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The collision operator for a relativistic plasma is reformulated in terms of an expansion in
spherical harmonics. In this formulation the collision operator is expressed in terms of five
scalar potentials that are given by one-dimensional integrals over the distribution function.
This formulation is used to calculate the electrical conductivity of a uniform electron—ion

plasma with infinitely massive ions.

I. INTRODUCTION

Landau’ first obtained an accurate kinetic equation for a
nonrelativistic plasma. The Landau collision operator was
generalized to a relativistic plasma by Beliaev and Budker.?
The collision operator in both cases involves integrals of the
distribution function of the background species. This makes
the operators difficult to evaluate, numerically or analytical-
ly.

In the nonrelativistic case, this difficulty was removed
by Rosenbluth et al.* and by Trubnikov.* They recast the
Landau operator into differential form by writing it in terms
of derivatives of two scalar potentials. The potentials in turn
satisfy a pair of elliptic partial differential equations. With
the aid of this formulation, the numerical evaluation of the
collision operator may be accomplished straightforwardly
by solving the potential equations. An analytical solution of
these equations in terms of spherical harmonics was given by
Rosenbluth ez al.?

Recently,” we formulated the relativistic collision oper-
ator of Beliaev and Budker? in terms of five scalar potentials,
which again obey elliptic partial differential equations. In
the present paper we extend this formulation by solving the
potential equations in terms of an expansion in spherical har-
monics. As an application, we calculate the electrical con-
ductivity of a relativistic plasma with massive ions.

In Sec. II we review the differential formulation of the
collision operator. The spherical harmonic expansion is de-
veloped in Sec. I1I. It is shown in Sec. IV how the nonrelativ-
istic results are recovered in the limit ¢ —» 0. We evaluate the
zeroth- and first-order spherical harmonic components of
the collision term with respect to a Maxwellian background
in Secs. V and VI. The calculation of the conductivity is
given in Sec. VIIL

il. POTENTIALS

We begin by summarizing the differential formulation
of the collision operator. This repeats our earlier exposition’;
however, we now introduce a more compact notation and
also write the results in such a way that the nonrelativistic
limit is more easily obtained.

The collision term for a plasma of species s colliding off
species s may be written in the Fokker-Planck form as'?

d
C’/‘(f,,f,)=%-(D’”-£-F‘”j§), 1)
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where the diffusion and friction coefficients are given by

I"s/:’
D¥*(u) = fU(ll,ll’)ﬂf(u')dﬂl', (2a)
2n,
rx/s’ m, a , , ,
P = — 5 ((—an—,-U(u,u ))f,,(u ydw,
(2b)

n,q:q; log A
dreim? .

Fs/:’ ——

Here, u is the momentum per unit rest mass, and, in the
relativistic case, the kernel U is given by?

UGeu') = (/yYw’) [l —uu — u'n’ + r(un’ + u'u)],

(3

in which y = 1 ¥ v?/c%, ¥ =1 + u'?/c%, and
r=yy —uu'/c, (4a)
w=cfF —1. (4b)

The quantity 7 is the relativistic correction factor corre-
sponding to the relative velocity of the two interacting parti-
cles. The relative speed of the interacting particles is given by
w/r. In the nonrelativistic limit, 7— 1 and w— [u — u'}.

In a previous paper’ we expressed Eqs. (2) in differen-
tial form, making use of the potentials

I
Yoo = — - [wif ) 42X, (52)
T 14
1 ,odw
Yoo (W) = —-S;J.wf}(ll) 7/“ ; (5b)
1 -
Feoom () = =27 CS[’smh l(“lc‘i) '"}:—)]
, d3 '
X £, (u') V“ , (5¢)
kK
Vo @ = - [ @) dr“ : (5d)
Yo () = ——!—J.Csmh—l (—)
T ¢
, d3 '
Xfy (W) 7/“ (5e)
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These potentials satisfy the differential equations

Lo¥i150 =1s (6a)

LZ\II:'[ZJOZ = \Ils’[l]O’ (6b)

Lz\l’r[slozz = \I’y[z]ozs (6¢)

LY. =/ (6d)

LI\I/:'[Z]II = \I’y[ma (6e)

where
m) W  3u N 1-4°

Ly=(+ ) pmtm m ey

(7

In terms of these potentials, the diffusion and friction coeffi-
cients are given by

4 I'\s/:’ 1 |
DY (u) = — gl [— (L +—=+ %)\I’r[zloz
ny ¢ ¢
4 i uu
et ]
47T m, 1 2
FS/I'(u) —_— T ——(K\Ilrv“]] —TK\I/:'[Z]”)9
ny me y ¢
(8b)
where

2
Ly (u) = (1 31).5_‘1’.(| _ug)
() (+02 Ju fu +c2

uu avy

* (' T ) (" au) ’

uul) ¥

K¥(u) (l + 2 ) T

Equations (6) and (8) constitute the differential formula-

tion of the relativistic collision operator. Boundary condi-

tions on the solutions of Eqgs. (6) are obtained by expansion
of Egs. (5) for ju|— .

The present notation differs from that in Ref. 5. The
correspondence is W 10 =ho, Yi2100 =h1 Yepa020 =hos
Yo =80 Ye1211 =&;- The present notation reflects more
clearly the structure of the differential equations (6). By
adjoining to Egs. (5) the definition

\I/y[o](“) =f; (u),
and by using *“*” in the context ¥, tostand forastring of

k>0 indices, we can express the five potential equations (6)
in the concise form

L¥ii1ipa = Yernin- &)

The integral representations (5) will likewise condense into
a single formula

1 _ w .
Yok () =Ef62k Yotk 14 (7).&(“ )

d>w
7/ ’
(10)
for k> 0. The kernel function yyy |, is defined in Sec. IIIL.

11l. SOLUTION TO POTENTIAL EQUATIONS

In this section, Eq. (9) will be solved by separation of
variables in spherical coordinates. The choice of spherical
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coordinates is a natural one since frequently the distribution
function is nearly spherically symmetric and so is well repre-
sented by only a few spherical harmonics. Since ¥, de-
pends on the distribution of species s only, we will simplify
the notation by dropping the species subscripts.

A. Spherical harmonic expansion
In a spherical (u,6,¢) coordinate system, the operator
L, is

v 2 3u\ov¥
L= + (_ __) il
v u? u + ¢/ u

1 (9% H‘I/)
—— t @ —
+u2(802 oot
1 A  1-a?
v, 11
u’ sin*> 8 J¢? c? (b

Let us expand the potentials in terms of Legendre harmon-
ics:

oo !
Vi (=3 3 Puuia (0)PT(cos O)exp(imd).
I=0m= —1
(12)

The coefficients ¢,,,, ,, (#) are given by

Vimir e () = QI+ D[ = m)l/ (1 + m)!]
dQ

X | = Y k14 (W)PT(cos O)exp( — img),
4

where d(} is an element of solid angle

T 21
fdﬂ*-' =f sinadaf dg ---.
0 0

Equation (9) becomes
Ly oVimik+ 1ga = Cimikia (13)

where

u2) d%y (2 3u) dy
L =(14+= L 27 e
aX () ( + ¢/ di? + u + 2/ du

W+1)  a*-1
~< u? + ¢? )X’

(14)

and where ¥,,,,0,(4) = f,,, (u) is the (/,m) coefficient in the
expansion of f(u) in Legendre harmonics.

As before, Eq. (13) stands for a set of five differential
equations for the potentials ¥,.110, Yimizi02> Yimizjonzs
Ui and ¢, - We will, however, find it convenient to
solve for the potentials with arbitrary indices, i.e., to solve
the system of equations

Ll,a¢lm[l]a =f;m! (153)
Ll,a’ ¢lm[2]aa' = ¢lm[l]a! (15b)
Ll,a" ¢lm(31aa'a~ = ¢lm[2]aa” (15¢)

for arbitrary, a, a’, and a”.
For later reference we list the components of the opera-
tors L and K that occur in Egs. (8):
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2\1' 72u v

L, Y= 16
" 7"' oo (16a)
1% pPov
LV = 16b
% 2902 u du’ (16b)
1 2% 2 ov
L,V = L eoto Y (16c
ad usm9¢9¢2+u¢9 2 ¢ a0 (160)
2
L,,G\I'=L9,,\I/=ﬁ(a—w—iaw) (16d)
udd u 30
2
Lu¢\y=L¢u\y=_72._(L9_\I’__law) (16e)
usin@\udp u I¢
1 v av
Loy ¥ =L w=——( - to—-), 16f
w¥ =l = ma\aaas %) P
K,v=r (16g)
du
1 o¥
KW¥=—— 16h
o " 30 (16h)
-1 ¥ (16i)
usin 8 d¢
» 0 0
(|+l;‘-)w: 0 1 ol (16))
¢ 0 0 1

B. Homogeneous solutions

In order to solve the inhomogeneous equations (15), it
is required first to determine the solutions to the homoge-
neous equations

Ly o¥imin. =0, (17a)
Lla"p‘;‘rlns[l’]aa' = Ims[lla’ (17b)
Lla" 'ﬁ;-r[n[iilaaa” = Ims[2]aa' . (17C)

It is shown in the Appendix that two independent solu-

tions to Eq (178.) are 'ﬁ;-r[ns[lla(u) =j1m,,(u/c) and
Yimii1a (4) = Y1114 (#/c€), where

Jrina (w/e) =Jme/2uP 7' T3 (y), (18a)
Pimnau/e) = (= V)~ "Na/uP G (), (18b)

and P* is the associated Legendre function of the first kind.

When the full system of equations (17) is considered,
we need to introduce the additional functions, defined recur-
sively by Eq. (A6),

jl[k+ 1lmpa _jl[k+ 1}gea’

?
a*—a?

for a#a',

j ad — .
Itk +2]% a.]l(k+1}*a for 0 —

with y,, ,, defined in a similar fashion. The general solution
to Eqgs. (17) is given by
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Yim)
Im(1]a
Yim;
Im(2]ad’
Yim
Im[3)aa’a”
Jittla Vil
2 ’ 2
= Cimina| €Tr2iaa |+ Clnya| €V112100
4. 4
c.]l[J]aa'a" C yl[J]aa'a"
0 [ 0
+ Clm[2]aa’ Jime + C;m[2]aa' Jine
2. 2
CJi2)aa" | CVi2100
0 [ 0
+ CIm[J]aa’a" 0 + C;m[J]aa‘a" 0 ’ (20)
Jitar | Yinae

where C,,x,, and C/.,,, are arbitrary constants (inde-
pendent of ) and the argument of the functions j;,,, and
Ytk 18 u/c.

The functions ji ; ;, and y,(,,, areinvariant under per-
mutation of the indices in * and invariant under change of
sign of any index in . Also, the functions satisfy j;,,, ( — 2)

=(— 1).IiI[k]* (z) and y; e (—2)=(— DY0e (2),
and j;(;,, and y,,,, are related by

itk e = (— 1)I+1j—1—-1[k]"

It follows from Egs. (A11) that &+ /=2 j .\ (u/c) and

=173y, k14 (4/¢) reduce to finite and nonzero expres-
sions in the nonrelativistic limit:
X u ul +2k-2
lim ¢¥*+!— _],[k]*( ) ,
=~ c 2k —2)N(21 4+ 2k —- 1)1
(21a)

(—D*2I—-2k+ 1
(2k — 2! —2k+3
(21b)
Further properties of these functions are given in the A ppen-
dix.

For our problem, / and the indices * are always integers,
in which case jix,, and y;(;,, may be expressed in terms of
elementary functions. The functions that we need are given
explicitly in Eqgs. (A27) and (A28). It is seen there that the
kernels appearing in Eqs. (5) are precisely the functions
Yorxs; this justifies the general definition for the potentials
given in Eq. (10).

lim ¢

: 2k —1—3 uy __
.VI[k],..(‘—')—
C— o C

C. Green’s function

With the solution of the homogeneous equations in
hand, it is a straightforward matter to construct a Green’s
function and so to write down the general solution of the
inhomogeneous problem. The final task will be to apply ap-
propriate boundary conditions from Eq. (10).

We begin by defining the functions

Nyjo)(uu') =0, (22a)
Nia(uu') = Cﬁl}’lma (w/¢)jina (u'/c), (22b)
, u\. u'
Ni2yar (uu') = c[yl[lla(_).]I[Z]aa' (—)
4 4
u\. u'
+ Yi2jae (““)Ji[l]a’ (_)]’ (22¢)
4 4
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, u\. u'
Nisaga (4U') = ¢ yz[ua(':)ll[slaa'a" (_c_)

u\y. u
+ Viziaa (‘c“)ll[z]a'a" (?)
u\ . u'
+ YVi31aaa” (?)Jlll]a" (‘;‘)] .

From Egs. (21), we see that the functions ¥, , reduce to
finite nonzero expressions in the nonrelativistic limit. These
functions satisfy the differential equations

(22d)

LI’aN,[k+1].a(u,u') =Nllk]. (u,u’),
L,,aN,[k_*_”,"(u',u) =Nl[k]. (u,,u).

Next we combine N, |, (4,u') and N, (4',u) to ob-
tain the Green’s functions
(y/u?)8(u—u'), for k=0,
K "= 23
11k 14 (UU") {sz. (u,u_), for k>0, (23)

where u_ =max(u,u') and u_ =min(u,u’). These
Green’s functions satisfy

LI’aKI[k+1].a(u,U') = Kl[k]. (u,u').

To establish this relation, we use

a , ,
‘5;[N1[k1. (u,u") — Ny, (W) ]

=u

for k=1,

_ [l/yu2 ,
o, otherwise,

where the result for k = 1 follows from the expression for the
Wronskian, Eq. (A5). Furthermore, the Green’s functions
satisfy equations analogous to Eqgs. (19), namely,

Kl(k+ 1lga — KI(k+ 1]a’

2 ”2 ’
KI[k+2]tad' __ a —a

2
c IK ik 1)aa

a?)

for a#a',

for a=a'.

(24)

The Green’s functions K|, ,,, are therefore symmetric under
interchange of the indices in *.

A particular integral for the differential equations (13)
is now given by

o 2
qby,:[k]. (u) ='[) K,[k].(u,u')i}/—f;m(u')du'. (25)

‘We shall show next that this particular integral is precisely
the solution defined by the integral form of the potential Eq.
(10). This will be done by matching the behavior of Eq. (25)
near # = 0 to the behavior of the solutions of Eq. (10). For
u—0 we have K, (4,u') —Njx,, (#',u). By using Egs.
(22) and (Alla), we obtain in this limit

12k—1-3 o0 ’ ”2
1 uc u_ u ’ '
Vimsra ()= Q1+ DN .[, y”"‘*(c) 1% Jom ()

(26)
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The general solution is obtained by adding the homoge-
neous solution, Eq. (20), to the particular integral:
Vimikie = Yimik e + Yinik e 1t Temains to determine the
coefficients C,,,; ;, and C},,,, appearing in Eq. (20). The
primed coefficients C ., ,, are found by considering just
the order of growth of ¢,,,,;.,, (#) at u = 0. From Eq. (12) it
follows that #,,,x,, (#) = O(u'), whereas from Egs. (20)
and (A11), we have ¥4 10 = Cimix1e O ™'~ 1). The co-
efficients C/,,,,, must vanish in order to suppress this di-
vergence at ¥ = 0. To establish that the unprimed coeffi-
cients C,,(; , also vanish, we must consider more carefully
the behavior of ¥,,,,(x, (#) at the origin.

From Eqgs. (20), (26), and (Alla), we find that the
leading-order behavior of 1,,,(x, is

¢1m[k1. e [Clm[k]t

3 © u: u12 , , (U/C)I
oo yl[k]*(?)—}-/—f,m(u )du]

QI+ D 27

In order to determine C,,,, ;. ;. » W€ expand the integral repre-
sentation of ¥, near u = 0. Substituting the spherical
harmonic expansion, Eq. (12), into Eq. (10), we obtain

s {" , , [ dQ
Vimira (1) = > 3,[ u” du .[——yo“‘]"(i)
o 47

¢
] Y 01’ +
Xf}m('u) Im( ¢) , (28)
4 Y, (6,4)
where we have introduced the spherical harmonics®
241 (d=m)! . ,
Y,,(6,4) = pr T B— P (cos @)exp(imé).

Because we want to expand Eq. (28) for small », we write w
from Eq. (4) as

w=u?(1+€/c*) —2eu'y,

where

e=ucosa—c(y—1)y/u
and @ = cos™ ! (uw’/uu’) is the angle between u and u’. Be-
cause the u dependence only enters through € and because
€ = O(u), we proceed by expanding Eq. (28) for small €.
We use Eq. (A24) to expand yy(s 1, (w/c) as
w ot 1 u')fl ’

Zl= ¢ . —_)=. 29)
yO[k].(c) 1;0 yl[k]t(c N (
When we substitute for € and perform the angle integrations,

we encounter integrals of the form

I, = jﬂcos"aY,m(G’,;é’).
47

Using formula (7.126.1) of Gradshteyn and Ryzhik,” we
can expand cos” a as

W2l gt 2n—4k+1

o 2kt (2n =2k + 1N

cos"a = P, i (cosa).

Likewise, we can use Eq. (3.62) of Jackson® to expand
P, (cos a) as
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P,(cosa) =

Y2 (0',8) Y., (8
+lk_2_n '« (0',0") Y, (6,8).

Substituting these seriés into J,,, and using the orthogonality
condition for the spherical harmonics

J.dﬂY (0,0)Y,,(6,0) =811 6pyms

we obtain

n!
20 =D2[(n )2+ 1+ DI’

for n>! and n — [ even,

Inl =

0, otherwise.

Therefore, the first term in the sum in Eq. (29) which con-
tributes to the integral in Eq. (28) is the term /' = /. This
results in a term of order u'. The remaining terms in the sum
contribute terms of higher order in u. Thus we have

ulclko—l—B
bmise 0= [ e (g
(30)
Comparing Eqgs. (27) and (30), we find that

Cimix 1o = 0, and therefore that ¢/} ;,, = 0. The desired so-
lution is given just by the particular integral, Eq. (25), which
for k> 0 we may write as

LU 12
‘l/l,m[k]*(u) =J N”k]*(u,u’)‘li/—f'[m(u')du’
0

© ”
+ J Nl[k]* (u"u)-li;"f;m (u’)du”(3l)

with N, ,, given by Eq. (22). This completes the solution
for the potentials ¢, , -

In obtaining this result, we have, in effect, found a
spherical harmonic decomposition of the kernel in Eq. (10):

et 3y0{k . (UJ/C)

[=0me= ~ |

= Z 21+ DN, (u, u_ )P (cos a).
=0

For k = 1, this yields an additional formula for a class of
associated Legendre functions:

172 -
Pein _ (—1)’(2l+1)\[-’2-’-
l==

(7 -1y
PEA () P A(Y)
(7,2_ )1/4 (7/2_1)1/4

where r = 3Y —¥* — 1> — 1 cos @ and 1 <¥’'<¥. This
identity is not found in the usual handbooks, although it did
turn out to be known.®®

P,(cos a),

IV. NONRELATIVISTIC LIMIT

Taking the limit ¢c— « in the preceding equations, we
recover the well-known nonrelativistic collision operator.

We catalog here the important results.
The kernel U reduces to the one given by Landau’:

)]

The quantities 7 and w reduce to 1 and |u — w’|, respectively.
The potentials ¥, ,, only depend on the number of indices,
k, and not on their values. We will, therefore, drop the in-
dices and write ¥, |(u) instead of ¥, ,, (u). When Eq.
(21b) is substituted into Eq. (10), the potentials become

Unu) = lu—o|?[lu—u']2l — (u—u')(u—

Yoix (1)

fy(“), for k=0,

2k—3
47TJ. Ju —w} Y f, (u')d W,

k=) for k>0.

The potentials satisfy LW, , ;= W, ;, where L is now
the velocity-space Laplacian

Ly=29.9%
du Au

In particular, we have

L‘l's'n 1 =fy

Lwy[z; = ‘l’yu;
The diffusion and friction coefficients are given by

, 4 Fs/s’ aZ
Ds/s (u) —- T 2 Y.
n, dudu
s/s
Fs/f(u) = _ﬁr_l_‘?_wm]

The homogeneous solutions to the separated radial
components of the nonrelativistic potential equations are
given by Egs. (21). Substituting these into Egs. (22) and
then substituting the result into Eq. (31), we obtain the Le-
gendre harmonic expansion for the potentials

l

Yimpr 1 (#) = —*J. ~ " fi, (W)U’

204+ 1u

ulZf‘Im (ul)dul’

o
_L A+1 wl+
Yimiz1(4)

~_J‘" 1 (1 w2 u")
b 2214+ 1)\2+3 y+t 2—1 4!

® 1
Xu'? ,,,(u’)du’—.[ e
/i « 2121+ 1)
1 ul+2 1 ul ) .
X — u'f,, (u')du'.
(21+3 Wit 201 ' Fim (')

These expressions coincide with the results of Rosenbluth ez
al’®
V. ISOTROPIC BACKGROUND

In this section and in Sec. VI, we consider the cases
where the background is described by the / = 0, m = 0 and



I =1, m = 0 components in Eq. (12). First let us consider
the azimuthally symmetric case, m = 0 and / arbitrary. For
simplicity we will drop the m subscript and thus write

Wiepy (0) = i Yiik e (W) P (cos 0).
=%

When we substitute this representation into Eqgs. (16), the
second derivatives in the component L, ¥ may be eliminat-
ed by using the differential equation (13); this gives

Luu('pl[k-o— 1]*a(u)P1(COS 6))
294 Y .
= [7’2'/’1[1:]* ——u}i_l%
I+1 |
+ }’2( ( :; ) + a > )l/JI[k+1],,a]P,(cos 9).

(32)
Let us now specialize to an isotropic background /=0,
Py(cos 8) = 1. If we substitute Egs. (16) and (32) into Egs.
(8), we obtain

N 47y d'/’s' 12]o
Du/:’O ( 7’2 L “'/’s'omo

hy

892 d'/’yomozz 8u
T2 du + = Yeosi02 | » (33a)
T el dyy
/s [2]02
Do = n, W( -7 “au e Yyor2102
4y? dYeopioz du
+ 2 an & Yeo3j022 | » (33b)
FYe = 4l m; [ diyoup n % 2 )
n, mg du ¢ du
(33c)

The other components of DY and F* vanish. Finally we
substitute for the potentials using Eq. (31). Some massaging
of the result leads to

Dy = 4171“/5( QY o0 — 8c210[3]022) 7/ f,,o(u Ydu' +f (27" joragon — 8c10[3]022) 7/f o (u' )du)
(34a)
o [~ D + 5k 2t
+ J; [—2- 721'0[112 - '1;;22(:—,22 + %)J'omoz + %:—221'0[31022 ]Y%ﬂao (u’)du’], (34b)
Fls=— 47TnFN ( (Ploun — 210[2111)% 1;/ Seo(u')du' +f 4= Jotzloyfyo(“ )du) (34c)
I
Where J; k1o =Jiix1e (4/€) aNA J] (1 10 = Jriic1e (W'/€). K, (B)

Of particular interest is the case of a Maxwellian back-
ground, i.e.,

n.m, m,cty
w)=fy, = ex (— )
JrolW) =Jom = e e/ Ty P T,

where K, is the nth-order Bessel function of the second kind.
First of all, we can verify that

Fi§= — (mw/T,)DY,,
where v = u/y. This is accomplished by substituting
T,

I d !

into the expression for D¥;, and integrating by parts. This
relation between F¥; and D% implies that the collisions
will cause f; to relax to a Maxwellian with temperature 7', .

In the high-energy limit m c*(y — 1)> T, the indefin-
ite limits in the integrals in Egs. (34) can be replaced by .
We can perform the resulting integrals using formula
(7.141.5) of Gradshteyn and Ryzhik’ which gives, after a
change of integration variable,

Somu') = — fm( )

f exp( — B\/1+?) j,m,,(z)dz
0

BI+1 :

For / =0 and a = 2 this gives the normalization condition
for the Maxwellian

fw dmuf,, (u)du=n,.
0

On carrying out the integrations in Egs. (34), we obtain

K K, 4
DYy =T = s 1(1——0—“ ) 35a
7 K\ K, 7o (352)
1 K (v: W K, w2 ui
Ds/.v’ — Fs/i_[l __1( ts + +_0_l_
86:0 2v K,\u? PP K, u* ¥y
(35b)
Ffg=—re L K‘(l——&’— s ) (35¢)
m, ¥ K, K, ¥



where 4% = T,/m, and the argument for the Bessel func-
tions is m,c*/T, . In the limit m_ — «, we recover the Lor-
entz collision operator

(36a)

(36b)

VI. FIRST HARMONIC

In addition to the isotropic components of the collision
operator calculated in Sec. V, the first harmonic of the Le-
gendre expansion is also required in the calculation of the
electrical conductivity. Specifically, we need to compute the
term C** ( f.,., -1 cos 8). We can express this in terms of
the potentials and their derivatives using Egs. (1), (8), and
(16) to give

C(fm (W), [y (W)cOs ) 4z [m, [ 1 u Ao 2 2u dYe i u dYgi100
= —¢s'1[01——2—"——‘2—¢s'm11+ o |t
Som (1)cOS 6 n, |my\y ul du 'y 2 du u, du
u? 1 2yu 2u \ 4112102
- 4 2 ¢S'1[11°+ s 2.2
yuts ut: uts 4 uls} du
2 2 ) 8yu Ay 3102 87/
- — = ¥s11200 — + ¢s'1[31022 . (37)
Finally, we substitute for the potentials and simplify to obtain
C¥*( fim (4), foy (u)cos 8)
fom (u)cos 8
_ 477'1“’/‘{ ) +J‘ [ ( m, 11[1211 +J'imz _ loﬂmoz)
ny my m, ¢ utzs ufs
Y m, jiumn m, jim Czjimoz czji[alozz Jiitio Ji2102 cu'? , ,
;5(_2;; u’ +4;— u? +e ul - u; M c*u;, 72 us, TVf;l(u)du
s 1s ts s Is s
J [ ( my 11[111 Juut mg jin _ 10_""_:j1[2]02)
ms’ u?s my u?s
7” ( 11{1]1 11(2]11 46 czjllz)oz 4 6‘2]'1[‘3‘]022> + (_"_1_sj12[1]20) + 7/,(21.1[2:02)] cu’,2 £ (u’)du'] , (38)
u uts uts Uy Uy mg c U ts 7/7/
|
where, as before, Jjjx1, =Jikia(#/¢) and i, and satisfies the symmetry
=jl[k]* (ul/c).

Both in Eqgs. (34) and in Eq. (38), one can substitute for
Jitx1 from Eqs. (A27) and (A28) and thereby express the
collision operator entirely in terms of elementary functions.
The resulting expressions would be very badly behaved nu-
merically near ¥ = 0 because of large cancellations. It is pre-
ferable, therefore, to evaluate j;(,,, directly by the method
outlined in the Appendix.

The collision operator obeys the conservation law

f [A,C¥*(forfe) +h, C (£, £) ]d u=0,

where A, = a, + a,'m,u + a,m c*y, and a,, a,, and a, are
arbitrary constants. The collision operator is also self-ad-
joint:

J'ﬁc‘”(xﬂm»fm)f“ = JXC’”(tﬁfs...,ﬂm )du,
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J‘¢CS/S’(f;m’ s’m)d3u=fxcf/5(ﬂm’¢ﬂm)d3u’

where i and y are arbitrary functions of u, and 7, = T,
Combining these two properties gives

CS/S’(hs f;m’f;’m ) + CS/S’( f;m’hs’f;’m ) = 0'

This provides a useful check on the implementations of Egs.
(34) and (38).

VII. CALCULATION OF THE CONDUCTIVITY

At this point the calculation of the electrical conductiv-
ity is straightforward. We consider an electron—ion plasma
with infinitely massive stationary ions; m; » e« and f£;,
—n;6(u). In the presence of a weak electric field Ez, the
electron distribution is given to first order by
Jem{l + x1(u,t)cos 8). The linearized Boltzmann equation
may be written in the form

M P e~ s PN



aXl q.Ev -
ar T, +C,(x))

where E‘e (x1) is the linearized electron collision term
C.(X) = [C7*(famX1 €08 6, o)

+ C( foms SomX1€08 0)

+ C/( fomX1€08 6, f1n) | /fem COS 6.
The first term here is given by

(39)

Ce/e(f;le cos 0!f:zm) — i_i uzDe/e é&
Som cOs 6 u? du “* Ou

eea 2 e/e
+FU{O£—;_2'DB/B,0X1’

with D and F given by Egs. (34). The second is given directly
by Eq. (38) withs = §' = eand f;;; =f,,,y,. Thelast term is
given by the Lorentz limit, Egs. (36),
Ce/i( f;le cos 0’ f;m ) _ r‘e/i

for €OS 6 P

X1

The conductivity is defined by
4,
© 3E

The time asymptotic solution y,(u,t— oo ) is determined by
solving Eq. (39) as an initial value problem. We take
x:1(u,t=0) =0 (for example). The differential terms
C’*(fumx1¢086,f.,,) and C*(f,.y ,cosb,f,) are
both treated fully implicitly, while the integral term
C(foms fom)1 €08 0) is treated explicitly. This permits
large time steps to be taken and leads to a rapid convergence
to a steady state. A check on y, is obtained by evaluating the
first moment of the linearized Boltzmann equation. The
electron—electron collision terms drop out by conservation
of momentum, to give

4 «©
_Tr'f f;leydu:
3 Jo

fmﬂm (W) y, (u,t—> o0 Yvu? du.
Q

n.q.E

—_, (40)
mezre/e

where
Z=T"/T“ = —gq,log A”/q, log A”*

is the effective ion charge state, and where we have assumed
g.n. +q;n; =0.
It is convenient to write o as

_ i oo
meZFe/e ’
47l TY? _
- mg log AY¢ Z 7(0.2),
where
o - T, _ T, "y = T,
m,c® 511 keV =  ° m,

The normalized conductivity & is a dimensionless function
of two dimensionless arguments. In the limit © -0, 7 is
bounded and nonzero, and we recover the nonrelativistic
scaling o «« T'2/%. Values of 7 for various © and Z are tabulat-
ed in Table I and plotted in Fig. 1. The nonrelativistic con-
ductivity was first calculated by Spitzer and Hirm,'® who
quote values of 0(0,Z) /0 (0, oo ). Their results coincide with
ours in the limit 6 -0.

In the limit Z— o0, electron—electron collisions can be
ignored, and the relevant collision term is the Lorentz elec-
tron—ion collision term, Eq. (36). This case is considered by
Lifshitz and Pitaevskii.!' We can write

Xl = (qu/ZTe r\e/t’) uzvz‘
The resulting conductivity is

A _1
3 nu,

o=

f uvf,, du
(]

)
- _Yay.
3(9”%(6”)[l 2 P\ T )

Evaluating the integral, we obtain

TABLE I. Conductivities for various values of the normalized temperature © = T,/(511 keV) and the effective ion charge state Z. The conductivities are

normalized to (472 /m'? g2 log A“*)(TYY/Z).

zZ

o 0 1 2 5 10 ®
0 3.759 94 7.428 98 8.754 60 10.391 22 11.330 06 12.766 15
0.01 3.754 90 7.273 59 8.532 81 10.077 81 10.958 69 12.297 16
0.02 3.74920 7.12772 8.326 55 9.789 62 10.619 52 11.873 71
0.05 3.728 52 6.738 05 7.784 45 9.046 21 9.754 05 10.812 01
0.1 3.684 20 6.209 46 7.068 92 8.093 61 8.663 06 9.507 46
0.2 3.57129 5.436 67 6.062 43 6.804 31 7.21564 7.826 93
0.5 3.182 06 4.137 33 447244 4.880 50 5.11377 5.476 02
1 2.650 06 3.13472 3.326 11 3.57303 3.722 06 3.969 44
2 2.03127 2278 62 2.39205 2.548 42 2.648 27 2.82473
5 1.33009 1.45375 1.518 05 1.61157 1.673 82 1.788 70
10 0.946 48 1.028 75 1.073 08 1.138 56 1.182 63 1.264 90
20 0.670 42 0.727 43 0.758 53 0.804 72 0.83593 0.894 43
50 0.424 22 0.460 03 0.479 65 0.508 85 0.528 61 0.565 69
100 0.299 99 0.32528 0.339 15 0.35979 0.37377 0.400 00
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FIG. 1. The normalized conductivity as a function of the normalized tem-
perature © = T,/(511 keV) for various values of the effective ion charge
state Z.

7=[30"K,(0" "] '[E,(6"")/O

—(1—6 4207 - 66° —240* — 240%)exp(07 1],

(41)
where E,, is the exponential integral. In the limit © -, this
reduces to & = 16y2/7. For © > «, we obtain & = 4/,/O,
which agrees with the result of Lifshitz and Pitaevskii.

Another tractable, albeit less interesting, limit is Z—0.
In this case, the electrons equilibrate with themselves so that
their distribution is a Maxwellian drifting at v, and
X1 = vau/u’,. The drift speed v, is found by applying Eq.
(40) to give

_ 3exp(07HK,(67") g.Eu.
JO (1 +20 +20%) mZT¥*

The resulting conductivity is

= [3exp(® HK, (O HI/[VO (1 +20 +206%)].
(42)

In this expression we recognize the result obtained by van
Erkelens and van Leeuwen'? on the basis of a lowest-order
variational treatment of the relativistic Boltzmann equation.
Their result for the conductivity of a relativistic plasma,
therefore, corresponds to the limit Z—0. For this case the

limit ©-0 gives & = 3yn/2 and the limit O - o gives
=3//6.

VIli. CONCLUSIONS

In our earlier work,® we gave a differential formulation
for the collision operator for a relativistic plasma. This for-
mulation is summarized by Egs. (6) and (8). A major objec-
tive of the present work is to solve the differential equations
(6) and, hence, to express the potentials in terms of quadra-
ture. This was achieved by using an expansion in Legendre
harmonics, Eq. (12). The radial components of the poten-
tials are then given by Eq. (31) where the kernels
N, 1114 (u,u') are given by Eq. (22); these in turn involve the

12ARR Phue Flhnide R V/al 1 Na 7 .inh: 1QRQ

special functions j (4 ;, and y,x,, whose properties are giv-
en in the Appendix. The entire formulation is well behaved
in the nonrelativistic limit; indeed, in this limit, the poten-
tials and their solutions agree with the earlier nonrelativistic
treatment of Rosenbluth et al.> and Trubnikov.*

Several computer codes exist which solve the nonlinear
Fokker-Planck equation in the nonrelativistic limit. In
many of these codes the collision operator is evaluated in
terms of a Legendre harmonic expansion of the potentials.
Our results are easily incorporated into such codes, allowing
them to treat relativistic collisions. The evaluation of the
collision operator will be a few times more costly than in the
nonrelativistic case, first because five potentials need to be
computed instead of two, and second because the kernels
involve the special functions j, (4 ;, and y,x,, instead of sim-
ple powers of «.

As an application of this formulation, we give in Egs.
(34) explicit forms for the diffusion and friction coefficients
for an isotropic background. Finally, we calculate the elec-
trical conductivity of an electron—ion plasma with massive
ions. Our results agree with those of Spitzer and Hirm'°
the nonrelativistic limit. We also give analytical expressions
for the conductivity for the limiting cases Z — « and Z—-@in
Egs. (41) and (42).

ACKNOWLEDGMENT

This work was supported by the U.S. Department of
Energy under Contract No. DE-AC02-76-CHO-3073.

APPENDIX: PROPERTIES OF THE HOMOGENEOUS
SOLUTIONS

In this Appendix we will develop some properties of the
solutions of the homogeneous radial equations (17).

1. Definitions

First we shall obtain fundamental solutions j;,(2)
and y,(,,,(2) to the lowest-order homogeneous differential
equation

L,,x(z) =0, (A1)
where
2 d
Liox(2) = (1+2 (-. 3)—%’-
LaX (2) (+)dz2 z+zdz
—(1(1;1)+a2-—-1)x. (A2)

The variable z corresponds to #/¢ in the main text. In this
Appendix, / must be an integer, ¢ must be real, and zis in the
complex plane cut along the negative real axis.

V147

and defining a new dependent variable £(y) = \/—z_x(z), we
obtain the equation

25 5
(7 — Yz

_ TR G 3 )i P
[(a+;)(a 5)+Yz_l]g 0.

By changing the independent variable to y =

R | Rraame and N F E Karnov 12R12



This is the generalized Legendre equation, whose solutions
are the associated Legendre functions P '7,3*(y) and

P.Y % (¥). We choose to define j;(;,, and y,(1;, by

Jina (2) =7/2zP !5 (p), (A3)
yl[l]a (Z) = ( - 1)’+ 1\) ﬂ/ZZPétll//zz(y)- (A4)

An alternative representation is obtained by Whipple’s
transformation [see Eq. (8.739) of Gradshteyn and Ryz-
hik’]:
. 1 e~ iam a ( 7 )
I =—— -1,
Jina(2) z Ta+141) Qi z
1 (_l)e—imr v (7)
Z)=——— — —].
Yi1a(2) z Tw@—0D 2%, 5
The Wronskian of the pair j,;, and y,(,,, follows from Eq.
(8.741) of Gradshteyn and Ryzhik’; for integer / and arbi-
trary a it is given by

1

. d d .
e Yitie = Vittle = jirra = — - A5
Jig dZy”” Vi dz]m] 722 (A5)

Therefore the solutions j;(,;, and y,,,, are independent.
When /is a non-negative integer, then jj,,, is regular at the
origin while y,|,,, is singular.

In order to express the solutions to the higher-order
equations, we introduce the functions j,,,, (z) and
Yiik 1« (2) Where the subscript “+” stands for a string of k
indices. The functions j; 4, are defined recursively by

jl[k+ 2]geaad’ (Z)
= [Jitk+ 1192 (2} = Jitk + 1100 (2) ]/(02 —a?); (A6a)

the case a = a' is handled by taking the limit

Witk < 110 (2)
] wl(2) = Tk T wd 7

Jiik + 21 ) a(a?)

The functions y;, ;,, (z) are defined in the same way, replac-
ing j by y throughout. Making use of the property
(L, — L)y = — (&> —a?)y, it is readily established
that j;;x,, and y;,, satisfy

Ligjik+ 1100 (2) =Jijiiw (2), (A7a)
LYtk + 1102 (Z) = Viprra (2). (ATb)

The functions j, 4 ;, and y,(,,, areinvariant under per-
mutation of the indices in * and invariant under change of
sign of any index in *; these properties reflect the commutiv-
ityof L;, and L, and the symmetry L,, = L, _,. Also, we
can write

(A6b)

Vi = (— 1)1+1j—1—1[k1,p (A8)
which reflects L,, =L _,_,,; and finally we have
Jrikiae (= 2) = (= Djix 1 (2) and Yikin (—2)
= ( — D44 (2). In most of what follows, we list only the
properties of j, | ;.. Equation (A8) may be used to give the
corresponding properties of y; 4, -

2. Taylor series

In the limit z—0, we can expand P ;- '{,)/*(y) in a Tay-

lor series using formula (3.2.20) of Bateman'?:
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Pi(y) =[2¢(¥* - 1) YTl — )]

XFG+4v— 4 — v — sl — sl =),
where F is the hypergeometric function

Flabez) =149 2  aax Db+ 1) 2
c Il cle+1) 2!
Substituting this into Eq. (A3), we obtain a Taylor series
expansion of ji;,,, (2):
I

j1[11a(z)='z—
2+ D
xF(1+1“a,1+1+";1+i;_22),
2 2 2

(A9)

where n!! denotes a double factorial

2"’ I'(4n+ 1), for n non-negative and even,

nll =

V2/m2"’T'(4n+ 1), for n odd.

With this definition,
=(-—1)".

Another useful Taylor series is obtained by a transfor-
mation of the hypergeometric function [Eq. (9.131) of
Gradshteyn and Ryzhik’]

F(abic;z) = (1 —2)~ 2~ F(c — a,c — bic;2).

we find (2n— DN —2n— 1)

This gives
Jine (2) - z
14 QI+ 1)
xF(1+2_a,1+2+a;I+i;—zz).
2 2 2
(A10)

Series (A9) and (A10) either terminate (i.e., converge
everywhere) or converge inside the circle |z| = 1. In particu-
lar, if a is an integer and / < |a|, then one of the series will
terminate.

It is not so easy to write down Taylor series for the high-
er-order functions j; (., (z) (k> 1). However, the leading
term is independent of the indices making up *, and can be
obtained by substituting a series solution into Egs. (A7). We
find

zl +2k—2

. _ o
Jaw D) =k —n T 0@

1+2k)
’

(Alla)

(— D)< =2k+ 11
k —2)Nn 2 —2%+3

+ 0(1/21—2k+ 1)_
(Allb)

Vi (2) =

3. Asymptotic series

Since (), depends only on the magnitude of @, we can,
without loss of generality, take >0 in this section. In the
limit z— + o0, formula (3.2.21) of Bateman'? may be used
to derive the following asymptotic expression for j;,;, (2):

B. J. Braams and C. F. F. Karney 1364



j””“z(zz)a_lr_(z%%ﬁ
) F(H S e )
I T
X F(,+;+ L “'2+“;a+ 1;—-21;). (A12)

This cannot be used directly when g is an integeror / + aisa
negative integer; in those cases, a limit must be taken. For @
and / both non-negative integers, the leading-order behavior
is found to be

(a— )

@D 2z)°7 1, for a0,
]l[l)a—' Sinh_lz—zi=1k_l (A13)
T , for a=0,
1z
and
— 1Y+ g —1)
: (1) l(al)vl)'(ZZ)"“, for I<a,
a—1-1)
Yina— 2(a+ I (Al4)
——'——'(22)_"_’, for I>a.
a!

For 0</ <aandaaninteger, j (), (z) and y,;), (z) have
the same behavior as z— + oo (namely, z*~'). It is, there-
fore, convenient to define some combination of j;;,,, and
Yiije in which the leading-order behavior cancels. Such a
combination is

ql[]]a(z)
1)I+1 (a_l_ 1)!

@rn S

=jin.(2) — (~

= —i2/mzQ 737 (). (A15)
For I < — a, we have q;y,, =J;(y,4; for I>a, q,,,, diverges.
The asymptotic behavior of ¢;,,, for I <a is
(=D 2@=1-1)

a

An asymptotic series for j; ), (z) valid for /- + o« fol-
lows from formula (3.2.14) of Bateman!>:

1 / 2 )l+ 12
QI+ DHi\y+1

1 1 3 z )

Xz’F(—a+—,a+—;l+—-—;————
2 2 2 y+1

(22) ——a—l.

911 (A16)

Jina (2) =

The leading term is

Va/2

—_— for I- + ».
T +3/2) *

(A17)

Jina(2) - Zy+1)-1-12

4. Recurrence relations

Recurrence relations that give (1, in terms of j; | (1),
and j;;., ; may be derived from the corresponding rela-
tions for Legendre functions’'*:
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z

Jia(2) =(_2'1_+1—)y_[j1—1[l]a(z)
+(+1—-a)(I+1 + a@)jiy1ma(2)]
(Al8a)
1 .
= —W [(l—a + 1)]1“]‘1_1(2)
— U+ a4+ D (2)] (A18b)
=m (71— 11114 (2)
—(+1 +@)jines1(2) ) (Al8¢c)

These relations may be combined to express j;(,,, in terms of
any pair of its neighbors. The derivative of j;;,,, may be
found from

d 1 I+1 "
—Jin1a (2) = —Ji_ 1110 (2) L Jina(2). (A19)
dz ¥ z

By combining Egs. (A6) with the relations (A18a) and
(A19), we can generalize these recurrence relations to mul-
tiple indices,

Jikiw 2) =Ji_ 2tk + 11%a (2)
—~ Q=D /2 ji— 1+ 114 (D)

+ (2 = )ik 4 1140 (2)s (A20)

1,
Jitkiw (2)-

d . 1,
—Jitkia (2) ="7'/‘]1— ke (2) —

dz
(A21)

Other recurrences involving the higher-order functions may
be found by differentiating Eq. (A18¢) with respect to a:

2@+ DU+ 14+ a)iza+1,0+1(2)
=20a[Z;_ 112304 (2) — (I — @) V112104 (2) ]

+ Yina (2) =Jit1a+1(2), (A22a)
4(a+ DU+ 1433004 104 1041 (2)
=4[ Z,_ 131000 (2) — (I = O Vi 310,00 (D) ]
+ 21 _ 112100 (2) — (I = 3@) Y1 12100 (2)
_— (l+ 3a+3)j1[2]a+1,a+1(2). (A22b)

Equations (A18) and (A19) constitute a set of second-
order recurrence relations which j;(,,, solve. There is an-
other independent solution which we will write as g;;,. If
we substitute

&1111a(2) = €1 Yi1134(2)

into the recurrence relations, the resulting relations are
equivalent to the original set provided ¢, satisfies

Cl,a/cl—l,a = 1/[(l+a)(l—‘a)]9
C1o/Cla_1 = —(U+1—a)y/(I+a).

Depending on the value of /, ¢,, may be written in one of
three forms,
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i (_l)a

Clg =——""—, for I>a,
" (! —a)i(I + a)!
Ca =\ = (-=Di@—I=1 for —a<l<a, (429
" (+a)!
i =(—D%a—-I1-DH(—a—1-1), forl< —a,
|
where we have taken a>0. Thus g, (2) = ¢}, y;(11.(2) , (z) = cosh(ao)  (y+2)°+ (y+2)~°
solves the recurrence relations for — a</ < a. If this solution J-mal2) =———= 2z ’
is extended beyond this range, it degenerates to O (for (A25d)
I < — a) or infinity (for />a). The independence of j; |y}, . . 1
and g,,,, may be verified by computing the Casoratians. Joa—11a(2) = (= 1)*Q2a — DI/2*T, (A25¢)
These may be found by substituting recurrence relations Jotkjo.0(2) =07 V/[(2k — 1)!z], (A25f)

(A18) and (A19) into the Wronskian equation (AS5) to give
811a ZVi— 1116 (2) = Ji111a(2)81_ 11112 (2) = — ¢, /27,
811110 @i1a=1(2) —Jia (28111101 (2)
_ Cla 1
i+l-az’
The function g¢,;;,,(z) defined in Eq. (A15) may be
written as j,,, (2) — 8711 (2). Thus g,(,), (2) solves the re-

currence relations for / < a, and this gives a solution indepen-
dent of j;;,,, for —a<i/<a.

5. Generating function
From the differential recurrence, Eq. (A21), we obtain

md”
ﬁ+m[k]... P=(=1n Wﬁ[kh n),

where

Yitkln (\/; -1
(7,2_1)1/2 )

Performing a Taylor series expansion of fy,,, (¥ — €2)
gives

f;[k]. (V) =

i !
Joure (¥ —€2) = IZ Jitere (V) —(6;';) .
=0 !

This leads to the following generating function:

Yok e WZ(1+ €) —2ezy) = i Vitkie (2)1_6:_
=6 !
(A24)

6. Special cases

Simple closed expressions exist in certain special cases
(in the following equations, o = sinh ™! z):

) 1 J‘zz,za ,

all)a Z) s e— —“"'"‘dZ, A25a)

Jaa (2a— D21 Jo 37 (

, 2!

Ja— 10110 (2) —m, (A25b)

, _sinh(ao)  (y+2)'—(y+2)"°

Jor1a (2) . naz R
(A25¢)
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where we have taken a>0.

The recursion relations, Eqs. (A18), (A20), and
(A22), together with Eq. (A25f), allow jjx,, for 0<k<3
for integer / and integer indices * to be expressed in terms of
elementary functions. The multiple-index homogeneous so-
lutions that we need can be expressed simply in terms of the
single-index solutions:

Jrizio2 (2) = (2/2)j s (A26a)
Jizin (2) = (2/2)j1 4 1pjos (A26b)
Jiiz22 (2 = (2/2)jipvun + (/2 2pp00 (A26c)
Jrisge22 () = (2/8))) 4 21110- (A26d)

For definiteness, we catalog all the required functions
Jitk1e (2) and p; 4, (2) for I =0and 1:

Jot110 =072, Yoo = — 1/2, (A27a)
Jonp =1, Yoy = —v/2, (A27b)
Jogz =¥ Yoz = — (14 22%)/z, (A27¢)
Joj2102 = (zv — 0)/4z, Yozjo2 = —2/2, (A27d)
Jozin = (Yo —2)/2z, Yorzin = — 072, (A27e)

Jorzizz = [ — 2y + (1 4+ 22%)0]/8z, Yoiz12 = — Yo0/2,

(A27f)
Jopsozz = [ =32y + (3 + 22%)0]/32z, (A27g)
Yopsjorz = [ — yo +2]/8,
Jipge = (7’0‘2)/7-2: Y = —7’/7-2: (A28a)
Jinp = (zy — 0)/22, Jinn = — 1/2, (A28b)
Jingz =2/3, Y= — (1 - 222)7’/7-2, (A28¢)

Jizoe = [ = 3vo+ (3z+ 2°)1/122, Niz102 = V/2,
(A28d)

j1[2]ll = [ - 327’+ (3 + 222)0']/8229 y1[2]“ = 1/2,
(A28e)

Juzz = [ — (3 —62)yo + (32— 522)1/722,
Nz = (¥ +20)/2, (A28f)
Jisjozz = [(15 + 62%)yo — (15z + 112°)] /28822,

Vii3jo22 =20/8. (A28g)

B. J. Braams and C. F. F. Karney 1366



The function y,;, ;, (2) is the kernel that occurs in Eq. (10).

7. Numerical methods

Our final concern is to determine a method by which
Jitkisr Viik 14> and their derivatives may be calculated accu-
rately and quickly. A direct use of the analytic forms is ill
advised, particularly when zis small and /is large. For exam-
ple, consider the numerator of the analytic form for j, 30,
given in Eq. (A28d) in the limit z— 0. This consists of three
terms, the largest of which is proportional to z; however, the
sum is proportional to z°.

Given jj;,, Eqs. (A26) may be used to calculate the
required multiple-index solutions. Furthermore, Eq. (A21)
may be used to give the derivatives of j, . |, - Equation (A4)
gives ¥, 1, in terms of j;;, ., - Thus the problem is reduced
to calculating j,;,;,(z) of all integer — L — 1<I<L,
integer a>0, and real z»0. [Fora<O, we can use
Jin—e(@ =jina(2). For z<0, we can use
jl[l]a (-2)=(— 1).11.1“]‘, (2) ]

We will also be able to avoid problems with numerical
underflow and overflow by computing]‘,“, where

Jime (@) = [2'7Q14+ D . (2).

~In the nonrelativistic limit z—0, we have, from Eq. (A9),
jl,a - 1

Our main tool for calculating j,;, will be the recur-
rence relation (A18a), which when written in terms of j Jia
becomes

~ I—a)(l ~.
=nl—l,a_ ( a)( +a) Zz.]l,a'

A29
QI-1QI+1D ( )

Ji—2a

In order to apply it, we need to examine the stability of the
recurrence for large /. In this limit, the recurrence relation is
approximately

jl—2,a =¥i_ La — i szl,a’
whose solution is

.}:l,a/jl— La=2/(y £ 1).

Comparing this with the leading term in the asymptotic series
(A17) shows that the solution we want corresponds to the
upper sign. This solution is dominant when the recurrence rela-
tion is applied in the backward direction. If we start with large /
with some arbitrary mixture of the dominant and subdominant
solutions, then on each application of the backward recurrence
relation, the subdominant solution decreases by (y— 1)/
(¥ + 1) = 22/(y + 1)? relative to the desired solution.

If we desire to computej_',,,, to accuracy for § for I< L, we
choose an L’ such that

L'>L +1log(8)/{2loglz/(y + 1)]}.
We seth‘, and j;._,, so that their ratio is given by
Ji- a/JL _e=2/(r+ 1) We then use Eq. (A29)asaback-
ward recurrence to give j,‘, for O<I< L. At this point jj, differs

from the desired solution only by an overall multiplicative fac-
tor. This may be determined from Eq. (A25b) which gives

1367 Phys. Fluids B, Vol. 1, No. 7, July 1889

which givesj, _ e =1L Thus]’,,‘, =J1al]l _1,.- Becauseof the
degeneracy in Eq. (A29) the values of j,, for 0</<a are
independent of the choice of L’ and starting values j; .o and
J&'_ 1.a- The recurrence is effectively restarted at / = a — 1.
Various optimizations to this scheme are possible. For
example, it is only necessary to start the recursionat /=L’
for one value of a, e.g., a = 0. For other values of a we can
start the recursion at / = L by rewriting Eq. (A 18c) as

Ja=[Q@+ i s — U+ 1=V, |/U+a)
(A30)

and using this recurrence to give]',d,,z andj, _ 1.e in terms of
Jra—tsjr—ta—1s.andjp 5, .

For large values of z, L’ becomes large because the be-
havior of the dominant and subdominant solutions is nearly
the same. It is, therefore, possible to use forward recursion
using Eq. (A29) to obtain j,, for /> a. Starting values are
given by j, _ e =1 and}a‘a which may be calculated using
}0,0 = o0/z and recurrence relation (A30). As before, back-
ward recursion should be used for 0</<a.

For /< — a, wecan compute]',,,, by backward recursion
using Eq. (A29) together with the starting value j_,_,,
= 1. For — a<l/ <0, we could continue the backward recur-
sion using as starting values ]'0,,, and },,a as found above.
However, it is sometimes useful to be able to compute g, (;,,;
but this cannot be accurately computed using Eq. (A15)
when z is large because of the large cancellation that occurs
in this limit. Instead, we compute g,(,,, directly. To avoid
problems with underflow and overflow, we work with §,,
which is defined by

11112 (2) = [z'72l+ 1] 41.(2).

We have seen that g,(,,, satisfies the same recurrence rela-
tions as j;(,;,. This implies that g, , satisfies the recurrence
relation (A29). From Eqs. (A25c) and (A25d), together
with the recurrence relation, we have

G 1.(2)=1/(y+2), (A3la)
§_,,(2)=(y+az)/(y+2)° (A31b)

We can then utilize backward recursion using Eq. (A29) to
give g,, for all — a</<O0. Finally, we can compute j,, for
— a<l <0 using Eq. (A15) which gives

= (@a—1-1N
J1a(2) =G, (2) + (@t
( )l+l —21—-1

(A32)

—l—la

(—y—nw—y—n"

'L. D. Landau, Phys. Z. Sowjetunion 10, 154 (1936).

%S. T. Beliaev and G. 1. Budker, Sov. Phys. Dokl. 1, 218 (1956).

M. N. Rosenbluth, W. M. MacDonald, and D. L. Judd, Phys. Rev. 107, 1
(1957).

“B. A. Trubnikov, Sov. Phys. JETP 7, 926 (1958).

3B. J. Braams and C. F. F. Karney, Phys. Rev. Lett. 59, 1817 (1987).

€3. D. Jackson, Classical Electrodynamics (Wiley, New York, 1975), 2nd ed.

B. J. Braams and C. F. F. Karney 1367



7L S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products YE. M. Lifshitz and L. P. Pitaevskii, Physical Kinetics (Pergamon, Oxford,

(Academic, New York, 1965), 4th ed. 1981).
3P, Henrici, J. Rational Mech. Anal. 4, 983 (1955). 2H. van Erkelens and W. A. van Leecuwen, Physica 123A, 72 (1984).
°N. N. Beloozerov, Math. Zametki 20, 321 (1976). '3H. Bateman manuscript project, Higher Transcendental Functions, edited
101, Spitzer, Jr. and R. Hirm, Phys. Rev. 89, 977 (1953). by A. Erdelyi (McGraw-Hill, New York, 1953), Vol. I.

1368 Phys. Fluids B, Voi. 1, No. 7, July 1989 B. J. Braams and C. F. F. Karney 1368





