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Abstract. 

The three wave equations in the limit where the waves at the upper two frequencies are 

undamped and the lowest frequency mode is heavily damped that its dynamic equation becomes 

y3a3 = ~ a , a * *  are considered. These equations are solved (by quadrature) in two dimensions and 

time subject to arbitrary initial and boundary conditions. Illustative examples arising i n  tokamak 

heating by  lower hybrid waves are presented. 
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Solution of the Three-Wave RestvTa~q-ir8Ens with O m  Wave Heaviliy Damped 

I. lntrduct ion 

The resonant interaction between three waves of action amplitudes a., j = 1, 2, 3, whose 
I 

frequencies and wave vectors obey the resonant conditions w l  = w2 + w3, k l  = k2 + k3 can be 

described by 

In (1) v's are the group velocities of the waves, 7's are the damping constants and K is the 

coupling coefficient. Equations (1) describe a variety of physical phenomena such as the nonlinear 

decay of lower hybrid waves in plasma1 and laser-plasma  interaction^.^ Various approximations of 

(1) have been studied both numerically and a n a ~ ~ t i c a l l ~ . ~  Recently, Kaup, et al? solved (1 )  by 

the inverse scattering method when 7, = 0, j = 1, 2, 3. Here, we consider the equation when 7 ,  = 

r2 = 0 and the third mode is so heavily damped that (lc) becomes 

In this limit, (la, b) can be rewritten in terms of action densities as 

where II = (2/73)l~al12, I2 = (2/7#a212. The one-dimensional steady state solutions of these 

equations are readily obtained and have been thoroughly examined. In  this paper we will show 
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that the general initial or boundary value problem of (3) in two dimensions and time can be 

reduced to quadrature. Note that (3) can also be derived if the mismatch terms arising from 

inhomogeneities are included in (la, b, c). Equations (3) have also been derived for the decay of 

lower hybrid waves into quasi-modes.fjl ' 

If (3) are one-dimensional, i.e. if V = %&/Ax) the solutioils gf I I  an? I2 have been found by 

~ h u ?   hen: and ~asimoto.*~ I l  and I2 are given as 

where Z{E) and T f r )  are arbitrary functions of the independent variables: 

I n  Section 11, we will show how to find the functions at) and f ( r)  for arbitrary initial conditions, 

and so solve the general initial value problem in one dimension In Section I11 we show how the 

results of Section I1 may be extended to solve initial value problems in higher dimensions. In 

Section IV, we will discuss the I n  

Section V, we will extend this boundary value problem to two spatial dimensions. 

It. Initial V due Problem in One Dimension 

We present, first, the initial value solution of the one-dimensionai problem. If the initial 

values of dl and l2 are Il(x, 0) = Pl(x) and 12(x, 0) = P&x), then we can solve for BKx, O)]  = 

Z(K/V) and ndx, 011 = T{-x/V) [V n vlx - v2J Equations (4) yield 
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Then Z(4) and T(7) are given by 

The analytic solutions for I I  and Z2 are 

x - v  t x - vlxt  
II = -[v& + $1 1% p(*) - T [ ~ ) ]  

v t 
+ $1 log ~(q) - I f - ) ] .  

As an example, consider the collision of two Gaussian wave packets: 

P,(x) = 2i11' P, exp -[TI2 - 

We take vvlX > vw If xl + x2 is sufficiently large, P1 and P2 can be considered nonoverlapping 

and (6) may be evaluated to give 

1 P w  T(T) = 2 - exp -VT + x '" v ' [erf( '1 - 1 
W 1  . 

An example of this interaction is plotted in fig. 1. Note that for wave 2, the leading edge is 

amplified more than its trailing edge, since i t  sees an undepleted wave 1. This effect is generally 

true for all initial pulses. 
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From the general expressions 16) for Z and T, we can also calculate the final actions of 

modes 1 and 2 (i.e. the areas of II and 12) i f  initially the pulses are non-overlapping. 

Here AH and #Iji are the final and initial actions of mode j. Equation (Sa) ' s  the equation for 

conservation of action. Equation 18b) gives the transfer of action from wave 1 to wave 2 and 

enables us to calculate the energy dissipated in mode 3. Note that the energy dissipated in 

independent of the initial shapes of the waves. 

Ill. Initial Value Problem in Two Dimensions 

The solution to the two-dimensional initial value problem is easilf. reduced to the 

one-dimensional problem by a coordinate transformation. For example, we may effect this by a 

Galilean transformation to a coordinate system in which vl and v 2  are collinear followed by a 

rotation such that v, and v2 are parallel to 2. In this coordinate system v l y  = v = 0, and the 5 

equations reduce to the one-dimensional ones. 

1V. Boundary Value Problem ih One Spat id Dimension 

There are two boundary value problems that can be solved. I f  v,, > 0 and v2, > 0, then (11, 

with the conditions 11(0, I) = Ql(t),  L&0, t) I: Q&), Il(x, 0) = P,(x), 12(x, 0) = Pz(x}, 0 < x < L can be 

solved in the same manner as the initisl value problem because II and I2 are specified on the 

same lines in x, t space. Moreover, i f  v l ,  O but vPx < 0, then the boundary values for (1) become 
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By using the method described in solving the initial value problem, (6) will give the solution of 

At the boundary at x = 0, for O < t < -i/v,, Z = Z&) is known. We can solve for T(7) = T1(7), for 

0 < T < -v& / vZrV, since from (4a) 

This procedure can be repeated successively at x = 0 and x = L to give the functions Z#) and 

TAT), where 

% = - ~ ~ $ + ~ / v ~ *  

with lo = LIV, and ro = 0. The relationships of m and En are illustrated in Fig. 2. The functions 

Zn and Tn can be solved for recursively to give 
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integration Zn and $,, are determined by requiring the continuity of r(r) and Z(I.1. For simple 

values of the initial and boundary conditions, Z,, and T,, and hence Il(x,  t )  and 12(x, f )  can be solved 

analytically. For example, if 

this boundary value problem describes the growth of wave 2 from noise when w 

on at t = 0. Figure 3 illustrates this example. Note that the amplitude of wave 2 oscillates 

considerably. In  Fig. 4, I,(& t )  and 12(0, f) are plotted. Both waves oscillate but decay with time 

until they reach the steady state shown in Fig. 3f. 

V. Barndary Value Problem in ~ ~ ~ ' ~ i m a n s i o n s  

By the same procedure that the two-dimensional initial value problem reduces to the 

one-dimensional problem, we can reduce the two-dimensional boundary value problem to a 

one-dimensional probtem. However, this will generally result in moving boundaries, and while this 

presents no intrinsic difficulty, we can often solve a simpler problem (in which some or all of the 

boundaries are stationary) by using a shear transformation. This is best illustrated by the 

example of the decay of lower hybrid waves in tokamaks. Using a slab geometry, we will assume 

the pump ( I , )  is excited by wave guides at x = 0. Initially the second tower hybrid wave is noise. 

I f  v2, < 0, the initial and boundary conditions are 

The problem with va > 0 is discussed below. 
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Using the coordinate transformation 

t' = f, X' = J1) y' = y - ~f - ax, 

(1.3) becomes 

in which y' is a parameter. The transformed boundary conditions are 

Since 

value 
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r,W, y', t ')  3 Q,'(Y', t') = Q ~ ( Y *  + ~ t ' ,  t') { 144 

12(d = L, y', t ' )  = Q2'o/, t ' )  = Q2(yr + ut' + L', t ' )  (14b) 

y' is a parameter in (13) for a given y' this is again reduced to a one-dimensional boundary 

problem. 

For example, if we assume that Q, is excited by a waveguide of width C (Fig. 5), so that 

(constant) 0 < y < t, t > 0 
otherwise : 

and Q2 is initially noise 

then for a given I, 

go -y'<ut'<t-y'andt'>O 
Q+Y' + ut', t ')  = 

otherwise 
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The solution of this can he found exactly. This is shown in Fig. 6. We have taken i/u < ~(v,; '  t 

1v2J1) in this figure, so that the width of the pump is less than the "bounce width." (This is 

typical of problems involving the decay of a lower hybrid pump.) ?dote that the noise level has 

been chosen unrealistically large, in order to illustrate the ih7teractio:1. This was necessary 

because with this geometry convective losses due to the finite width in y minimize the interaction. 

This should be compared with Fig. 3 (for which f + 4 which has the same interaction length L, but 

a much smaller noise level. Clearly the depletion of the pump is maximized in the two-dimensional 

case by  chosing v ,  and v2 to be as close to being parallel as possible (subject to the resonance 

conditions, and assuming a weak dependence of the coupling coefficient K on the geometry). Note 

that the interaction in Fig. 6 reaches a steady state in finite time; the pump reaches its steady 

state condition in one bounce time 

white the wave 2 reaches its steady state at two bounce times 

We have shown that initial value and boundary value problems can be solved exactly in one 

and two dimensions. This solution technique can be easily extended to higher dimensions. An 

acwrate evaluation of the nonlinear stages of several important parametric or quasi-mode 

interactions is now possible. By carefully examining the times and regions of interest, the 

dimensionality of the problem can often be reduced For example, the problem of the decay of 

lower hybrid waves, discussed in Section V, is a problem in two spatial dimensions and time. 

Howewer the time that ttte lower hybrid pump takes to reach steady state (16a), is typically much 
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shorter than the duration of th&p<Tse of RF power. Thus for most purposes the problem reduces 

to  the solution of the two-dimensional steady state problem. This is always reducible to an 

equivalent problem in one dimension and time, and so is soluble by the methods of Sections I1 and 

IV. For example i f  v,, > 0 and v* > 0, x may be considered as a time-like variable and the 

equations may be put in the a dimensional form of (3) by letting I I  = S1/v2, and I2 = S2/v1*, Of 

course the solution will be effectively one-dimensional if the pump is depleted by one transit of 

the noise, 12, through it. This is usually not the case, since lower hybrid waves are characterized 

by large group velocities parallel to the magnetic field. I n  the two-dimensional case, i f  the initial 

noise level, Q20, is small, we can estimate the total depletion of I ,  as a function of x by  means of 

(8). To compute the power flow in  II at x = xo we take the length of the noise "pulse" at x = 0 to 

be w2 = Xfvl JVlw - v2JvlJ. The error arises from neglecting the effect of overlap at x = 0 and 

x = X~ and SO the approximation is valid in the limit that the width of the waveguides, 8, -x wz ft 

is easy to check this result against the exact results, if the need arises. 
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Figure Captions 

FIG 1, Plot of I,(x, f} and 12(x,f.) for the one dimensional initial value problem, when va = -1.2 vl,, 

P, = ~ O - ~ P ~ ~ ,  w,  = IOv, JP,,, w2 = w,/2, x, + x2 = 60v,JPlO. 

FIG 2. Plot of && and 7, in the x-t plane. 

FIG 3. Plots of i,(x, t}, I&x, t), and IJx, 0 = 4 l K a # / ~ ~ ~  for the one dimensional boundary value 

problem when v* = -1.2vl$ L = 2Ov1JQlo, = ~ O - ~ Q , ~ ,  and for various times t (a) 0, (b) 

15/Qlo, (4 30/Qlo, (d) 50/Qlo, (e) 70/Qlo, (f) steady state. 

FIG 4. Plot of Il(L, t )  and 1&0, f )  for the one dimensional boundary value problem. 

FIG 5. Initial conditions for the two dimensional boundary value problem. Here vZx = -1.2 vlP vZy 

- 1.4 v19 Q, = 0.1 Q,,, L = 20 v,JOl0, C = 5 vlJQlo 

FIG 6. Temporal development of the two dimensional boundary value problem with initial 

conditions given in Fig. 5. 
















