, - kw2), 

where k - 0 or 2. If p + 2 then on averaging only the angle independent term (rn = h = 0 )  

contributes giving 

For p = 2, there is an 

this term is negligible, 

additional contribution when m = s and k a 2; however, in the limit r * u, 

so we use ( 6 )  in this case also. The threshold for higher order islands is 

again obtained by  substituting in (3). Asymptotically expanding the Bessel functions, and assuming 

v 1 this gives 
P 

where v = SIP + E. 

In Fig. 2 we plot the predicted values of the thresholds for island formation as given by (5)  

and (7) for 291 < v .: 30:, and r z 47.5 (in this plot we have allowed for the fact that r 3 v is not 

satisfied), together with the numerically observed thresholds for various v. We note that for large 

a, island chains of many different orders are predicted. Also given in Fig. 2 are some numerically 

observed stochasticity thresholds. We observe that this threshold is insensitive to 8,  varying b y  

about 20% for 6 between -f and 4. Since the islands cause the motion to become stochastic, an 

accurate expression for the stochasticity threshold is obtained merely by replacing S and 6 in (5) 

or (7) by  constants, giving, for r * v * 1, 

a = (nr3/2)'I2/(4n). 

For r z v, we must go back to (4) and ( 6 )  and expand in the limit v * 1 to obtain6 



or, i n  unnormalized terms, 

Our results can be used to determine what region of velocity space is stochastic for a 

a. For a much larger than the threshold given by (91, the upper limit may be found by invertin 

(8) to  give 

The lower limit is determined 

Fig. 3(a) shows these limits for v = 30.23, together with the numerically observed values. How an 

ion gains energy within the stochastic region may be illustrated by integrating the equations for a 

number of ions with velocities just above the lower limit of the stochastic region and with evenly 

distributed phases. In  Fig, 3(b) we plot the rms speed of 50 particles as a function of cyclotron 

orbit number (which is nearly proportional to time) for a 20 and v = 30.23, We note that the 

fairly rapid 

gain to the 

initial energy gain is  followed by a slower heating. We can attribut.e the initial energy 

effects of trapping. Indeed, the rms velocity after the first few cyclotron orbits is 

close to u + 2Ja. The slow heating continues for longer than 1000 cyclotron orbits, at which time 

the rms velocity is about 90, and the velocity distribution function has spread over most of the 

stochastic region, Fig. 3(c). 

As an example, consider a wave near the lower hybrid frequency in a plasma with no - lot4 
~ r n - ~ ,  Bo = 50  kG and Ti = 1 keV. Taking @/!Ii m u = 24, and k,vn/fl, = 6, then from (10) the 

threshold field for stochasticity is about 5.5 kV/cm [at this field E , E ~ / ( ~ ~ , T , . )  is about 4 x IO-~J 
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The motion becomes stochastic for particles traveling at the wave phase velocity which is  4vT, so 

that an appreciable number of tail particles is heated. In tokamaks the lower hybrid wave is o f  

finite extent, determined by the excitation structure. In this example, if the extent along Bo is 10 

cm, then the ions spend about 20 cyclotron periods in this field and can increase their energy b y  

an amount corresponding to the trapping width of the fields. At  much higher amplitudes of the 

lower hybrid fields, the conditions for parametric decay may also be satisfied. For the decay 

waves which are of lower frequency and shorter wavelength, the conditions for stochastic 

ion-heating (10) and (12) may be more readily satisfied even for ions with velocities nearer to  vn 

so that bulk ion heating can result. 
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 his result may also be obtained (to within a factor of order unity) by  demanding that 

. trapping be effective, in the sense that an ion in its orbit spend at least a bounce period (2na-'/*) 

within the trapping region given by Jj/ - < Ju. 
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Figure Captions. 

FIG. 1. The w ,  = a cross-sections of phase space for v = 30.23 and (a) a - 2.2, (b) a = 4. The 

trajectories of 24 particles are followed for 300 orbits in each case. Crosses (x) indicate initial 

conditions, dots (.) subsequent crossings. In (a) the numbers indicate the position of fourth and 

f i f t h  order islands and the order in which they are visited. The initial conditions were picked t o  

i l lustrate the dominant features of the motion. 

FIG. 2. The threshold a for the formation of islands of various orders (the numbers b y  the  

curves) for r x 47.5 as a function of v. The lines give the analytically predicted values and the 

crosses (x) the numerically observed values. The plusses (+) give' the numerically observed 

stochasticity thresholds. 

FIG. 3. (a) The limits of the stochastic region as given by (9), ( l l ) ,  and (12). The crosses (x) 

give the numerically observed values. The terms "Disconnected Stochastic" and "Connected 

Stochastic" are used to distinguish motion of the type shown m Fig. l (a)  and Fig. ltb), 

respectively. (b) Heating of a group of 50 particles with a 1: 20, initial velocity r = 23, and evenly 

distributed phases. (c) Velocity (r) distribution function for the particles in (b) averaged over  

orbits 800 - 1100. Normalization is such that J2nrfdr = 1. 
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