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ABSTRACT. Self-modulation effects can become important for the propagation of lower hybrid waves in 
plasma, particularly for the high power levels envisioned in r.f. heating schemes. Earlier studies in two 
dime~isions (in the  plane defined by the electric field of the pump wave and the background magnetic field) 
have led to  non-linear propagation equations, such as the MKdV or  the non-linear Schriidinger equation, which 
admit multiple-soliton solutions. These could physically manifest themselves by breaking up  the resonance 
cones into filaments with intense localized electric fields and could further lead t o  localized heating. This 
problem is studied in three dimensions+wi$ the motivation of including two additional physical factors. First, 
the non-linear effect arising from the E X  B motion of electroils is included; this leads t o  an e~lllancement in 
the threshold value for the formation of solitons. Secondly, the stability of the two-dimensional solitons l o  
perturbations in the third dimension is studied, and it is found that the third dimension introduces additional 
dispersive effects which render the solitons unstable to these perturbations. 

1. INTRODUCTION 

One of the important problems in the lower hybrid 
heating scheme for tokamak plasmas is the transport 
of r.f. energy from the waveguides to the interior of 
the plasma. This has led to extensive theoretical and 
experimental work on the nature of lower hybrid 
wave propagation in tokamak-like plas~nas. Linear 
theories have established the basic pattern of r.f. 
propagation along narrow cones aligned closely to the 
field lines 11-31, These so-called "resonance cones" 
have also been observed experimentally [ 2 ,  4, 51. 

For high r.f. power, however, non-linear effects can 
become important and some of these have been studied 
recently by Morales and Lee [6] and by Kuehl 171. 
Basically they take into account the effect of the 
ponderolnotive force arising from the self-action of 
the wave and self-consistei~tly obtain non-linear wave 
propagation equations. Depending on  the initial 
assumptions about the  nature of the excitation spec- 
trum, these equations are either the modified 
Korteweg-de-Vries equation (MKdV) [6] or  the non- 
linear Schr3dinger equation (NLSE). Since both of 
these equations may admit multiple-soliton solutions, 
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they conclude that non-linearly the resonance cones 
will collapse into filaments with intense localized 
electric fields and cause localized heating either at the 
surface or in the interior, depending on the plasma 
conditions. Both these calculations are, however, clone 
in a two-dimensional geometry (i.e. in the plane 
containing the  ambient magnetic field and the electric 
field of the pump wave) and consider only the com- 
ponent of the poilderoinotive force parallel t o  the 
magnetic field. 

111 this paper, we study the lower hybrid propagation 
problem in three dirnensiolis. The motivation for 
including this third dilnension is two-fold. First of 
all, a two-dimensional treatment ignores a donlinant 
non-linear effect arising out of the x-6 motion of 
the electrons which usually plays an important role in 
parametric interactions of a lower hybrid wave. I11 a 
recent calculation, Kaw et  al. 181 have tried t o  account 
for this effect by including a model loss term (which 
mocks up energy transfer into paranletrically excited 
decay waves) into the Morales-Lee treatment and by 
showing that soliton for~nation is inhibited at most 
reasonable values of pump power. In our generalized 
treatment, we are able to retain the 3 ~3 contribution 
to the  self-modulation in a consistent manner and find 
that it raises the threshold for soliton formation by 
contributing an additional non-linearity. Since, in 
addition, it introduces coupling between spectral 
components in the  transverse direction, the  propaga- 
tion equations take the form of coupled non-linear 
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Schrodinger equations. We will discuss the significance 
of these equations in a general context. A second 
important reason for incl~dirlg the third ciinzension is 
to  investigate tlze more fundainental question of 
stability of the solitons obtained front tlze two- 
climensio~ial treatment. In a three-dime~lsional analysis 
we find tlzat additional dispersive effects render these 
solitolls unstable t o  perturbations in the third ciimen- 
sion ant1 thereby prevent the tendency for non-linear 
filamentation of the lower hybrid cones. 

The plan of our paper is as follows: In Section 2 ,  
we outline tlze general derivation of our non-linear 
evolution equations and point out the effects due to  
parallel and perpendicular components of the ponclero- 
motive force. These equations are then analyseci in two 
interesting limits in the subsequent sectioizs. In + 
Section 3 we study tlze effect of the ZX B contribu- 
tion on tlze tl~resholcl for soliton formation as well as 
discuss some of the general implications of the coupled 
non-linear Schrodinger equations. Section 4 is devoted 
to  tlze stability analysis of two-dimensional solitons. 
In Section 5 we summarize our results and discuss 
their significance for tlze propagation of lower hybrid 
waves in tokamalc plasmas. 

2. DERIVATION OF THE 
EVOLUTION EQUATIONS 

In a warm lzornogeneous plas~na tlze propagation 
equation for the monocl~romatic lower hybrid wave, 
whose potential is $(;) exp (-iwt), can be written 
down as [9] 

-+ 
where the magnetic field Bo is assumed to lie in tlze z- 
direction (BOB). The various collstants are given as 

where wpe and wl,, refer to  tlze electron a id  1011 plasma 
frequencies, fie and fi, are the electron and ion gyro- 

112 . frequenc~es and vTs= (3Ts/ms) 1s tlze tlzerrnal velocity 
of species s. K, and Kll are components of tlze cold 
dielectric tensor and a,, b,, c, clzaracterize the 
lowest-order thermal corrections. The last three terms 
in Eq.(l)  represent non-linear effects arising from the 
ponderomotive action of the wave a i d  nL is the frac- 
tional low-frequency density mod~~la t ion  driven by 
this force 

where T = T, + TI . The terms proportional to  a, and 
Po are clue to the polarization drift and parallel  notion 
of electrons and ions whereas the term proportio~lal t o  

-+ -+ 
yo  arises from the E X Bo motion of the electrons. 
This term would not exist in a two-dimensional analysis 
(x,z) and arises solely because of tlze inclusion of the 
third dimension (y). The magnitude of the ratio of this 
term to those corresponding to a, and Po is of the 
order of - ( ~ / m ) " ~ k ~ / k ,  for w  - @ w L H .  In para- 
metric decay interactions, ky is the wavevector of tlze 
high-frequency s~deband and is generally of tlze same 
order as k, of the pump wave, so that the term pro- 
portional to yo gives the dominant non-linear contribu- 
tion. For the problem of self-moclulation, however, 
particularly with a finite waveguide source exciting tlze 
wave and far from the source, geometrical consider- 
ations make ky  < k,, and all the no11-linear t e r~ns  in 
Eq.(2) are then of comparable magnitude. Further, 

-+ 
from the  nature of the ZX Bo term it is clear tlzat a 
single plane wave-structure in the y-direction does not 
lead to  any effect (the term vailislzes identically) and 
one needs to consider a stallding-wave pattern or at  
least two plane waves in the y-direction. The role of 
this 11011-linearity is then to bring about a coupling 
between the two waves. 
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We should nlention that Eq.(l) is valid away from 
the edge of the plasma so that electro~nagnetic 
correctio~ls can be ignored. It is tlierefore assumed 
tliat tlre spectrum of excited waves satisfies the 
accessibility condition (k,> k,,,,,) and the waves can 
penetrate into the plasma. We further restrict our- 
selves t o  a narrow spectrum in the z-direction 
(Ak, < k,) so tliat we can acliabatically expand around 
the linear plane wave solutions. 

We write 

where $+and $- are slowly varying envelopes and the 
fast varying plane waves satisfy the linear dispersion 
rela tion 

2 4 
L(-ik,, +iky, ik,) - k , ~ ~ -  k : ~  ,,+ a,k, 

+ bokik;+ c,k:= 0 ,  (k:= k ~ +  1::) (3) 

We treat the non-linear terms as a perturbation and 
evaluate thein to tlie lowest order using the linear 
solutions. From Eq.(2j we obtain 

[We have used the cold electrostatic dispersion relation2 
2 

k = (aok:+ ooki).] Equation (1 ) can be rewritten as 

For the non-linear terms we will retain only those 
t e r m  proportional to exp(+ikyy) and neglect the 
higher Iiarmonic terms proportional to  exp(f 3iky y). 
This is a good approximation in our case since we are 
studying the non-linear evolution of the +ky modes 
which are clriven linearly by tlie L operator, ancl tlie 
+3ky modes are linearly lion-resonant. 

We now use a "multiple-scale" analysis and expancl 
t l ~ e  various derivatives as 

ancl similarly for a / ay  and a/az.  The quantity E is a 
small parameter cliaracteriziilg the inultiple scales of 
the variables x, y,  z. The physical interpretation of the 
various orders in Eq.(7) is as follows: The d/dx, term 
represents tlie fast phase variation (-ik,). The a/axl  
term gives the slower envelope variation, in the abseilse 
of the weak effects of non-linearity and dispersion. 
Finally, the a/ax2 term describes the perturbation to 
the envelope clue to  non-linearity and dispersion. We 
carry out a Taylor expansion of the operator L as 

where the subscripts (1, 2, 3) denote the partial 
differentiation with respect to the arguments a/ax,  
a/ay, and a/dz, respectively. Equation (6) is now 
solved recursively, using the expansion (8) and 
assuining the non-linear contributions to  be of order 
e 2 .  TO order E O  we recover the linear dispersion 
relation (3). In tlie next order, we obtain characteristic 
equations that enable us to  define so-called "wave 
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is the characteristic co-ordinate of the wave frame 
in which @ renlains constant. To next order (E') 
we get 

frames" in which, in the absence of clispersioi~ and 
non-linearity, the amplitudes and @ remain constant. 
To order c2 we obtain the following coupled non-linear 
equations: 

where N* = C I @  1' leads to  the usual cubic non-linearity 
associated witli;he NLSE and Mi = D 14 I 2  is an addi- 
tional non-linear term that is propor t io~al  t o  the 
-+ -+ 
E X Bo contribution of the ponderomotive force and 
that couples the @ +  and @- modes (C and D are constants) 
We shall write down the explicit forms of C+ as well as 
define the wave frames for special limiting cases in the 
next two sections. At this stage we note from the 
general structure of Eqs (9) that inclusion of the third 
dimension has introduced two inain features: a non- 
linear coupling between @+and @ and a more compli- 
cated dispersive operator c i .  Our multiple-scale treat- 
ment allows us t o  isolate these two effects and we shall 
discuss them in the next two sections. 

and we have made use of relation (1 1) t o  express 
a /axl  and a/azl  in terms of a/af and we have taken 
ky > ( i r ~ / M f ~ ~ k , .  Iiltroclucii~g the normalizations 

3. TRANSVERSE SPECTRAL COUPLING: 
(k,+ O, a/ayl  + O) 

We study first the effect of including the x$, 
motion of electrons and the resultant additional non- 
linear term. To sirnplify our analysis we shall ignore 
for the present higher-order effects in the y-direction 
(i.e. we shall not consider any modulation of the 
envelope in the y-direction). Accorclingly, we set 
May, -+ O in (8) and solve Eq.(6) recursively in 
various orders of E. To order E we obtain 

d = + (-K, /K ,, )'I2 

we can rewrite Eq.(13) as 

which suggests the transformation 

where 

L3 
g = - 

L 1 

174 

where 



[There is an adclitional non-thermal "cdispersive" 
contribution to  the coefficient in &.(I 8), which arises 
from the spreading out of the ray over the lower 
hybrid cone. For small ky this may be neglected.] 
Equations (20) are the reduced form of Eqs.(9) in the 
limit when a/ay, + 0.  They describe the non-linear 
evolution of the two spectral components Q+ and 9- 
which have oppositely cfirecteci ky conlponents but 
otherwise satisfy the same linear dispersion relation. 
The non-linear terms arise from two different corn- 
ponents of the ponderoinotive force and lead to  two 
distinct effects. The parallel component gives rise t o  
the usual cubic non-linearity and leads to  self-focusing 

-+ + 
or  filalnentatio~l effects, whereas the E X B, component 
brings about a mutual coupling between Q+ and &. 

Equations (20) have been recently analysed in other 
contexts, e.g. by Berlthoer and Zakharov [ lo ] ,  by 
Manakov [ l l ]  and by Inoue [I21 for strtdying the non- 
linear behaviour of electromagnetic waves in a plasma. 
They admit several cliffesent kinds of interesting solu- 
tions some of which have no analogue in the usual 
single NLSE. A qualitative picture of these solutions 
can be obtained by effecting the transformation 

(X, Y, 0, , 0, are real) and reducing Eqs (20) to the 
form 

where 

a, 0 are arbitrary constants and M and N are constant 
values of the conserved "angular momenta" 

From Eqs (23-24) we see that the problem is made 
equivalent to that for tlle two-di~nensional motion of 
a particle moving in the potential well V(X, Y) and 
the various possible orbits in this potential relate to 
the solutions of Eqs (20). Note that the form of 
solution in Eqs (22) is not the most general, and i t  is 
not yet clear how these solutions relate t o  the solution 
of the more geriesal problem wilere v,(7-= 0 ,  i) are 
given. Orbits that go off initially (at ( =-m) from the 
point X =  Y = 0 and return to this point at t =  
correspond to soliton solutions of Eqs (20). This 
requires that the orbit starts off in a precise direction 
(where aV/aX = aV/aY = 0). In general, however, the 
orbits d o  not return to  the origin and the particle gets 
"entangled" in the potential well. The solutions of 
Eqs (20) corresponding to  such orbits have been called 
"dispersive shock" waves and resemble "e~nvelope 
shock" waves in their structure, but their character is 
non-dissipative. Generally, these solutions have tlle 
form of an irregular oscillatory non-periodic wave 
train solution. 

For the lower hybrid propagation problem with a 
finite source excitation, boundary conditions rule out 
all but the soliton solutions of Eqs (20). This is 
because a finite source necessitates a finite action (i.e. 
JIvi 12d[ = finite) which the dispersive shock solutions 
fail to satisfy. This is quite analogous to the choice 
of soliton solutions over colloidal wave solutions 
for a single NLSE. The soliton solutions of Eqs (20) 
have been studied by Manakov [I 1 ] using the inverse- 
scattering formalism (for the case C =  I ) .  Specifically, 
he  looked at the interaction of N solitoils and found 
that the amplitude and velocity of interacting solitons 
do not change but the phase has a cliscontinuity after 
a collision. This can also be deduced from the fact 
that both v+ and v- separately conserve their "energies" 
or  areas, i.e. from Eqs (20) we obtain 

For our finite source problem, the situation is 
further simplified by the fact that v+ = v_ since the 
spectrum in the y-direction is symmetric. One can 
therefore ailalyse any one of Eqs (20) as a single 
NLSE and use the standard Zakl~arov-Shabat formalism 
[ I  31. The only additional feature introduced by the -+ 3 X B, term is to increase the magnitude of the non- 
linear term, approximately by a factor of 2 (since E 
is of the order unity). This manifests itself in an 
increase of the tl~reshold condition for soliton forma- 
tion by a factor of d2. 
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4. TRANSVERSE ENVELOPE MODULATION: 
(ky+ O, a/ayl -+ O) 

where { = E - L~,T  and A = f (~1:- ~ U ~ L I ~ ) ~ / ~ .  Next, the 
linearizecl equation for 6v is 

We shall now study the important aspect of stability 
of the two-dimensional solitoils to perturbations in the 
third climension [14, 151. We sllall therefore retain 
moclulations of the envelope in the y-clirection 
(a/ay1 =%= 0). However, we shall ignore fast variations 
in the y-clirection (ky+ 0), since we are basically 
working with two-dimensional solutions. The limit + + 
ky+ 0 also eliminates the E X Bo term whose physical 
contribution we have studied in the earlier section. 
This greatly simplifies our analysis, since we no longer 
have to work with coupled equations. 

Since to  lowest-orcler L is quadratic in ky , we can 
set L2 = LIZ = LZ3= 0.  The final non-linear equation 
(to order e2 ) then reduces to 

Writing 

6v= [f(A{) + &(A{)] exp i % u e ( t - u C ~ )  + YT (33) I 1 
where f ,  g, and y are real, and separating the real and 
imaginary parts, Eq.(32) can be reduced t o  the 
following coupled set of equations: 

where the following ilorrmlizatioils have been used: 

z = A{ (35) 
where 

We now need to solve the eigenvalue problem cl~arac- 
terized by Eq.(34) to  study the dependence of the 
growth rate, r, on  the perturbation wave numbers K .  
For K < 1, a general perturbative method has been 
developed by Zakharov and Rubencl~ik [ I  61 and we 
shall closely follow their analysis from here on. 

Equations (34) can be rewritten as 

and the other normalizatioils are as defined earlier. 
Equation (26) is the  three-dimensional generalization 
of the NLSE for the slowly varying envelope of lower 
hybrid waves. In contrast to the usual NLSE, it does 
not admit soliton solutioi~s due to the dispersive effect 
of the  additional term. We sl~all study this effect by 
using Eq.(26) to  carry out a linear stability analysis of 
two-dimensional soliton solutions. We let 

where F and G are self-acljoint operators defined as 

where Gv 4 vo. Substituting in (26), the equation for 
vo is the usual NLSE: 

avo a2vo 2 
i - +y +21vol v,=O 

a7 at; 

for which a travelling-wave solution can be written 
down as 

We wish t o  solve Eqs (38) perturbatively, about the 
solution in the limit K +O. Assuming that !? = O(K) 
(which we show below), the leading-order solutions are 

vo = A sech(A{) exp 
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where 

The superscripts + are to distinguish the fuiictions as 
even or  oclcl in z, respectively. Note that to leading 
order we retain terms proportional to I?[= O(K)], 
since we wish to keep the effect of tlie coupling even 
in the limit K +  0. Also the perturbation expansion 
will be in terms of the much smaller quantity, K ~ .  
Functions (41) also satisfy the following relations: 

FP, = g', , Gg', = 0 (42a) 

For K~ < 1 we write the solutions for f anti g as a series 
in K~ about Eq.(40): 

We also express r2 as a series in K~ 

- 
where (ah$ - J  ab dz. By a similar analysis on tlie 
even mode wimcall obtain 

From Eq.(46), we see that the odd mode gives a positive 
growtli inlplying instability of the two-dimensional 
soliton to any asyniinetric perturbations in the third 
direction. In fact, as Zakl~arov and Rubenchik [16] 
demonstrate, tliis is a very general property of equations 
of the type of Eq.(26). The presence of the additional 
dispersive term a2v/av2 always predicts instability 2nd 
the sign of tliis term determines wlietlier the even or 
the odd nlodes are unstable. Equation (47) gives an 
imaginary valrte for y wliicli contradicts the assumption 
made in separating Eq.(32) into real and imaginary 
parts. So we will concentrate on  the odd mode. 

We can evaluate the next-order term in Eq.(44) by 
making use of the following relation which can be 
derived simply: 

Gg- = K~ z secli z (z tanh z - 5) 
1 6  (48) 

We then obtain: 

Adding Eqs (46) and (49) we can write: 

Substituting Eqs (43) and (44) in (38) we obtain to 
first order in K~ 

We multiply the above equation by f, and integrate 
over all space. Tlien making use of relations (42) it is 
easy to  obtain by simple transformations 

Extending Eq.(50) t o  K of order unity we see that tlie 
growth rate decreases for K greater than a critical value. 

The maximum in r2 occurs around K:,~~= 5 and is of 
order K ~ .  Thus = AkV, and so in terms of unnormal- 
ized quantities, we may obtain an estimate of the 
e-folding distance of growth in x as 

where hy is the perturbation wavelength in the 
y-direction and 8 = A' = ( E ,  E ' ) / ( ~ I ~ ~ T )  is a measure 
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of the soliton amplitude. Equation (5 1) is only valid 
for K < 1 (approximately) or  

We titus obtain 

Thus tile tendency for two-dimensional solito~ls to  
form and propagate stably is opposed by this process 
of perpendicular break-up and it proceeds faster for 
higher powers. It is unlikely therefore that the lower 
hybrid resonance cones will degenerate into two- 
dimensional soliton structures with intense electric 
field concentrations. 

Our three-dimensional Eq.(26) also occurs in other 
physicai situations, e.g. in the description of deep- 
water waves [17] (with no surface tension). To the 
best of our knowledge, no soliton solutions have been 
found for this equation. We have obtained, however, 
a self-similar solution t o  Eq.(26), namely 

which exhibits rapid oscillations and a slow decay as 
a function of 7. The amplitude B is approxin~ately 
uniform with respect t o  the variables {, q and T .  Such 
a solution could possibly describe the non-linear state 
of the  lower hybrid cones in the interior of the plasma. 

We have studied the non-linear propagation of 
lower hybrid waves in three diinensio~ls. The principal 
motivation for including the third climcnsion was to 
examine the effect of two additional physical factors. 
First of all, we are able to include the  non-linear effect 
arising out of the 3 X motion of electrons. This is 
found t o  lead t o  an enhancement in the tllreshold 
value for the formation of solitons by approximately 
a factor of JT , over earlier calculations done in two 
dimensions. The 3 X &  non-linearity also brings about 
a coupling between spectral components with 
oppositely directed ky components (but satisfying the 

same linear ciispersion relation) and the resultant non- 
linear equations are coupled NLSE's. These, in general, 
have various illteresting solutions (e.g. dispersive shock 
waves) which could physically manifest themselves in 
situations where boundary coiditions are not as 
restrictive as in the waveguide excitation problcm. 

Secondly, we investigate the stability of two- 
dimensional solitons to  perturbations in the third 

e find that the third dimension introduces 
additional dispersive effects which render the solitons 
unstable t o  these perturbations. The non-linear 
development of this instability has yet to  be studied. 
However, there does not appear to  be any soliton-type 
solutions t o  our generalized three-climensional 11011- 

linear equation. We suggest an exact non-linear solrr- 
tion of the self-similar kind. 
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