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Complex Modified K-DV Equation and Nonlinear Propagation of Lower Hybrid waves* 
by 

A. Sen, C. F. F. ~ a r n e ~ , ~  A. Bers, and N. R .  Pereira 5 
Plasnia Fusion Center, M. I. T.,Canibridge, MA 0 2 1  39 

The nonlinear steady state propagation of lower hybrid waves in a 
irniform plasma can be described by a "Complex" Modified Korteweg De Vries 
equation, v, + (lv12v) + v = 0,  where v t l ie amplitucle of t l ie  electr ic f ie ld E 
is complex. This equation is not amenable to analytic solution by  t l ie  Inverse 
Scattcr ing Transform niethod and we solve it numerically. In the iimit of a 
narrow spectrclni excitation at the boundary i t  approximately reduces t o  a 
nonlinear Sclirotlinc~er equation and we obtain envelope soliton soluiions. For 
broader spectrums we obtain "MKDV type sol~tons" with constant phases. W e  
cl isci~ss these solutions in terms of satisfying the radiation condition inside 
t l ie  plasma and the limitations posed on the choice of "initial" conditions b y  
nonlinear reflections. 

In a cold homogcneoi~s plasma the linear steady state propagation o f  lower hybr id  

w a v e s  is  along resonance cones. Treating nonlinear and dispersive (thermal) e f f e c t s  as 

sniall perturbations along any single resonance cone the propagation equation c a n  b e  

der ived as': 

where  v is proportional to the electric field amplitude (z &$/ax) ,  [ - (x - cz) i s  t h e  

stretcl iecl  characteristic coordinate (c is t l ie ratio of cold group velocit ies) ancf T -- x 

character ises the perturbative effects of nonlinearity and dispersion. I f  v is  assurngd 

real, (1) reduces t o  the Motiified Korteweg-de Vries (MKDV) equation2 which has sol i ton 

sol~rtioris. However in general v is complex and then (1) is the correct nonlinear equat ion 

to solve. Unlike the MKDV equation, this equation, the "Complex Modified K-dV" (CMKDV) 

equation, does not appear to  have an infinite set  of conservation laws and is  n o t  

amenable t o  solution by the Inverse Scattering Transform method. In this paper we 
there fore  present the results o f  numerically integrating ( 7 ) .  

Equation (1  ) has a conservation law 

.f-%lv(r, k)12/h dh = const. 
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wlierc I; is the transform variable for [. This is just t l ie same as t l ie powcr f low 

conservation law J z S x  d x .  (Note that Sx(k) n ~v,l~/k.) Thus when iniposing "initial" 

conclitions t o  (1 )  at  T = 0 (i.e. x = 0), we require that v(0, k < 0 )  = 0 so that all spectra l  

components of the initial p i~ lse carry power into the plasma. This may be achieved by 

ensuring that v(0, I . )  has the form 

For the numerical integration of ( I )  we find it more convenient to  choose initial conclitions 

o f  t i le  form 

For ko > 1 this only has a small tail of negative k cumponents which we do not e x p e c t  t o  

materially e f fec t  t l ie results. We note that if ko = 0, we niay obtain the MKDV soliton by 

lett ing A = fi. The soliton threshold is A = 1 1 f i .  

We begin first by looking at ko >> 1. In this case (1) approximately reduces t o  t h e  

Nonlinear Scl-iroclinger equation (NLSE)~.  If we make no approximations (1 )  becomes 

wl iorc " ( 7 ,  l) = &u($. r ) ~ x p [ i ( h ~ E  + k:~)], r = t + 3kE~ ,  q = 3kOr. Note that  in the limit 

of  ko + (wlien (5) becomes tlie NLSE) the single soliton solution is obtained wlien A = 

6 in (4), i.e. \/5 times the area of the soliton for the case ko = 0. We integrate ( 5 )  

wit l i  an initial condition of u = sech(f). We find that for ko > 2; the pulse is long-lived 

and rernains secii-like but it tias a finite velocity in the q, r franie (unlike the case k -+ 
0. 

m). For ko < 2; t l ie pulse radiply loses its identity, and the NLSE approximation i s  no 

longer valid. 

This brings us to  the other l imit  to consider, namely k - 1. (This is important in 2 

and 4 waveguitle excitations.) We show in Fig. 1 tlie results of integrating (1)  w i t l i  A = 
4.0 arid ko = 1.2. Note that the pulse breaks up into "solitonss' confirming the results o f  

~ i r e l i l ~ .  These solitons have the form 

where 0 is a cor~stant. This is just the solution of the MKDV equation multiplied by a 

coniplex constant. These solutions have the property that quite general initial conclitons 

lead t o  t l ie  formation of solitons at large T. (Note tlie characteristic ordering of t l i e  

solitons in Fig. 1, with the tallest and fastest leading the others.) These solitons also 

have t l ie  property that they are unaffected by collisions with each other (excep t  for  a 

translation of  t l ie soliton), when they all have the same phase, 8. However the collision 



of two  solitons with different values of 0 ,  is inelastic, in that some "radiation" i s  
- proc l~cct l .  In Fig. 2, we show the collision of two solitons with a, = r% a2 = 1 /fi, - 

0, and Oz = $?i. We see tliat after the collision the tallest soliton remains unaffected,  

while tt ie sliortcr one Iias lost some of its amplitude. The phases of these solitons are  

nearly intcrchangccl, with 8 ,  = 80' and B2 = 10'. 

The problem with the solution shown in Fig. 1 is that the solitons carry no n e t  

power. So t l iat Fig. 1 sliows a situation where all the power injected a t  the bounclary 

ends crp being carried by the radiation, The solitons correspond t o  field structures goincj 

o f f  t o  7 = 03 in which there are equal aniounts of positive and negative power rlow. This 

"steady state" is ol~viously riot accessible in a finite time; so we niust ask ourselves 

what assirrnptions we have made that causes us this trouble. The answer is tha+t t ie  

nonlinear term in (1) can cause internal reflection of the power (by changing the sign o f  

k ) .  111 systems where there is internal reflection we nlirst specify a radiation condition a t  

t l ie  far end of the system. Taking this point to be T = T~ we should require that  V ( T ~ ,  k < 
0) = 0, i.e. power only flows outwards at the far boundary. Note that this conclition is  

violatecl in Fig. 1. A t  T = 0 we should only impose the incident power; thus we shocrld 

speci fy v(0, k > O), but we may not specify v ( 0 ,  k < 0) which must emerge as par t  o f  

t l ie  solution sircli that the radiation condition is satisfied a t  ttie far end. This is rather 

clifficirlt t o  achieve numerically and we clo not yet have a "steady state" solution 

satisfying these boundary conditons. 

Sirniniarizing, we ~lnderstand the nonlinear behavioilr for the narrow spectrunl 

excitat ions (k >> Ak) where selfn~oclulation ef fects can lead to  envelope soliton 

strirctures. For k - Ak the problem is not completely solved but it appears that  nonlinear 

internal rcllcctions can occur. In either case, for 2 or 4 waveguide excitat ions far  

tokaniak plasmas, practical electric field aniplitucles and their spatial ex tent  are l ikely t o  

be below the t l~resl~olcl  condition for soliton formation5 and the nonlinear ref lect ions 

woulcl t i icn also be relatively unimportant. 
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Fig. 1. Evolution of an initial sech pulse with A=4., ko=l .2 , into "MKDV" type solitons and 

"radiation". 

Fig. 2. Collision of two solitons initially placed apart with a, = fi, a2 = 1 1 5 ,  8 ,  = 0, and 

8, = $*. A t  r=13., the tall soliton has passed through the shorter one but there is some 
change in the phases and generation of some radiation. Large dashed lines denote Re(v), 
short dashed lines Im(v) and solid lines abs(v). 




