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By injecting radio-frequency traveling waves into a tokamak, continuous toroidal electron currents may be 
generated. This process is studied by numerically solving the two-dimensional Fokker-Planck equation 
with an added quasi-linear term. The results are compared with the one-dimensional analytic treatment of 
Fisch, which predicted a reduced plasma resistivity when high-phase-velocity waves are employed. It is 
shown that two-dimensional velocity space effects, while retaining the predicted scaling, further reduce the 
ratio of power dissipated to current generated by about 40%. These effects enhance the attractiveness of 
steady-state tokamak reactors utilizing this method of current generation. 

I. INTRODUCTION 

In o r d e r  to  allow tokamaks to run  in the s teady s ta te ,  
some m e a n s  of continuously dr iving the toroidal p lasma 
c u r r e n t  mus t  be found. An essen t ia l  requirement  fo r  
r e a c t o r  applications i s  that the power required to  dr ive 
the c u r r e n t  be only a s m a l l  f ract ion of the fusion power 
output. 

Recent ly, '  the damping of high-phase-velocity radio-  
frequency t ravel ing waves has  been proposed a s  a way 
of dr iving the toroidal  c u r r e n t .  The damping of the 
waves c a u s e s  the wave momentum to be given to the 
e lec t rons ,  resul t ing in the formation of a velocity-space 
plateau on the e lec t ron  distribution function which c a r -  
r i e s  the c u r r e n t .  Since the cur ren t -car ry ing  e lec t rons  
a r e  most ly t ravel ing a t  s e v e r a l  t i m e s  the e lec t ron  ther -  
mal  velocity, they collide relatively infrequently and s o  
re ta in  the i r  c u r r e n t  f o r  an appreciable  t ime.  It follows 
that the power requ i red  to sus ta in  the c u r r e n t  i s  re la -  
tively s m a l l .  The feasibility of the s teady-state  reac-  
t o r  dr iven by th i s  m e a n s  r e s t s  crucial ly  on the argu-  
ments  of Ref. 1 concerning the question of resis t ivi ty .  
In e s s e n c e ,  a new resis t ivi ty  law was  advanced in which 
the power diss ipated i s  proportional to the c u r r e n t  r a -  
t h e r  than the c u r r e n t  squared ,  a s  in the fami l ia r  Ohmic 
resis t ivi ty  law. In Ref. 1 it i s  es t imated,  on the b a s i s  
of the new law, that the rat io  of radio-frequency ( r f )  
power diss ipated to fusion power output i s  on the, o r d e r  
of a few percent  f o r  typical r e a c t o r s .  

The analysis  of Ref. 1 made use of a one-dimensional 
Fokker-Planck equation to descr ibe  the e lec t rons .  Ax- 
i a l  s y m m e t r y  about the magnetic field allows the reduc- 
tion in the complexity of the problem f r o m  three  to two 
velocity dimensions.  The reduction f r o m  two to one 
velocity dimension is made under the assumption that 
the dependence of the e lec t ron  distribution function on 
the perpendicular  velocity i s  that of a Maxwellian with 
the bulk e lec t ron  tempera ture .  Within the f ramework  
of the one-dimensional equations, there  is no e a s y  way 
to check th i s  assumption.  In th i s  paper  we wish to a s -  
s e s s  the validity of th i s  assumption by numerical ly  
solving f o r  the full two-dimensional effects .  In par t i -  
c u l a r ,  we wish to verify the resis t ivi ty  law given in Ref. 
1. We note that  th i s  work i s  a l so  relevant  to  the pro-  

blem of wave heating of a magnetized p lasma (e.g., 
heating a tokamak p lasma with lower hybrid waves) ,  
although in the instance of heating the objective i s  to 
maximize the power dissipation, r a t h e r  than to mini- 
mize the resis t ivi ty .  

The outline of the paper  i s  a s  follows: In Sec.  I1 we 
wr i te  the two-dimensional Fokker-Flanck equation with 
an additional quasi- l inear  diffusion t e r m  with which we 
descr ibe  the interact ion of the waves with the p lasma.  
We identify z r ' ,  and w,, the minimum and maximum para-  
l le l  phase veloci t ies  of the rf waves normalized to the 
electron thermal  velocity, a s  the mos t  important para -  
m e t e r s  in the problem. In Sec.  I11 we compare  the one- 
and two-din~ensional  modeling of the problem. The m e -  
thod f o r  numerical ly  solving the two-dimensional Fok- 
ker-Planck equation i s  briefly d i scussed  in Sec. IV. 
Section V examines,  in  detai l ,  the solution to the prob- 
l em f o r  one choice of w ,  and zc l , .  In Sec. VI we use the 
resu l t s  of many runs  with different values of u3, and 10, 

to determine the dependence on these p a r a m e t e r s  of the 
cur ren t ,  the turn-on t ime f o r  the c u r r e n t ,  and the power 
diss ipated.  We compare these resu l t s  with the predic-  
tions of the one-dimensional analysis .  In par t i cu la r ,  
we find that while the one-dimensional theory of Ref. 1 
cor rec t ly  p red ic t s  the scal ing of the ra t io  of c u r r e n t  to 
power diss ipated,  this  ra t io  i s  l a r g e r  than that given by 
Ref. 1 by a fac tor  of about 1.7. 

II. STATEMENT OF THE PROBLEM 

The evolution of the electron distribution function, f ,  
in  the p resence  of rf waves,  i s  given by 

where  v,, i s  the velocity paral le l  to the magnetic field, 
Drf(v,,) is the quasi- l inear  diffusion coefficient, and 
(af/ai), i s  the Fokker-Planck collision t e r m .  Following 
Ref. 1, the quasi- l inear  diffusion tensor  has  been r e -  
duced to only the v , , ~ , ,  t e r m ,  because c u r r e n t  dr ive mech- 
a n i s m s  utilize only the resonance a t  w/k,,, the paral le l  
wave phase velocity. This  i s  accomplished by choosing 
the dr iving frequency, w, s m a l l  compared  with the elec-  
t ron  gyrofrequency, 52,. This  inequality is always s a t -  
isf ied,  f o r  example,  by lower hybrid waves. The o ther  
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wave-part ic le  resonances2  then fall  in  regions of velo- 
city space void of par t i c les .  (Note that we have omitted 
the possible dependency of D,, on v,, the velocity p e r -  
pendicular to the magnetic field. T h i s  omission will be 
d i scussed  later . )  

When computing (aflat),, we will a ssume that  the back- 
ground dis tr ibut ions of both ions and e lec t rons  a r e  non- 
drifting, nonevolving Maxwellian d i s t r i b u t i o n ~ ,  in which 
c a s e  (a.flal), i s  given, e .g., by ~ r u b n i k o v  .3 T h i s  assump- 
tion regarding the collision t e r m  h a s  two important  i m -  
plications. F i r s t l y ,  under  this  assumption (1) is a lin- 
e a r  equation s ince  self-col l is ions among the non-Max- 
wellian components of the e lec t ron  distribution a r e  ne- 
glected. T h i s  l inearizat ion introduces negligible e r r o r  
when the number of non-Maxwellian par t i c les  r e m a i n s  
s m a l l .  Secondly, the background e lec t rons  represen t  
an efficient energy sink. The evolving t e s t  e lec t rons ,  
being in contact with these background e lec t rons  of con- 
s tan t  t empera ture ,  a r e  able to  lose  the energy imparted 
to  them by the rf waves.  Thus,  a s teady-state  dis t r ibu-  
tion of t e s t  e lec t rons  eventually resu l t s .  In an exper i -  
mentally rea l i s t i c  situation, where heat  l o s s e s  eventu- 
ally balance the heating by rf waves, a s i m i l a r  s teady 
s t a t e  will r esu l t .  Of course ,  in the absence of a heat  
s ink,  the e lec t ron  tempera ture  would i n c r e a s e ,  leading 
to m o r e  par t i c les  resonant  with the wave, affecting both 
the c u r r e n t  and power diss ipated.  Our  main in te res t  i s  
to find the resis t ivi ty  f o r  a given s e t  of p l a s m a  parame-  
t e r s .  Thus ,  the assumption of a fixed tempera ture  back- 
ground e lec t ron  distribution r e p r e s e n t s  not only a signi- 
f icant  mathematical  simplification, but a specific f r a m e -  
work in which we can  pose the questions of c u r r e n t  mag- 
nitude and res i s t iv i ty  in the s teady s ta te .  

As wri t ten,  t h e r e  a r e  a l a rge  number of p a r a m e t e r s  
to be specified in  Eq.  (1) before i t  can  be solved. These  
p a r a m e t e r s  specify both the nature of the wave spec-  
t r u m  and the components of the background dis tr ibut ions.  
It  tu rns  out that  the solution space  i s ,  f o r  pract ical  s i t -  
uations, insensi t ive to a number of these p a r a m e t e r s ,  
which we now s e e k  to el iminate  f r o m  considerat ion.  

The th ree  dimensionless  p a r a m e t e r s  governing the 
collision opera tor  a r e  the m a s s  rat io ,  1171//11,; the temp- 
e r a t u r e  rat io ,  Ti/T,; and the ion charge s ta te ,  Z i .  Since 
m,,/nr,>> 1,  whereas  Ti,/Te- O(1) in a l l  c a s e s  of in te res t ,  
the ions a r e  s o  much s lower  than the e lec t rons  that 
the i r  exact  veloci t ies  a r e  immater ia l .  F o r  the s a m e  
reason,  the energy  t r a n s f e r  to the ion distribution i s  of 
o r d e r  w,/nr, of the energy los t  on the background elec-  
t ron  dis t r ibut ion.  Thus ,  f o r  a l l  pract ical  purposes,  a l l  
p rob lems  a r e  near ly  charac te r ized  by nz,/nli = 0, in 
which c a s e  T,/Te is unimportant.  Here ,  we pick TJT, 
= 1 and n1~/n2,= 1836, corresponding to hydrogen plas-  
m a s ,  but obtaining r e s u l t s  equally applicable to other  
p lasmas  such  a s  deuter ium o r  t r i t ium. In con t ras t  to 
the m a s s  and tempera ture  p a r a m e t e r s ,  the ion charge  
s ta te  i s  important  in  Eq. (1). It governs the relat ive 
importance of pitch angle to energy scat ter ing,  and can  
have a l a r g e  effect on the two-dimensional velocity- 
space  s t r u c t u r e  of the solution to Eq. (1). In th i s  paper ,  
we will pick Z i =  1, which is the c a s e  of mos t  relevance 
to f i rs t -generat ion fusion r e a c t o r s .  In Sec. VI we will, 

however, br ief ly d l scuss  
on 2,. 

Normalizmg velocities 
v,', where 

u0 - l o g ~ w i ,  '2mzov~, , 

Eq. (1) becomes 

the dependence of the solution 

to 1 1 , ~ -  (T,,/r~~,)'l%d t ime to 

12) 

where T = vgt. 14 -- I),,/V,,, and D(w) = Drf(z),,) '(v$,v,). (The 
notation f o r  the o ther  components of the v e l o c ~ t y  IS u 
= V / I ' ~ ~ ,  X'V,'I'~,.) 

Having deal t  wlth the p a r a m e t e r s  d e s c r ~ b l n g  the colli- 
slon opera tor ,  we now turn to those c h a r a c t e r ~ z i n g  the 
wave spec t rum.  In general ,  the wave spec t rum may be 
of arbitrary shape.  However, we may partially anticl- 
pate the solution of the problem by notlng that a t  very 
l a r g e  spec t rum amplitudes, the effect of the waves s a t -  
u r a t e s ,  and the prec i se  wave amplitude is immater ia l .  
Thus ,  we may neglect the B e s s e l  fu~lct ion dependence' 
of D,, on I . ,  and take D,, to be a function of I , ,  only, a s  
mentioned e a r l i e r .  Th is  assumption is s t r i c t ly  valid 
when 11, C&/k,, where 12, 1s the perpendicular wavenum- 
b e r .  However, s ince the colllslotlal diffusion, against 
which the quasl- l inear  dlffuslon is eventually balanced, 
d e c r e a s e s  at  l a rge  z,, ttiw a s s u m p t ~ o n  on D,, IS, In fact.  
reasonable f o r  z, even l a r g e r  than a, '12, .  Thus,  we 
choose 

0 otherwise .  

where  the constant,  D, i s  chosen la rge  enough f o r  the 
solution to be insensitive to i t s  p rec i se  magnitude. T h i s  
i s ,  in  fact ,  what o c c u r s  in s i tuat ions of in te res t  such a s  
rf heating o r  r f-dr iven tokamak r e a c t o r s .  Thus,  in 
s u m m a r y ,  we have pinpointed the important  f r e e  para -  
m e t e r s  in the problem a s  just two, 7r5, and Z P ~ ,  which 
charac te r ize  the spec t rum location. 

I l l .  COMPARISON WITH THE ONE-DIMENSIONAL 
MODEL 

Equation (3) was  considered in Ref. 1 in  the high-velo- 
ci ty  l imit ,  valid f o r  the resonant  and nearby e lec t rons ,  
f o r  which Eq. (3) becomes 

where  p = w / u .  In Eq. (5) the second t e r m  on the right- 
hand s ide  r e p r e s e n t s  pitch-angle sca t te r ing  off ions and 
e lec t rons  and the l a s t  t e r m  represen ts  energy s c a t t e r -  
ing off e lec t rons .  It was  fu r ther  assumed in Ref. 1 that 
the perpendicular  velocity-space dynamics play a minor 
role .  Thus,  a Maxwellian perpendicular distribution 
w a s  assumed and Eq. (5) w a s  integrated over  that d i rec -  
tion obtaining an evolution equation f o r  the paral le l  velo- 
c i ty  distribution, F(w), (Ref. 4) 

1818 Phys. Fluids, Vol. 22, No. 9, September 1979 C. F .  F. Karney and N. J. Fisch 1818 



Solving f o r  the s teady-state  dis t r ibut ion,  we obtain 

where C i s  a constant .  Now using Eq. (4) in Eq.  (7) ,  we 
s e e  that the one-dimensional solution f o r  the distribution 
function i s  flat in the resonant  region i f ,  fo r  Zi = 1 ,  

where  A =zc, - 7c1 and we a s s u m e  that A > l / u , , .  T h l s  
m e a n s  that the c u r r e n t  and power dlss lpated a r e  inde- 
pendent of D. In mos t  of the c a s e s  that we wlll d i scuss ,  
we will take D= A ,  but we wlll check that the two-dimen- 
s lonal  s o l u t ~ o n  is lnsensl t lve to the value of D in Sec.  
VI. 

It should be mentioned that the one-dimensional m e -  
thod of solution r e p r e s e n t s  a model in which the bulk 
e lec t rons  and ions diss ipate  both the c u r r e n t  and the 
energy of the t es t  distribution. At f i r s t  glance, this  
model appears  unphysical s ince ions cannot absorb  en-  
e r g y  because they a r e  heavy, and s ince in  like part ic le  
col l is ions,  the c u r r e n t  cannot change. The model, how- 
e v e r ,  i s  seen  to be reasonable upon fur ther  inspection. 
Electron momentum t r a n s f e r  i s  reasonable because,  
although the c u r r e n t  i s  not diss ipated per se in e lec -  
t ron-e lec t ron  col l is ions,  any momentum t r a n s f e r r e d  
f r o m  the f a s t  e lec t rons  to the slow e lec t rons  i s  then 
quickly diss ipated by the ions. Thus ,  although the mo- 
mentum t r a n s f e r  between e lec t rons  does not immedi-  
ately affect the c u r r e n t ,  i t  allows the ions to  collide 
m o r e  often with cur ren t -car ry ing  e lec t rons .  Ion en-  
e r g y  t r a n s f e r  i s  reasonable because to sustain a given 
c u r r e n t  in any manner  against  momentum sca t te r ing ,  
work m u s t  be per formed.  The non-Maxwellian fea tures  
in the t e s t  dis t r ibut ion resul t ing f r o m  the work on the 
t e s t  e lec t rons  a r e  eventually smoothed out by electron-  
e lec t ron  col l is ions.  Thus ,  the electron-ion col l is ions 
do not diss ipate  energy ,  but, nevertheless ,  enhance the 
t r a n s f e r  of energy to the background e lec t rons .  

What the one-dimensional model does not account f o r  
i s  that a significant portion of nonresonant e lec t rons  
c a n  c a r r y  c u r r e n t  preferent ial ly  in  one direct ion.  Al- 
though the electron-ion col l is ions produce a nonreson- 
ant  cur ren t -car ry ing  population by sca t te r ing  e lec t rons  
out of the resonant  region, continued electron-ion sca t -  
t e r ing  tends to  produce a canceling c u r r e n t  a s  momen- 
tum i s  f u r t h e r  isotropized.  The isotropization effect 
is aborted,  however, because electron-electron colli- 
s ions  c a n  slow down e lec t rons  before they produce the 
canceling c u r r e n t .  T h i s  means  that the total c u r r e n t ,  
J,  and the rat io  of c u r r e n t  to  power diss ipated,  J/P, ,  
should be g r e a t e r  than in the one-dimensional analysis ,  
but the extent  of the enhancement  m u s t  be analyzed num- 
er ica l ly ,  which we now s e t  out to do. 

IV. METHOD OF SOLUTION 

We rewr i te  the right-hand s lde of Eq.  (3) a s  the nega- 
tive of the divergence of a flux s o  that Ey. (3) becomes 

Equation (9) i s  then solved using an a l t e r n a t i ~ g - d i r e c -  
tion-implicit  scheme.  The integration i s  c a r r i e d  out 
in  spher ica l  coordinates ,  1r and 8 = tan-'(.x/u.). The do- 
main of integration i s  24 Gum,, with a boundary condition 
that 

s.i;=o (10) 

a t  11 =urn,. The justification of this  boundary condition 
i s ,  in par t ,  based on the analytical finding that a s teady 
s ta te  will ,  in fact ,  be reached. '  

The  numer ica l  method IS such that the laws of con- 
se rva t ion  of part ic les  and energy.  

a r e  exactly obeyed when the integrals  a r e  replaced by 
the appropriate  s u m s .  

We choose I ( , ,  = 10 and a gr id  s ize  of 50 x44(u X 8).  
Doubling the number of points in e i ther  direct ion gives 
about a 1% change in the rat io  of c u r r e n t  to power d i s -  
s ipated.  In mos t  c a s e s  we use a t ime s tep ,  AT,  of 0.4.  

The s teady-state  solution of Eq. (9) with D(w) = 0 i s  a 
Maxwellian 

f (21) = (2n)- 'I2 exp(-~"2)  . (13) 

However, when we approximate Eq. (9) by a difference 
equation, then the s teady-state  solution i s  given by the 
recur rence  relat ion 

where hzc = 0.2 (the gr id spacing in 11) and r r j  = jAu.  
Equation (14) closely approximates  Eq .  (13) where 
(zrjhu/2)2 << 1. When numerical ly  solving Eq. (9), we 
use  Eq. (14) a s  the initial condition a t  T = :  0 since i t  i s  
only th i s  "computational Maxwellian" that i s  nonevolving 
in the absence of the rf waves. 

The quasi- l inear  diffusion t e r m  i s  turned on with a 
r a m p  function o v e r  0 < ~ < 1 .  In addition to  the zc de-  
pendence given in Eq. (4),  the quasi- l inear  diffusion co- 
efficient i s  s e t  to z e r o  for  2 1  >9.5 in o r d e r  to minimize 
the interact ion of the rf with the boundary a t  21 - 10. 

V. A TYPICAL CASE 

In o r d e r  to  appreciate  the s t r u c t u r e  of the solution of 
Eq. (3),  par t icular ly in  the s teady s ta te ,  we examine,  
in detail ,  a representat ive c a s e ,  namely D =  l ,  Z i = l ,  
U', = 3 ,  7c12=5. 

By T =  600, the solution f o r  this c a s e  h a s  reached a 
s teady s ta te .  (The change in the c u r r e n t  f r o m  T =  400 to 
T = 600 is about 1.5% .) In F ig .  1 we show the s teady-  
s ta te  solution. In the resonant  region, us,  < m l < w , ,  the 
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FIG. 1. The steady-state distribution function for Zi = 1, D = +,  
zr, - 3 ,  toz = 5 .  (a) Contours of constant f(w, x ) .  At the jth con- 
tour the magnitude off  i s  f, = (27f3l2 exp[- (jAv )2/21, where 
Av = 0.4. In this way the contours would be equally spaced cir- 
cles for a Maxwellian. b) The surface f(w, 2). This is  trun- 
cated at 0.02 times the maximum off, in order to show the 
plateau more clearly. The ranges of 241 and x plotted are  
- 7 S t ( , 4  7  and - 7 G n S 7 .  

e lec t rons  a r e  approximately plateaued in the para l le l  
direct ion.  T h e r e  is significant flattening in the perpen- 
dicular  direct ion,  a l so .  

By integrating over  perpendicular  velocity space ,  we 
obtain the para l le l  dis t r ibut ion function, F(w) (Fig.  2), 
which c lea r ly  exhibits the cur ren t -car ry ing  plateau. 
Note that F ( w >  w,)  d r o p s  off more  slowly than a Max- 
wellian dis t r ibut ion with the or iginal  t e m p e r a t u r e  would. 
This  i s  s e e n  m o r e  c lea r ly  i n  F ig .  3 ,  where l o g F  is 
plotted against  para l le l  energy.  We s e e  that F ( w  > ulz) 
is roughly Maxwellian with t empera ture  3Te. The in- 
fluence of pitch-angle sca t te r ing  produces the s a m e  en-  
hanced tempera ture  f o r  ul< -ulz, although there  a r e  f a r  
fewer  e lec t rons  t h e r e  than in the region U > > Z P ~ .  The rf 
waves a l s o  produce an i n c r e a s e  in the perpendicular  
t empera ture ,  a s  may be s e e n  in Fig.  4 .  F r o m  the f i -  
gure  we s e e  that the perpendicular t empera ture  in  the 
resonant  region is about 5Te. 

In o r d e r  to s e e  the non-Maxwellian f e a t u r e s  of the 
t ime-asymptot ic  distribution function m o r e  c lea r ly ,  we 
sub t rac t  f r o m  i t  the Maxwellian distribution c h a r a c t e r -  
ized by f (u < w,), i.e., a Maxwellian dis t r ibut ion with 
the or iginal  t empera ture  but a slightly lower density 
given by ( 2 ~ ) ~ " f  (u = 0). The resul t ing distribution, 
f - f,, is shown i n  Fig.  5 .  

In o r d e r  to  appreciate  the various fea tures  of F ig .  5 ,  
in  Fig.  6 we plot the s t r e a m l i n e s  of the flux of f .  These  
a r e  defined, i n  analogy with normal  fluid flow, such that  
a t  any point the flux, S, in Ey. (9) is tangent to  the 

FIG. 2. The parallel distribution function, F(70), for the case 
shown in Fig. 1. In (b) the vertical scale has been m'agnified 
tenfold over that in (a). The dashed line in (b) shows the initial 
Maxwellian distribution. 

s t reaml ine  at  that  point. The s t r e a m l i n e s  f o r m  closed 
c u r v e s  because in  the s teady s ta te  the velocity-space 
flow i s  divergence f r e e ,  i.e., V, .S=O. The s t reaml ine  
picture is especial ly  useful because i t  displays the dy- 
namics  that a r e  charac te r i s t i c  of the s teady s ta te ,  not- 
withstanding that the distribution function itself is in- 
deed s ta t i c .  

F r o m  the s t r e a m l i n e s  we can explain the two-pronged 
dip in the distribution f - f, near  x= 0 and u = u7, a s  seen  
in Fig.  5. These  dips  occur  where the waves suck elec-  
t rons  out of the Maxwellian region of velocity space ,  
c rea t ing  local  depress ions .  The e lec t rons  drawn into 
the resonant  region a r e  then acce le ra ted  in the perpen-  
dicular  direct ion by a balance of pitch-angle momentum 
sca t te r ing  and quasi- l inear  rf energy input. Finally. 
the angle sca t te r ing  dominates and the e lec t rons  a r e  
kicked out of the resonant  region. The electron-elec-  
t ron col l is ions cause  the s t r e a m l i n e s  to  cluse upon 

-20 0 1  
0 5 10 15 20 25 30 

w2/2 

FIG. 3. A Plot of logF against w 2 / 2  for the case shown in Fig. 
1. 
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FIG. 4. A plot of logf against x 2 / 2  for various values of r c s  for 
the case shown in Fig. 1. 

themselves before significantly invading the region w 
<O. This  i s  tantamount to the absence of a significant 
canceling current .  The electrons a r e  then collisionally 
diffused toward the two-pronged depression, where the 
dynamics a r e  repeated. The depression i s  off-axis be- 
cause,  a t  x = O ,  the pitch-angle scattering i s  only in the 
perpendicular direction. Incidently, the fact that there 
i s  negligible circulation of electrons beyond u = 5 indi- 
ca tes  that the domain in which the problem has  been 
solved i s  sufficiently large.  

We close this section by showing how the current  den- 
si ty,  J ,  and the power dissipated evolve in time to the 
steady s ta te .  Figure 7 shows the growth and saturation 
of J. The turn-on time for  the current ,  a s  defined by 
this figure, is about 90~:'. In Fig. 8 we show the power 
dissipated a s  a function of t ime.  We distinguish two 
powers 

and 

which, respectively, give the ra te  of energy gain by the 
test  electrons due to the r f  waves and the rate due to 

FIG. 5. The non-Maxwellian part of the electron distribution 
function, f -fM, for the case shown in Fig. 1. The temperature 
and density off, a re  those characteristic off for u < w, .  The 
ranges of LO and x plotted a r e  - 7 c w ~  7 and -7cxc 7. 

FIG. 6. The streamlines of the flux S, for the case shown in 
Fig. 1. Equal amounts of flux flow between adjacent contours. 

collisions with the background distributions (particularly 
the electrons). The unit of power i s  vonoT,. We see  
that P,, i s  initially large,  but quickly fal ls  to nearly i t s  
time-asymptotic value a s  f plateaus in the resonant re -  
gion. On the other hand, PC approaches i t s  asymptotic 
value much more slowly, on about the same time scale 
a s  the current  r i s e .  In the steady state,  we have 

where the power gained from the rf i s  exactly balanced 
by power lost to the background distributions. One in- 
terest ing feature of PC i s  that, just after the r f  waves 
a r e  turned on, i t  i s  positive. This i s  because the back- 
ground electrons must  supply energy to fill in the pla- 
teau formed by the waves, while the number of part icles 
in the resonant region i s  still  too sma l l  to effectively 
heat the background electrons.  

VI. CHECKING THE ONE-DIMENSIONAL ANALYTIC 
THEORY 

In this section we wish to check the predictions of the 
one-dimensional analytic theory regarding the steady- 
state cur rent ,  the turn-on time of this current ,  and the 
power dissipated in sustaining this current .  In the 
l imit  w, >> 1 and DW; >> A >> l / w l ,  which a s su re s  substan- 
tial deviation from a Maxwellian distribution with an 
essentially flat resonant region, it may be found from 
Eq. (7) that 

r 
FIG. 7. The temporal evolution of the current, J, for  Zi - 1, 
D = $, w, = 3 ,  and w2 = 5. The unit of current is  enov,, The 
definition of T , . ~  is also shown. 
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FIG. 8. A plot showing the variation of P,, and PC [see Eq .  (13) 
and (16)l with time for the case given in Fig. 1. The unit of 
power is  I J ~ N ~ T , .  

where a = (2 + Zi)/2.  J i s  e x p r e s s e d  in units of etz,z1,,, 

and P, in units of vonoTe. The turn-on t ime f o r  this c u r -  
r e n t  given in Ref. l i s  

Our  a im is to ascer ta in  the accuracy  of Eqs.  (18)-(20). 
We r a n  approximately 50 c a s e s  with D =  $ and Zi  = 1 
spanning the p a r a m e t e r  space  3 - 'w ,  Q 6 and 4 - 0 . 5 ,  1, 
1.5, 2, and 3. The r e s u l t s  a r e  summar ized  in F igs .  9- 
11. 

F igure  9 shows the numer ica l  resu l t s  f o r  J, display- 
ing excel lent  agreement  with the prediction, (18), of the 
one-dimensional theory.  Close agreement  w a s  to  be 
expected s imply  because of the predominance of the ex-  
ponential in  Eq.  (18). Closer  inspection of Fig.  9 r e -  
vea l s  that a t  low u9, the c u r r e n t  i s  somewhat higher  
than predicted, whereas  a t  higher w, the c u r r e n t  i s  
somewhat  lower than predicted by one-dimensional 
theory.  The drop  in the c u r r e n t  a t  high w, i s  due to the 
numer ica l  method of solving the problem. T h e r e  a r e  
two numer ica l  l imitat ions that could come into play. 
One i s  that the boundary a t  u =  10 in the numerical  code, 
where the boundary condition, ( l o ) ,  i s  imposed,  s o m e -  
what r e s t r i c t s  the amount of perpendicular  velocity 

\ 
-20 lVT+pT T-1 b r T T  1 - - 1 - - -  

0 5 10 15 20 
K 

FIG. 9. Aplotof logdagainst K G  w; /2  - log,[A(?ol + I O ~ ) / ( ~ T ) ~ / ~ ] .  
The dots give the numerical results. The line is  the predic- 
tion of the one-dimensional theory, Eq. (18). 

space  that  is available to c a r r y  cur ren t ,  which, of 
course ,  p r e f e r e n t ~ a l l y  affects the high 7 1 ,  c a s e s .  A s e -  
cond limitation, affecting e lec t rons  in a s i m i l a r  manner ,  
is the numer ica l  verslon of a Maxwellian d i s t r i b u t ~ o n .  
The "computer Maxwellian," given by Eq. (14). d rops  off 
slightly more  rapidly than a t rue  Maxwellian, the d l s -  
crepatncy becoming s e r i o u s  when U & I -  2. Since we have 
1 - 0.2, the veloclty space is effectively r e s t r ~ c t e d  e l e n  
before lr - 10. s o  that,  in our  c a s e ,  the second I imi ta t~on  
is m o r e  s e r i o u s  than the f i r s t .  Plugging in the "com- 
puter  Maxwellian." r a t h e r  than the t rue Maxwellian. 
into Eq.  (18), in fact ,  fully accounts fo r  the l e s s  than 
predicted cur ren t .  

It r e m a n s  that the numerical ly  found c u r r e n t  is 
slightly more  than predicted a t  low 1 4 ,  ( a s ,  indeed, would 
a l so  be the c a s e  a t  high 1 4 ,  were  it  not fo r  the numerical  
procedure) .  T h i s  enhancement of the cur ren t  is due to 
the significant portion of the c u r r e n t  that is c a r r l e d  by 
nonresonant e lec t rons ,  l.e., e lec t rons  outside of the r e -  
gion I i . T h i s  enhanced c u r r e n t ,  occurr ing e s -  
pecially in the region zc >w,, is a fully two-dimensional 
effect and could not have been predicted by a one-dl- 
menslonal theory.  Nevertheless ,  i t  should not be over -  
looked that the one-dimensional theory,  (18), predicts  
the c u r r e n t  generated,  quite well.  

In Fig. 10 we show the turn-on t ime t o r  the c u r r e n t .  
While i t  does sca le  a s  I,; ,  a s  predicted by the one-dl- 
mensional  theory,  (20). the dependence on h is more  
llke A ' '  than like 1. An approximate fit  to the num- 
e r i c a l  resu l t s  is given by 

( see  F lg .  10) .  F o r  1 charac te r i s t i c  of p r a c t ~ c a l  appll- 
cations, Eq.  (21) represen ts  a substantially longer  turn-  
on t ime than predicted by Eq. (20). 

The m o s t  important  prediction of Ref. 1 concerns  the 
c u r r e n t  per  unit power dissipation. F r o m  Eqs .  (18) and 
(19), we s e e  that 

where 

FIG. 10. The turn-on time, T,,,, for the current as  a lunction of 
of A' / 2 1 1 .  :. 
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Note that  in  Ref. 1, the collision frequency w a s  incor -  
rec t ly  given.' ~ h u s ,  the analysis  of Ref. 1 u s e s  a = 1, 
although f o r  Z i  = 1. a should be $. Figure  11 shows the 
dependence of J,/Pd on (20') numerical ly  computed f r o m  
the two-dimensional code. T h i s  gives 

which i s  1.7 l a r g e r  than the value predicted by Ref. 1 
[ ~ q .  (22) with cu = 11 o r  2.5 l a r g e r  than the c o r r e c t  one- 
dimensional  r e s u l t  [ ~ q .  (22) with a =$]. While the d i s -  
crepancy with the resu l t  of Ref. 1 i s  not g rea t ,  this  i s  
the mos t  important  r e s u l t  of the p resen t  study. We will 
r e t u r n  to the implicat ions of this  resu l t  in  the next s e c -  
tion. 

Final ly,  we brief ly look a t  the dependence of J/Pd on 
D and Z i .  F r o m  the one-dimensional theory f o r  DW; 
>> A ,  J ,  and P, should be independent of D. If we double 
the value of D in the example considered in Sec.  V (i.e., 
l e t  D =  I ) ,  then J i n c r e a s e s  by 5%, P, by 3% and J/Pd by 
2%, confirming the one-dimensional analysis .  

The dependence of the problem on Z i  i s  much m o r e  
pronounced. The one-dimensional analysis  implies  that 
the effect of changing Zi  (from Z i  = 1) i s  to d e c r e a s e  
J,/Pd by a fac tor  of (2 + Zi) , /3 ,  a s  seen  f r o m  Eq. (22). 
T o  numerical ly  examine the dependence of J,/P, on Z i ,  
we r a n  the c a s e  D=:, w, = 3, u, = 5 with Zi  = 3 and Zi  
= 5, comparing the r e s u l t s  with the c a s e  Zi  = 1 ,  d i s -  
cussed  in Sec.  V. The one-dimensional prediction i s  
t h a t f o r Z i =  1, 3, and 5, J/Pd s c a l e s  a s  1 : 9 : q.  The two- 
dimensional  numer ica l  r e s u l t s  revea l  that  th i s  scal ing 
should b e  1 : 0.82 : 0.71, i.e., J/P, d e c r e a s e s  m o r e  slowly 
with increasing Zi  than the one-dimensional theory pre -  
d ic t s .  As Zi  i n c r e a s e s ,  the one-dimensional theory be- 
c o m e s  l e s s  and l e s s  accura te ,  reflecting the increased  
importance of the two-dimensional velocity-space s t r u c -  
ture.' The g r e a t e r  than predicted J/P, is a r e s u l t  of the 
l a r g e  perpendicular  flattening i n  the resonant  region. 
The non-Maxwellian e lec t rons ,  which a r e  the ones  that 
lose  power to the bulk distribution through energy colli- 
s ions ,  a r e  a t  higher  absolute velocities than the one-di- 
mensional  analytic theory assumed.  Thus,  they collide 
l e s s  frequently, diss ipat ing l e s s  power, though car ry ing  
the s a m e  amount of c u r r e n t .  At high Z i ,  the flattening 
in perpendicular  velocity space  is g r e a t e r ,  s o  that this  
effect,  a s  expected, i s  a l l  the m o r e  pronounced. 

VI  I. CONCLUSIONS 

We have numerical ly  verif ied the mos t  important  p re -  
dict ions of the one-dimensional Fokker-Planck analy- 
s i s .  The m o s t  important  verification is the confirma- 
tion that  a new res i s t iv i ty  law holds f o r  rf-excited c u r -  
r e n t s  wherein the power diss ipated i s  proportional to  
the c u r r e n t  r a t h e r  than the s q u a r e  of the cur ren t .  The 
proportionality constant  s c a l e s  as predicted, i.e., 
1/(w2), but our  numer ica l  analysis  shows that  the power 
diss ipated i s  only 60% of the prediction of Ref. 1. This  
discrepancy,  although slight,  has  important  implications. 
In the building of s teady-state  tokarnak r e a c t o r s ,  the 
power requ i rements  on the u s e  of r f-dr iven c u r r e n t s  

FIG. 11. A plot of J / P d  against ( w 2 )  [see Eq .  (23) I for Zi - 1. 

The dots give the numerical results.  The line with n slope of 
unity is  the one-dimensional prediction of Ref. 1 .  

was  thought to be about 5% of the fusion power output. 
F o r  v e r y  la rge  and hence undesirable machines,  this  
requ i rement  could be reduced to about 37,. In any c a s e ,  
these power requ i rements ,  hinging on the efficiency of 
other  components, a r e  thought to be only marginally 
feasible .  Our numer ica l  work now shows that  a m o r e  
accura te  prediction of the c o s t  of the rf power i s  40'1, 
lower than previously thought and could well brighten 
the prospec t  of economic feasibility. 

The one-dimensional velocity-space model a l so  pre -  
dicted that the c u r r e n t  in the s teady s ta te  would be c a r -  
r i ed  by a "raised plateau" of e lec t rons  and that this 
s ta te  would be reached on a collisional t ime scale .  This  
picture is numerical ly  shown to be c o r r e c t ,  although the 
turn-on t ime f o r  the c u r r e n t  i s  substantially longer than 
predicted. We should emphasize,  however, that although 
i t  i s  interest ing to uncover and explain these discrepan-  
c i e s  with the one-dimensional theory, the differences 
(other  than in J/Pd) a r e  not relevant  to the problem of 
s teady-state  r e a c t o r s .  Any s m a l l  enhancement of the 
c u r r e n t  discovered numerical ly  would be overshadowed, 
in pract ice,  by even a very s m a l l  displacement  of the 
wave spec t rum location in velocity space .  Similar ly,  
the increased  length of the turn-on t ime i s  immater ia l ,  
of course ,  to the s teady-state  operation. 

Finally, we would like to emphasize that our  p r imary  
goal in  this  paper  has  been to numerical ly  check the 
validity of the one-dimensional approximation, which 
appeared to be the mos t  difficult to justify. Our num- 
e r i c a l  work s t i l l  r e ta ins  a number of o ther  approxima- 
tions regarding,  f o r  example,  the nature of the back- 
ground dis tr ibut ions.  Thus,  even in the s teady-state  
spat ial ly  homogeneous problem, considering only Cou- 
lomb col l is ions and resonant  diffusion effects ,  the re  r e -  
mains  room f o r  an improved posing of the problem and 
fur ther  numer ica l  work, although no d r a s t i c  changes in  
the p resen t  resu l t s  a r e  expected. 
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