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Abstract 

CONFINEMENT IN TOROIDAL SYSTEMS WITH PARTIALLY DESTROYED MAGNETIC 
SURFACES. 

A Hamiltonian formulation of the guiding centre drift equations valid for stochastic fields 
is given. Modification of neoclassical transport due to  imperfect magnetic surfaces is investigated 
numerically. For banana-trapped particles a discrete map representation is given for the  orbits 
and used to  study loss of banana-trapped &particles due to  field ripple. 

I. Hamiltonian Formulation of the Guiding Center Drift Equations 

Recently developed methods of analysis are providing new 
insight into problems involving nonlinear equations of motion 
which, although deterministic, lead to apparently chaotic 
behavior. This subject is of immediate importance for magnetic 
fusion research, where small asymmetries in magnetic fields can 
lead to stochastic particle orbits and poor confinement. The 
calculation of the orbits of charged particles in given electric 
and magnetic fields is one of the oldest problems in plasma 
physics. To facilitate the numerical evaluation of long time 
confinement parameters such as diffusion rates, an average must be 
made over the rapid gyro motion of the particles. The resulting 
guiding center equations have played an important role in plasma 
physics since their inception [ l -71  . 

It is particularly convenient to use magnetic coordinates for 
confinement studies. These coordinates, in addition to defining 
the surfaces across which diffusion is relevant, separate fast and 
slow time scales related to motion along and across the field. As 
we will show, in a Hamiltonian formalism they are also intimately 
related to the canonical variables for the guiding center 
motion. Of course a stochastic field has no such coordinates, but 
the systems of interest for confinement studies are necessarily 
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only smal l  p e r t u r b a t i o n s  of systems wi th  good magnetic s u r f a c e s .  
We t h e r e f o r e  assume t h e  e x i s t e n c e  of a  nearby f i e l d ,  8 w i t h  good 
s u r f  a c e s  . 

We w i l l  u se  two r e p r e s e n t a t i o n s  f o r  8, t h e  f a m i l i a r  Clebsch 
r e p r e s e n t a t i o n  and a  c o v a r i a n t  r e p r e s e n t a t i o n :  

The v a r i a b l e  cl, l a b e l s  t h e  f l u x  s u r f a c e s ,  and 5  i s  a  measure of t h e  
ang le  around a  f l u x  s u r f a c e  a c r o s s  t h e  f i e l d .  The q u a n t i t y  A i s  
t h e  p e r m e a b i l i t y ,  de f ined  by the  c o n d i t i o n  $+-$ x ( 8 1 ~ )  = 0 .  For 
s c a l a r  p r e s s u r e  e q u i l i b r i a  A = 1, and Grad [ 8 ]  h s shown t h a t  f o r  9 t z n s o r  p r e s s u r e  e q u i l i b r i a  l / A  = 1 + ( P  - P ) / B  . The q u a n t i t y  

I r e l a t e d  t o  t h e  p a r a l l e l  c u r r e n t  a h  p r e s s u r e  through P tis 2  
= -B a@*/ac ,  @/a+  = ~ ~ a @ * / a ~ ,  and x measures t h e  d i s t a n c e  

a long a  f i e l d  l i n e .  Given any e x p l i c i t  r e p r e s e n t a t i o n  of ff i n  
t o r o i d a l  c o o r d i n a t e s  r , 8 , @ ,  the  magnetic c o o r d i n a t e s  can be found 
by comparison w i t h  Eq. (1). Consider  a  t o r u s  of a s p e c t  
r a t i o  E-I = ~ / a ,  wi th  R and a  t h e  major and minor r a d i i .  The 
s i m p l e s t  n o n - t r i v i a l  t o r o i d a l  system i s  g i v e n  by t h e  t r u n c a t i o n  t o  
f i r s t  o r d e r  i n  E of a  ze ro  p r e s s u r e  e q u i l i b r i u m  [ 9 ]  

where we have normalized 3 t o  i t s  v a l u e  on a x i s  The c o o r d i n a t e  r 

'3 
'2 l a b e l s  t h e  magnetic s u r f a c e  s o  we c  11 t a k e  $ = 1 2 .  We then  f i n d  

5 = 8  - $/q - r / ~  s i n e ,  x = @ / E  + r 8 l q ~ ,  and p = - ( B / r ~ ) ( d / d r )  
2  

( r  l q ) .  These express ions  a r e  r e a d i l y  e v a l u a t e d  t o  h igher  o r d e r  i n  
E u s i n g  h i g h e r  o r d e r  express ions  f o r  if 191, The a n a l y s i s  of 
t r a n s p o r t  i n  a  f i n i t e  p r e s s u r e  plasma us ing  t h e  h i g h e r  o r d e r  
formal ism w i l l  be t h e  s u b j e c t  of a  f u t u r e  p u b l i c a t i o n .  

We assume t h a t  t h e  exac t  magnetic f i e l d  of i n t e r e s t  can be 
r e p r e s e n t e d  through 2 = $ + 63 where 8 i s  a  f i e l d  which can be 
d e s c r i b e d  by Eq. (1) a%d 63 r e p r e s e n t s  t h e  e f f e c t  of magnetic 
f i e l d  c o i l s ,  plasma modes, e t c .  A s  has  been shown [ l o ] ,  one 
component of 63, namely 6$*?$, dominates t h e  s t r u c t u r e  of t h e  
p e r t u r b e d  sur f  a c e s .  Other components of 63 c o n t r i b u t e  only  non- 
resonan t  d i s t o r t i o n s  of t h e  e q u i l i b r i u m  and a r e  un impor tan t .  We 
r e p r e s e n t  t h i s  component of 63 e x a c t l y  through 6 3  = ? x a$ 
w i t h  a a  g e n e r a l  f u n c t i o n  of p o s i t i o n .  I f  a i s  r e p r e s e n t e d  
through i t s  F o u r i e r  s e r i e s  



we f i n d  t h a t  a  changes t h e  topology of $ a t  r a t i o n a l  s u r f a c e s  
q  = m/n, producing i s l a n d s  of width  

T y p i c a l l y ,  - produces  i s l a n d s  of width  6 r / r  - l o w 2 ,  s o  
t h a t  ve ry  smal l  a i s  s u f f i c i e n t  t o  r e p r e s e n t  q u i t e  s t o c h a s t i c  
f i e l d s  . I n  terms of p a r t i c l e  o r b i t s ,  o t h e r  components 
of 6If a f f e c t  only  the  pe rpend icu la r  d r i f t  v e l o c i t y  which i s  a l s o  
p r o p o r t i o n a l  t o  gyro r a d i u s ,  whereas topology changes,  
p r o p o r t i o n a l  t o  a1j2he modify t h e  p a r a l l e l  motion and a r e  c l e a r l y  
dominant f o r  a much s m a l l e r  t h a n  t h e  system s i z e .  

A convenient  form of t h e  gu id ing  c e n t e r  d r i f t ,  f i r s t  
formulated by i~lorozov and Solovev [ l l ]  and modified by Boozer [5 ]  
and L i t t l e j o h n  [6] ,  i s  g iven  by 

where p  v /we = [2C - 2pB - 2C?] l i2 /~  i s  t h e  " p a r a l l e l  gyro 
rad ius" !  b  =I1$/l3, and t h e  g r a d i e n t  o p e r a t o r  i n  Eq . (5)  a c t s  
o: pII w i t h  E , ~  f i x e d .  Here and i n  t h e  fo l lowing  we u s e  u n i t s  of 
t lme g iven  by Ma = eQ/mc and l e n g t h s  given by t h e  minor r a d i u s a .  

The Hamil tonian c h a r a c t e r  of 3 can  be demonstra ted by f i n d i n g  
t h e  c a n o n i c a l  v a r i a b l e s ,  c l o s e l y  r e l a t e d  t o  t h e  magnet ic  
c o o r d i n a t e s  [I216 F i r s t  i n t r o d u c e  t h e  p e r t u r b a t i o n  
8 + $ + V x a$, i n  E q .  ( 5 ) .  Neg lec t ing  terms of o r d e r  p  a ,  3 i s  
then  given by Eq. (5 )  wit11 p  rep laced  by p  = pll  + a .  $he r a t e  
of change of t h e  magnetic1'  c o o r d i n a t e s  an% of pee, 6 = :*v+, 
p, = v*Vpc e t c .  can be expressed  a s  a  l i n e a r  combination of t h e  
terms a1l/@, a ~ / a < ,  a ~ l l a x ,  aH/ap where t h e  H a ~ n i l t o n i a n  i s  

C 

* 
Trans format ion  t o  t h e  v a r i a b l e  0 = < - P p  then  p u t s  t h e s e  

C C equa t ions  i n t o  c a n o n i c a l  form and g i v e s  f o r  t h e  d r i f t  e q u a t i o n s  

One of t h e  advantages  of t h e  i lamil tonian formalism i s  t h a t  
s i m p l i f i c a t i o n s  and i d e a l i z a t i o n s  can be made i n  t h e  f u n c t i o n a l  
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FIG.1. Poincari plot made with I ke V ions, with p = 0. A single m = 8, n = 4 mode is present. 
The ions follow the magnetic islands as well as exea t ing  large-scale drift motion. 

form of t h e  magnetic f i e l d  wi thout  s a c r i f i c i n g  exac t  energy 
c o n s e r v a t i o n  and t h e  L i o u v i l l e  theorem. For example t h e  u s e  of 
t h e  f i r s t - o r d e r  model given by Eq. ( 2 )  g i v e s ,  t o  o r d e r  E ,  R = 
1-ercos0 w i t h  0*= 5  + ~ x / q ( r ) .  F u r t h e r  we can t a k e  
Be = 5 ,  s i n c e  @ produces a  c o r r e c t i o n  t o  B of o r d e r  E 2 p  The 
Hamil tonian then  g i v e s  a  s e t  of d r i f t  o r b i t  e q u a t i o n s " ; h i c h ,  
a l though  i d e a l i z e d ,  e x a c t l y  conserve energy and s a t i s f y  t h e  
L i o u v i l l e  theorem. 

11. M o d i f i c a t i o n  of N e o c l a s s i c a l  Transpor t  

The f i r s t - o r d e r  ( i n  E )  model Eq. ( 2 )  has  been used t o  produce 
~ o i n c a r ;  maps f o r  magnetic f i e l d s  a s  w e l l  a s  f o r  d r i f t  o r b i t s ,  
and t o  i n v e s t i g a t e  t h e  m o d i f i c a t i o n  of n e o c l a s s i c a l  d i f f u s i o n  due 
t o  t h e  d e s t r u c t i o n  of magnetic s u r f a c e s .  Shown i n  F i g .  1 i s  a  
~ o i n c a r g  map o b t a i n e d  u s i n g  1 keV i o n s  w i t h  p = 0 and a  
p e r t u r b a t i o n  a  of magnitude a / a  = w i t h  m = 8, n  = 4 The 
i s l a n d  s i z e  f o r  t h e  i o n  o r b i t s  i s  t h e  same a s  those  f o r  t h e  
magnetic f i e l d ,  but i n  a d d i t i o n  t h e  ion  o r b i t s  a r e  d i s p l a c e d  from 
t h e  q = 2 s u r f a c e  by d r i f t  motion. This  i n d i c a t e s  t h a t ,  a t  l e a s t  
f o r  p a s s i n g  p a r t i c l e s ,  t h e  s t o c h a s t i c  t h r e s h o l d  f o r  t h e  d r i f t  
o r b i t s  co r r responds  t o  t h a t  f o r  t h e  magnetic f i e l d  i t s e l f .  



To s tudy  p a r t i c l e  d i f f u s i o n  we have in t roduced  energy- 
conserv ing  p i t c h  ang le  s c a t t e r i n g .  The p i t c h  A = v  / v  i s  changed 
every time s t e p  by II 

where v i s  t h e  c o l l i s i o n  f requency ,  T i s  t h e  time s t e p  w i t h  
v.t << 1 , and the  f impl ies  a  random s i g n .  This can be shown t o  
g i v e  an e q u i v a l e n t  Lorentz c o l l i s i o n  o p e r a t o r  [ 1 3 ] .  We have 
s t u d i e d  the  m o d i f i c a t i o n  of n e o c l a s s i c a l  banana d i f f u s i o n  a s  a  
f u n c t i o n  of the  p e r t u r b i n g  f i e l d  ampli tude i n  a  s imple  model 
c o n s i s t i n g  of e q u a l l y  spaced modes of equa l  ampl i tude  [14] ,  Three 
q u a l i t a t i v e l y  d i f f e r e n t  regimes e x i s t .  Pa ramete r ize  t h e  magnitude 
of a i n  terms of a  s t o c h a s t i c i t y  parameter  s ,  wi th  a given by E q .  
( 3 )  w i t h  a = s . If s << s c ,  where sc i s  t h e  t h r e s h o l d  f o r  
s tochast ic&"y [15]  of t h e  exac t  f i e l d  3 t h e  p a r t i c l e s  d i f f u s e  

e '  accord ing  t o  the  n e o c l a s s i c a l  r a t e  [16]. I f  s ( s a  s i g n i f i c a n t  
C 

f r a c t i o n  of space i s  f i l l e d  wi th  magneric i s l a n d s ,  which g i v e  r i s e  
t o  enhanced t r a n s p o r t  imch i n  t h e  way banana o r b i t s  c o n t r i b u t e  t o  
n e o c l a s s i c a l  d i f f u s i o n .  D i f f u s i o n  due t o  a  combination of i s l a n d s  
and a  c o l l i s i o n  term has  been i n v e s t i g a t e d  p r e v i o u s l y  [ l 7 , 1 8 , l g ]  , 
but the  r e s u l t s  cannot be d i r e c t l y  compared because of t h e  q u i t e  
d i f f e r e n t  p a r t i c l e  o r b i t s .  F i n a l l y ,  i f  s > sc t h e  d i f f u s i o n  is 
given  by t h e  p a r t i c l e s  s t r eaming  a long the  s t o c h a s t i c  f i e l d ,  and 
can  be c a l c u l a t e d  [20] u s i n g  t h e  random phase approximat ion f o r  
t h e  modes i n  a .  

F i g u r e  2 shows t h e  o b t a i n e d  d i f f u s i o n  c o e f f i c i e n t s  f o r  1 keV 
i o n s  and e l e c t r o n s .  We have used a  30 kG f i e l d ,  a  = 30 cm, and 
E = l / 4 .  The q p r o f i l e  was taken t o  be l i n e a r  i n  +, rang ing  from 
1 .0  on a x i s  t o  4.0 a t  t h e  w a l l .  The modes had n  = 4  and m = 

7 , 8 , 9 .  A s i g n i f i c a n t  m o d i f i c a t i o n  of t h e  e l e c t r o n  n e o c l a s s i c a l  
d i f f u s i o n  r a t e  e x i s t s  below the  s t o c h a s t i c  t h r e s h o l d ,  whereas t h e  
i o n s  a r e  r e l a t i v e l y  u n a f f e c t e d  because is land-banana d i f f u s i o n  i s  
overshadowed by t h e  l a r g e  ion  n e o c l a s s i c a l  r a t e .  

N e u t r a l i t y  of the  plasma would of course  not permit  l a r g e  
d i f f e r e n c e s  i n  e l e c t r o n  and i o n  d i f f u s i o n  t o  occur ,  but s i m i l a r  
m o d i f i c a t i o n  of e l e c t r o n  h e a t  t r a n s p o r t  i s  t o  be expec ted .  We 
have begun t o  a s s e s s  t h e  r o l e  of lIHD modes on p a r t i c l e  
conf inement .  Recent t h r e e  dimensional  non l i n e a r  r e s i s t i v e  MHD 
s i m u l a t i o n s  of MHD a c t i v i t y  dur ing  high power n e u t r a l  beam 
i n j e c t i o n  i n t o  high temperature  plasmas i n  PDX d i s p l a y  a  l a r g e  
v a r i e t y  of modes, p r i m a r i l y  d r i v e n  by t h e  sawtooth (m = 1, n  = 1 )  
o s c i l l a t i o n .  I n  F i g .  3  i s  shown a  ~ o i n c a r k  p l o t  of t h e  magnetic 
f i e l d  s u r f a c e s  dur ing  a  t y p i c a l  d i s c h a r g e .  Although t h e  f i e l d  i s  
somewhat below s t o c h a s t i c  t h r e s h o l d  i n  most domains, t h e  abundance 
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FIG.2. The electron and ion diffusion coefficients, normalized to their neoclassical values, 
D,,, as a function of the amplitude of the perturbing fields, s. Here v,/w, = 1.8 X lo-', 
vi/wi = alp, = 12 000, and alpi = 200. Also shown are the quasilinear values and the 
stochastic threshold. The value o f  D, at S = 10-' has been changed from that given in Ref.[14] 
by the development of a more accurate and efficient method of measuring small diffusion rates. 

of magnetic islands must be expected to contribute significantly 
to particle diffusion. 

111. Discrete Map Representation of Banana Orbits 

A further simplification of the description of particle 
orbits can be made in the case of banana-trapped particles. In an 
axisymmetric system the radial drift averages to zero along an 
orbit. In a non axisymmetric system, however, v,, oscillates as a 
result of the field perturbation, giving rise to an additional 
oscillating radial excursion,. Along most of the trajectory these 



FZG.3. PoincarC plot of the magnetic field in PDX during largeamplitude sawtooth oscillations. 
The safety factor profile is modelled as q = 0.82 + 6.6 $. We kept the 30 largest modes o f  the 
simulation, with I < m < 12, 1 < n < 4 and amplitudes a,, ranging from 1 o - ~  to 1 o - ~ ,  with 
average amplitude 1.5 X lo-'. 

s m a l l  e x c u r s i o n s  a r e  s e l f  c a n c e l l i n g ,  but nea r  t h e  t u r n i n g  p o i n t s  
t h e  e x c u r s i o n s  a r e  l a r g e s t  and do n o t  c a n c e l .  Using t h e  model 
magnet ic  f i e l d ,  B = B o ( l - ~ r c o s e  + GcosN@), where 6  i s  t h e  l o c a l  
r i p p l e  magni tude,  one can i n t e g r a t e  a long  unper tu rbed  t r a j e c t o r i e s  
a n a l y t i c a l l y  t o  f i n d  t h e  d i sp lacement  a f t e r  a  s i n g l e  bounce, 
A ( r ) .  The t o r o i d a l  a n g l e  between two t u r n i n g  p o i n t s  i s  

G b  = 2 q e t ,  w i t h  ~ 0 ~ 0 ,  = 
( R ~  

- ~ ) / r ,  and R % ,  t h e  bounce r a d i u s ,  i s  
a  c o n s t a n t  of t h e  motion n  o r d e r  t o  conserve  B a t  t h e  t u r n i n g  
p o i n t s .  Let  @ p ( r )  be t h e  amount t h e  banana o r b i t  p r e c e s s e s  
t o r o i d a l l y  w h i l e  moving between t u r n i n g  p o i n t s .  An a r e a  
p r e s e r v i n g  map of t h e  banana o r b i t  motion i s  g i v e n  by 
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FIG.4. The region o f  confined banana-trapped @-particles for typical INTOR design parameters, 
1 < q < 3. Particles with banana tips in the shaded region are confined, those in the partially 
shaded region are marginal, and others are lost.  

where t h e  f i r s t  and t h i r d  e q u a t i o n s  must be so lved  i t e r a t i v e l y ,  
and t h e  A '  = dA/dr terms a r e  necessa ry  m o d i f i c a t i o n s  of 4 a t  t h e  
banana t i p s  i n  o r d e r  t h a t  t h e  map be a r e a - p r e s e r v i n g .  The f i r s t  
h a l f  of t h i s  map r e p r e s e n t s  t h e  changes i n  r , @  e v a l u a t e d  a t  t h e  
lower banana t i p ,  and t h e  second h a l f  a t  t h e  upper banana t i p .  
The l o c a l  approximat ion t o  t h i s  map, A(r)  = c o n s t ,  h a s  been used 
p r e v i o u s l y  [ 2  11 t o  i n v e s t i g a t e  t h e  t h r e s h o l d  i n  r i p p l e  magnitude 
f o r  t h e  o n s e t  of s t o c h a s t i c  banana t r a j e c t o r y  mot ion,  and hence 
p a r t i c l e  l o s s ,  f o r  f u s i o n - p r o d u c t ,  banana- t r a p p e d  a p a r t i c l e s .  An 
approximate  e x p r e s s i o n  f o r  t h i s  t h r e s h o l d  i s  

which f o r  t y p i c a l  r e a c t o r  d e s i g n  pa ramete r s  g i v e s  a  l i m i t  of 0.3% 
on 6 .  In  F i g .  4 i s  shown t h e  e x t e n t  of s t a b l e  banana t r a j e c t o r i e s  
f o r  t y p i c a l  INTOR paramete r s .  The g e n e r a l i z e d  map, Eq. (9), i s  
a p p r o p r i a t e  f o r  s t u d y i n g  long time t r a n s p o r t  of banana- t rapped  
p a r t i c l e s .  The t o r o i d a l  p r e c e s s i o n  r a t e  @p can  be c a l c u l a t e d  



u s i n g  e x p r e s s i o n s  f o r  t h e  t o r o i d a l  v e l o c i t y  1221 and t h e  bounce- 
ave raged  p i t c h  [ 2 3 ] .  1te f i n d  f o r  s m a l l  E 

where p i s  t h e  po lo ida ;  gyro  r a d i u s ,  E and K a r e  e l l i p t i c  
8 f u n c t i o n s  w i t h  argument 5 / 2 ~ r ,  and F; = v  / v  e v a l u a t e d  a t  0 = 0 .  

I1 

For c o l l i s i o n a l  e f f e c t s  we u s e  t h e  bounce-averaged c o l l i s i o n  
o p e r a t o r  of Cordey [23]  t o  o b t a i n  a p p r o p r i a t e  d i sp l acemen t  and 
d i f f u s i o n  i n  p i t c h  a n g l e .  I n t e g r a t i n g  o v e r  a  s i n g l e  bounce t ime  
we f i n d ,  u s i n g  t h e  n o t a t i o n  of Cordey, 

- 
2  where  <v/v  > = - 5 2"Er [E - (1- -)K], K ,  <v /v> = ---- and 

" R E  
11 R 2  &r 

Taken t o g e t h e r  t h e  mapping and c o l l i s i o n  o p e r a t o r  c o n s t i t u t e  a  
comple te  Monte-Carlo fo rma l i sm f o r  s t u d y i n g  t h e  b a n a n a - k i n e t i c  
e q u a t i o n  i n  t o r o i d a l  s y s t e m s .  
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DISCUSSION 

B. McNAMARA: Have you investigated the effect of this diffusion on the 
ambipolar potential and the effect of the potential on the orbits and the diffusion? 

R.B. WHITE: The ambipolar potential is included in the formalism, but 



numerical results regarding the effect of the potential on diffusion rates have not 
yet been obtained. Clearly, ambipolarity requires long-term equality of ion and 
electron diffusion rates. This is not to be expected for heat transport, however, 
since a retaining potential has a strong influence on low-energy particles, whereas 
those of high energy are relatively unaffected. I t  is interesting to  note that 
experimentally observed field fluctuation levels of 6B/B x 2 X may be large 
enough to make the electron diffusion (neglecting the potential) larger than the 
ion diffusion. Thus the magnitude and even the sign of the potential may depend 
on the fluctuation spectrum and level. 

R.S. PEASE: Have you been able to calculate the bootstrap current as a 
function of the stochasticity? 

R.B. WHITE: No, this has not yet been attempted. I t  is one of several 
interesting topics which we hope to pursue in the near future. 




