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Abstract

The Rosenbluth form for the collision operator for a wealdiativistic plasma is derived. The for-
malism adopted by Antonsen and Chu can then be used to del¢h&efficiency of current drive by
fast waves in a relativistic plasma. Accurate numericaliltssand analytic asymptotic limits for the
efficiencies are given.
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[. INTRODUCTION

Currents may be efficiently generated in a plasma by thetinjeof rf waves whose phase velocities
are several times the electron thermal spedthe efficiency, defined as the ratio of current generated to
power dissipated, is achieved in this instance becausd-tienerated plateau decays at a rate given by
the collision frequency for the fast electrons, which istiekely low. In the quest for higher efficiencies,
current drive by waves which interact with relativistic @l®ns has also been considefeRelativistic
effects modify the scaling of the efficiency, placing an ugpmind on the efficiency achievable by current
drive by fast waves. In this paper, we do several things: we gimore complete analysis of this problem
based on a formalism adopted by Antonsen and Thspecifically, we find that the effect of finite
electron temperature leads to an enhancement of the efficiémorder to calculate this effect, we first
give expressions for the most important terms in the eleetiectron collision integral in the relativistic
limit. These expressions are put in Rosenbluth form so ag tanbenable to easy implementation on a
computer. We imagine that the relativistic Rosenbluth ptigds that we identify may be useful in other
problems arising in very hot plamas.

In order to put the present work in perspective, let us briefiflew the chief tools used in the study
of current drive. The early work used fairly crude analyticendels!* These models were sufficient
to obtain the scaling laws for the efficiency of current dribet were unable to provide the coefficients
with any accuracy. Therefore, the analytical treatment suggplemented by numerical solutions to the
two-dimensional (in momentum space) Fokker—Planck eqoat? from which accurate estimates of the
efficiency could be found. The first accurate analyticalttresnt of current drive was based on a Langevin
formulation of the electron motioh? This involved taking the electron temperature to be smédineng
energy scattering to be ignored. The moment hierarchy fiLmgevin equations can then be closed,
which allows an analytical solution to be obtained. This f@bwed by a more complete numerical
study of the Fokker—Planck equation for current drive inchtthe problem was reduced to the numerical
solution of a one-dimensional integro-differential edoiatwith a source due to the f. In this work
toroidal effects were also included. The results agreed thi¢ Langevin analysisin the limit of large
phase velocities (as they should) and gave more accuraterieaidata for phase velocities comparable
to or smaller than the thermal velocity. More recently, Argen and Chtiand, independently, Taguchi,
using methods first used in the study of beam-driven curfértsrecognized that it is not necessary to
solve the rf-driven Fokker—Planck equation in order to fimel tf-induced current. Instead, they showed
that the Green'’s function for the current is the Spitzemifunction* describing the perturbed electron
distribution in the presence of an electric field. This reshithe problem to the determination of a single
two-dimensional function, from which the current geneddig any form of rf drive can be calculated by
a simple integration.

Up until now, the only reliable analytical results for curtarive in a relativistic plasma are those
obtained using the Langevin methods by Ref. 2. As we will shtbase are only exact f@f, < m.c?
andp? > m.T, (wherep is the momentum of the resonant electrons). A more comptetbytical or
numerical treatment along the lines of that achieved in theelativistic case was hampered by the lack
of a convenient form for the relativistic collision operat®his is remedied to some extent by the results
of this paper where we calculate the collision integralstii@r first Legendre harmonic of the perturbed
electron distribution neglecting electromagnetic effemt the binary interaction (in this approximation
the collision integral reduces to the Landau form). Havimmel this, we are able to generalize the
treatment of Antonsen and Chto the relativistic case. A number of useful results flow friis: we
can numerically calculate to high precision the curremtealefficiencies in the relativistic regime. We
can perform an asymptotic analysis of the Spitzer—Harnblpro to obtain analytic approximations to
the efficiencies. In addition, we give higher-order asyriptoorrections to the current-drive efficiencies
in the nonrelativistic limit. Throughout this paper, tatal effects are entirely ignored. Although these
effects are important in the study of current drive by lovapé-velocity waves, they play little role in



current drive by fast waves. Incorporation of these effdutsvever, proceeds in exact analogy with the
treatment for the nonrelativistic cade.

Relativistic effects on rf current drive have also been @ered by Hizanidis and Ber$. They take
moments of the kinetic equation. In order to close the rggyutystem of equations, they approximate the
steady-state electron distribution by a delta functioris Bpproximation is unjustified and, consequently,
their results for the current-drive efficiency are incotrec

The plan of this paper is as follows: In Sec. Il we show how #lativistic collision operator may be
reduced to the Landau form. In this form, the collision oparas costly to evaluate numerically. So, in
Sec. lll we convert the collision integrals to a Rosenblutinf, which may be evaluated very efficiently.
The formulation of Antonsen and Chu is generalized to thatikestic case in Sec. IV. The numerical
results for the efficiencies are given in Sec. V and the asgtigptesults in Sec. VI. Finally, in Sec. VI,
we examine the asymptotic form of the efficiencies using tiie¢lativistic collision operator.

[I. RELATIVISTIC COLLISION OPERATOR

The collision operator for a relativistic plasma is given Bgliaev and Budket® They give the
collision operator as

coll
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Herea andb are species labelg, is the charge of species log A%/? is the Coulomb logarithme,
is the dielectric constanp is the momentumy, = ¢8, = p/ms~; is the velocity of species, and
vs = (1 4+ p?/m?2c?)'/2. The distributions are normalized so that

[ f@ap=n.

the number density. We are primarily interested in situstiovhere fast electrons are colliding off a
weakly relativistic background. In that cagg < 1, and we can approximatd by its nonrelativistic

form
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Since the original form foJ was symmetric in the primed and unprimed variables, we ceqgldlly
well have obtained Eq. (1c) under the assumptionfhak 1. The relative difference between Egs. (1c¢)
and (2) isO(f;). However, the error in the collision operatox f,, f;) is smaller than this. This point
is examined in more detail in Sec. VII. Equations (1) are jzadyg the collision operator given by Lan-
dau!” Indeed an examination of his derivation shows that the mechaf the collisions are treated
relativistically; the interaction, however, is calculdteonrelativistically assuming a Coulomb potential.
Use of Landau collision operator implies a neglect of thatielstic (i.e., electromagnetic) effects on the
binary interaction. What we have shown here is that such proapnation is valid provided at least one
of the colliding particles is nonrelativistic.



Itis readily established that Egs. (1) conserve number, emdom, and energy¥( = mc?v,), thatan
H-theorem applies, and that the equilibrium solution is atheistic Maxwellianf,(p) o exp(—£./T),
where&! = (& — vq - p)//1 —v3/c? is the energy in a frame moving at;, and7 and v, are
independent of the species

Throughout the rest of this paper we will restrict our atimto an electron-ion plasma. We assume
the ions are stationary and infinitely massive; (— oo). This allows us to express the electron-ion
collision operator in(p, 1) space (wher@ = p;/p and|| and_L are with respect to the magnetic field) as
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and we have assumed neutralityr. + ¢;n; = 0. In Eqg. (3) and henceforth we will omit the species
labels from all electron quantities.

[ll. GENERALIZATION OF THE ROSENBLUTH POTENTIALS

For computational purposes, the Landau operator is not thet oonvenient form for the collision
operator. If the plasma is azimuthally symmetric, a two-gisional integration must be performed at
each pointin momentum space. If the number of grid poindé is IV, this require€)(N*) calculations.
This requirement is dramatically reduced in the nonreiktitvcase by expressing the collision operator
in terms of Rosenbluth potential®. Unfortunately, although the Landau operator can be usduowit
change to describe the collisions in a relativistic Coulgiasma, the Rosenbluth form no longer applies.
(The derivation of the Rosenbluth form from the Landau foemuires, for instance, théd/dp) - U =
—(8/9p’) - U, arelation that only holds nonrelativistically.)

However, because the kernel of the collision integral Eq) ftas the same form as in the nonrela-
tivistic case, it is possible to borrow some of the technijoieRef. 18. We convert thg’ integration in
Eqg. (1b) tov’ space, substitute a particular Legendre component(fpt), and manipulate the resulting
integrals into the form

[ v =Pl me)
or
[v =17 P v,

which may be evaluated in the same way as Rosenbluth pd&hii&, is a Legendre polynomial).

Here we give the resulting expressions for collisions offaienary Maxwellian background, i.e.,
C(f, fm), and for collisions of a Maxwellian off the first Legendre gooment of a background, i.e.,
C(fm,pf1). In both cases only electron-electron collisions are aereid. These terms are all that
are required for the solution of the Spitzer—Harm problgivifig the Green’s function for the rf current
drive) and they suffice for an accurate numerical solutiahetwo-dimensional Fokker—Planck equation
as described in Sec. V.

Beginning with the case of collisions off a Maxwellian, leg start by assuming merely that the
background is isotropi¢(p) = fo(p). The three-dimensional integrals in Eq. (1b) then reducae



dimensional integrals giving
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Specializing to the cask = f,, and using the relatioff,,/dp = —(v/T) f, we find that
F(p) = (v/T)A(p)

and the steady-state solution@g f, f,,) = 0 is thatf is a relativistic Maxwelliak’ with temperaturd”

n

.fm(p) = 47Tm2CTK2(®_1) exp(_g/T)a (5)
where
£ =mc?y,
_ T
mc?

(© = 1 corresponds to an electron temperaturébif keV), andK,, is the nth-order modified Bessel
function of the second kind.

For later use we define here a thermal momentum
bt = \/Wa
a mean-squared velocity
v = 3% /v2fm(p) d’p = %Vf’,
Vi=1- 29 + 58—592 +0(6?),

a thermal collision frequency
mI' ng*mlogA
VW= —3 = ——53
P} Amegpy

and a collision frequency normalized to the speed of light
T ng*log A

Ve = = :
m2c¢®  Amwetm?2cd

These frequencies differ by a factor of two from those useshitier publications:?-%-6-89 Specifically,

we haver; = 14/2 andv, = v/2. This means that all our normalized efficiencies are a faator
two smaller than in these earlier papers. (We made this éhbagause the normalized Fokker—Planck
equation in the high-energy limit now has a simpler form.sl¢tnvention is also used by other workers
in this field.)



Forp > p, the indefinite limits in the integrals in Eq. (4) can be repld.byoo, giving?°

2
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Note that the frictional forcé’(p) reaches a constant valuejas~ oc. This implies, for instance, that
an electric field smaller thaliv? /qT'c® cannot produce runaways.On the other hand, the pitch-angle
scattering frequencyB(p)/p? continues to decay gs — co. As the energy of the electron increases,
its effective mass increases. It is then more difficult toatafthe heavier particle. In this limit, pitch-
angle scattering is negligible compared with frictionalvdhg down. This is to be contrasted with the
nonrelativistic case where the pitch-angle scatteringufemcy and the frictional slowing-down rate decay
asl/p? and the two processes are of comparable importance.

The implication for current drive is that the efficiency ofrplel wave-induced fluxes, say by lower-
hybrid waves, approaches a constant. This can be seen awspINonrelativistically, the efficiency
increases ap?. Relativistic electrons, however, slow down faster beeahgy are heavier, and they
also do not carry more current when pushed in the paralletton. Each of these effects reduces the
efficiency byy ~ p; hence the approach to a constant.

The other term we shall need (f,,, uf1). This term is rather harder to compute. We define
f1(p) = fm(p)x1(p) and writeC'(fom, ptfmx1) = pfmI(x1). Again, we reduce (this time after much
algebra) the integrals in Eq. (1b) to one-dimensional coegvie
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The term in square brackets in the last integral matchegrtltlag first integral except for the interchange
of the primed and unprimed variables. The simplification qf &) was achieved, in part, with the help
of the symbolic manipulation programACSYMA .22

Equations (4) and (7) are now in a computationally converfim. Their evaluation involves the
determination of a number of indefinite integrals (the umgd variables should be factored out of the
integrals for this step), and the multiplication of thesegrals by various functions gf If the distribu-
tion functions are known on a grid @¥ points, then the computational cost is jastV). Furthermore,
the calculation can be arranged so that nearly all the coatipus vectoriz&? The general solution of
the linearized electron-electron collision operaflf, f.) + C(fm, f) =01is

f=(a+b-p+c)fm,

whereq, b, andc are arbitrary constants. With= ¢ = 0 andb = p, this provides a useful check on
Egs. (4) and (7) and their computational realizations.



IV. FORMULATION

We now turn to the calculation of the rf efficiency. There dmee steps involved: the specification of
the rf current-drive problem, the identification of the 8pit-Harm function as the Green'’s function for
the rf-driven current; and the solution of the Spitzer—Hgroblem.

We begin with the specification of the problem. This is justaadard application of the Chapman—
Enskog procedur# The most important assumption is that the collisional tima@es is much shorter
than the transport time scale (the time scale for heatingltmma by the rf). This places some restrictions
on the rf drive. However, these are usually not severe oninase of fast-wave current drive because,
even if the rf is strong, there are few resonant particles emasequently, the heating rate is small.

The effect of the rf is to induce an electron flux

S=-D- of (8)

op
in momentum space, whel2 is the quasilinear diffusion tensét. In the Chapman—Enskog ordering
this is taken to be of first order. The zeroth-order electristridution is given by setting the collision
term C(f, f) + C(f, f;) equal to zero. The general solution is a Maxwellian Eq. (8hwi and T
arbitrary functions of time and position. For simplicity wgnore the spatial variations. Since the rf
drive is particle conserving, we may taketo be a constant. A drifting Maxwellian does not solve the
zeroth-order system since the ions are taken to be stagyionar

The first-order equation is given by substitutifig= f,,(1 + v) with ¢ ordered small to give

Cltmt) = 3-8+ E N Lrog, ©
where
C(f) =C(f, fm) + C(fim: f) + C(f, f) (10)

is the linearized collision operator, aifl) is the mean energy per partitte
1

= ch(% +3®).

The last term in Eq. (9) represents the heating of the MaxavellThe equation for the time evolution of
T is given by the solubility condition for Eq. (9), which is alhed by taking its energy moment. Since
the linearized collision operator is energy conservingdtighat we take the limith; — oo, so that there
is no energy exchange between electron and ions), this gives

d (&)
i

whereP is the power dissipated per unit volume by the rf

P:/S-Vd3p. (11)

[There is another solubility condition given by the dengitpment of Eq. (9). This is automatically
satisfied by takingn/dt = 0.] The solution to Eq. (9) is made unique by demanding that have zero
density and energy.



In the nonrelativistic limit, Eq. (9) is the equation solvedmerically by Cordewt al.!° However,
since we are usually interested primarily in the currensitgrgenerated by the rf

J = Q/U\\fmw d’p, (12)

and the efficiency of current generation defined by the tatiB, we usually do not need to know the full
solution fore.

The method for determining the current without solving fowas given by Hirshmad and by
Tagucht? for neutral-beam-driven currents and was introduced inéostudy of rf-driven currents by
Antonsen and Chuand Taguchi! The key is to define an “adjoint” problem

C(me) = _qv”fm- (13)

Again f,,x is required to have zero density and energy. This is the &pitiarm problem for the per-
turbed electron distribution function due to an electritfié = 7'p;. Using the self-adjoint property of
the linearized collision operatdryC( f,,x) d°p = [ xC(fm) d®p, itis readily found that

7= [s fxm) . (14)

In this equatiory plays the role of a Green'’s function for the rf-driven cutrérhe ratio of Egs. (14) and
(11) gives the efficiency
0
/ S-——x(p)d’p

- Jp . (15)

J
P /s-vd3p

An important special case is when the rf excitation is lamali Then it is only necessary to know the
position and direction of the excitation to determine tHecigincy

S. =
J_ (?px(p)7 6
P S-v
where all quantities are now evaluated at the position otttoitation. If we compare this method with
the Langevin method of Fischye see thaj is the mean-integrated current due to a group of electrons

released agp att = 0
x(p) = Q/ (o)) dt.
0

The power of these results is that the calculatiod &P does not require a solution of Eq. (9) for the rf
distributions). On the other hand, Eq. (13) must be solved for the SpitzamHunctiony. This reduces
to the solution of a one-dimensional integro-differengéigliation, which may be accurately computed.
Furthermore, in the nonrelativistic limit, it has been talbed!* This method also substantially reduces
the parameter space to be investigated numerically. Theieolof Eq. (13) depends on two parameters
only, Z and®. In contrast, the solution of Eq. (9) depends on variousrpatars specifying the nature
of the rf excitation (for instance, the direction®fthe minimum and maximum phase velocities, etc.) as
well asZ and®.

In order to determine the rf current-drive efficiency usirggE15) or (16), we must solve the Spitzer—
Harm problem, Eq. (13). The solutionconsists of only the first Legendre harmonic, so we substitut
x(p) = pxa(p) into Eq. (13) giving
Ox1 vAlp)dx1 2B()+TZ/v

N 2A B e I = 17
p~A(p) o T op e x1+1I(x1)+qu=0, (17



whereA(p) and B(p) are given by Eq. (4), the electron-ion term is given by Eq, #B)d(1) is given

by Eq. (7). The fact that the solution of Eq. (13) consistsrdf@ single Legendre component constitutes
an additional advantage to this method of determining cindeive efficiencies. The solution of the full
rf problem given in Eq. (9) consists, in general, of many Lrefye components. Often some truncation is
performed in computing these numerically.

Equation (17) may be solved by approximate analytic metteittier by expressing as a sum of
Sonine polynomiafs-25 or by formulating the equation as a variational problénT.hese methods have
the disadvantage that they generally fail to reproduce the=ct asymptotic (largp) form for x. This
failing does not affect the calculation of the electricahdactivity significantly since in that caseis
integrated with a weighting factor proportional fp,. However, it rules out such methods for the study
of rf current drive, since the efficiency may depend on thallealue ofy.

This leaves us either with asymptotic methods, which weyapbec. VI, or with numerical methods.
Numerical solutions to Eq. (17) have been given in the natikéstic case in Refs. 14 and 27. Here we
use a simpler method that avoids most of the problems witlagipiication of boundary conditions. We
cast Eqg. (17) as a one-dimensional diffusion equation tingethe left-hand side tdy; /¢ and solve
this diffusion equation until a steady state is reachede(fitial conditions may be chosen arbitrarily.)
The integration is carried out in the domdin< p < pmax and the boundary conditiong0) = 0 and
X" (pmax) = 0 are imposed. The diffusion equation describes the phyprcdllem of the evolution of
the perturbed electron distribution in the presence of aatet field and is therefore guaranteed to give
the correct solution of Eq. (13) without having to worry abspurious solutions that divergemat= 0 or
p = oo. Since this is a one-dimensional diffusion equation, it rhaysolved by treating the differential
operator fully implicitly (the time step may be taken to begk). The integral operatdi(x, ) is treated
explicitly and is recomputed after every time step. In thiedations shown here, the momentum step
size was taken to bg; /50, the time step was taken to 1800/, and the process converged (i.e., the
relative change iry; per step was less than 1 partlio'®) after about0 steps.

In the following sections we will also need the functiGiip) = x1(p)/p so thatx(p) = p;G(p). In
terms ofG, the gradient of is

%x(p) = G(p)py +pGp(P)D,

whereG,(p) = dG(p)/dp.

V. NUMERICAL RESULTS

The solution fory is given as a contour plotin Fig. 1 féof = 1 and®© = 0 and 0.01. From these and
a knowledge oSS, the direction of the rf-induced current can be determinedhe nonrelativistic case,
Fig. 1(a),x rises ever more steeply pss increased, giving the favoralé scaling for the current-drive
efficiency? On the other hand, in a hot plasma, Fig. 1(b), the slope rsachkenstant (the contour levels
are equally spaced), leading to a limit in the efficiency ef trrent drive’

Figure 1 also shows that the contours become verticapfosmall. This indicates that pushing
electrons with smalp in the perpendicular direction (as with cyclotron-dampedes) is not effective
in generating current. Pushing electrons in the paraltebdion is effective, especially for smail|, since
the denominatorin Eq. (16) can be small. In general, whendh&urs of constant energy £ constant)
cross contours of constagt the efficiency can be very large.

Turning now to the numerical results for the efficiency, wgihevith the case of a localized spectrum,
Eq. (16). Although this situation may not be realized in pia; it is important because it can help us to
determine the best current-drive schemes by showing wherelocity space to induce the flux. There
are two major classes of fast waves that have been consifteregrrent drive, namely Landau-damped



waves (e.g., lower-hybrid waves) for whi¢h= p; and cyclotron-damped waves for whigh= p, .
Taking the limitp; — 0, we have

J  G(p) +pGy(p)
J i pGp(p)
P, (18b)

for Landau-damped and cyclotron-damped waves, respbctitiee efficiencies are plotted in Fig. 2 for
Z = 1and® = 0, 0.02, 0.05, 0.1, and 0.2 (these correspond’te- 0, 10, 26, 51, and 02 keV).
The curves fol© = 0 in the two cases are given analytically from Eq. (24); theseagvith the results
of Ref. 2. This confirms the earlier analysis and shows thist éxact in the limit ofT’ < mc? and
p? > mT.

We next consider current drive by a narrow spectrum of Lardkmped waves. In this case, all par-
ticles satisfying the Landau resonance conditionk v = 0 interact with the wave, and the quasilinear
diffusion tensor is

D oc §(w — Ky )py Py
o<y 6(p — mupY)P|PY»
wherev, = w/k is the parallel wave phase velocity. Assuming that the edeadistribution is weakly
perturbed, we can také= f,, in Eq. (8) to give

S o Y| fm 6(p) — MmvpY) D)
When we substitute this expression into Eq. (15), we obtain

1 /p:o (G(p) + (W;%)Z)Gp(p)),yfm(p)p dp -

Up / v fm(p)p dp 7

Po

e[

wherepy = muv,/(1—v2/c?)'/? is the minimum resonant momentum. This efficiency is ploittefig. 3.
In the limitv, — 0, the efficiency becomes large. This demonstrates thatrourray be efficiently driven
by low phase velocity waves as was proposed by Wort.

A similar analysis can be performed for a narrow spectrumyofatron-damped waves. The situ-
ation is more complicated here because the electron cgadtequency depends relativistically on the
momentum® and because relativistic effects distort the diffusiornpétin addition, the variation of the
diffusion coefficient withp ;. depends on the harmonic number. This means that the effjoitapends on
three wave parametess/k|, Q/k) (Q is the rest-mass cyclotron frequency), and the harmonidoeam
We therefore will only treat this case in the nonrelatiaditinit.

In the nonrelativistic limit ® — 0, p/mc — 0), the efficiencies for both kinds of waves have been
calculated by Cordeyt al.'° and Tagucht! They considered a narrow spectrum of Landau-damped
waves for which the efficiency is given by the nonrelatidiinit of Eq. (19) and a narrow spectrum of
cyclotron-damped waves for which the diffusion coefficiisnt

D Ui(l_l)fs(vn —vp)PLPL,

wherel is the harmonic number ang = (w — I192)/k. Assuming thaff = f,,, in Eq. (8), the efficiency
for cyclotron-damped waves is

/Oo(p2 — ) fm(p) Gy (p) dp
= m?v, -2 , (20)

/Oo(p2 —p3) fm(p)p dp

Po

ol ~
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wherepy = muv,. (Here we consider only the fundamental cyclotron resoaane 1.) In Fig. 4, we
plot these efficiencies normalized to the thermal quasttigether with the asymptotic results, Egs. (31)
and (32a). Fornu, > py, the efficiencies scale a% as predicted by Fisch and BooZeiThe 1 /v,
scaling seen in the Landau-damping caserfay, < p; is obtained by taking the limit, — 0 in
Eq. (19) to give

J 1 [D(pi)fm(pr)G(pL)pLdpe

P v, [ D(pi)fm(pi)pLdps
Here we have included an arbitrary dependend? ofip, . In Ref. 6, three different types of low-phase-
velocity current drive were identified, namely by Landau garg, transit-time magnetic pumping, and
Alfvén waves. These methods differ in the forms fofp )

(21)

1 (Landau damping),
D(p1) =< (pL/p)* (transit-time magnetic pumping),
[2— (pL/pt)?)? (Alfvén waves).

The case plotted in Fig. 4 is the first one (Landau dampingdli&ting the integrals in these cases gives

CL
i = CM d )
o, | meeve

where the coefficient§’ are given in Table I. The coefficients faf = 1 should be compared with the
(less exact) results of Ref. 6 obtained by a numerical swiutif the two-dimensional Fokker—Planck
equation where the constants of proportionality are givee#,&.5, and 6.5, respectively. The coefficient
C}, has been determined analytically by Cordewl.'° to be

3V2r
27

The dependence ofi indicates that the current is unaffected by electron-sdeatollisions. This result
may be derived by taking the momentum moment of Eq. (13). Téwtren-electron collision term then
drops out (from momentum conservation) and the electrartéom is proportional to the numerator in
Eq. (21).

The last numerical example is one in which we relax the caodithat f = f,,, in Eq. (8). This
allows us to find the flusS that develops in the presence of high rf power. In order terdeineS, we
numerically solve the two-dimensional Fokker—Planck ¢igua

of B of
Bt —Cnum(f)+% D op’

=

Cr=

(22)

until a steady state is reached. The numerical collisiomaipeis defined as

Cnum(f) = C(fa fm) + C(fmvﬂfl) + C(.fv fl)v

wherey f; is the first Legendre harmonic ¢f The electron-ion terr@'( £, f;) is calculated using Eq. (3).
In order to justify our handling of the electron-electrorlistons, let us consider the linearized
electron-electron operat6t(f, f.,) + C(fm, f). The first term describes the relaxation of the tail par-
ticles on the bulk and the second describes the concomitating of the bulk. The linearization is
justified even with strong rf, as long g8p) ~ f..(p) for & ~ T. The linearized electron-electron
operator conserves energy, and if this were used in Eq. {t2Xe would be nothing to balance the power
input by the rf (there is no transfer of energy to the ions i limit m; — o0), and so a steady-state
solution to Eq. (22) would not be possible. In Eq. (9), thibamdled by allowing the temperature of the
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Maxwellian to increase slowly with time. In the numericatlep we adopt a different approach, namely
to modify the collision operator so that energy is lost in mmdcuous way. The term responsible for the
bulk heating is the second terf f.,,, f). Let us writef in this term as a Legendre harmonic expansion

fP)=>_ P(w) fr(p).
k=0

Of the terms in this series, only one, the= 0 term, contributes to the bulk heating. (The energy
moments of the other terms vanish.) Thus in order to loseggnee drop the ternC/(f,,, fo). Of
the remaining terms in the series, only the first, the= 1 term, is of importance—it is responsible
for ensuring conservation of momentum. Thus we retain dmly term and approximat€( f.., f) by
C(fm, pf1) to give the collision operatdry, .

The collision operato€,,,,,, has the following properties: energy is not conserved (Hilosving a
steady state to be reached); momentum is conserved; anttgpsssuch as the Spitzer-Harm conductiv-
ity, which are given solely in terms of the first Legendre hanmg, are correctly given. To justify the way
in which energy conservation is handled, we may check thatdbults are insensitive to the details of
how this is done. One such check is given below where we comtparefficiency given by the numerical
solution of Eq. (22), in which energy is lost, and that giverHgy. (15), where energy is conserved.

We assume that the rf diffusion term in Eq. (22) is caused bidpiower lower-hybrid waves whose
phase velocities lie between andv,. Thus we take

otherwise

)

D— {D(P)f)f), forvy <py/(my) <wa,

whereD(p) is chosen to be large enough to platgafHere we choos® (p) = 10 v,p? /(1 + p/pi).]

Figure 5 shows the steady-state solution of Eq. (22/4e+ 1, © = 0.01 (T' = 5keV),v; = 0.4c =
4p;/m, andvy = 0.7c = Tp;/m (the parallel refractive index satisfiési3 < n < 2.5). Using the
numerical solution foif (p) andS(p), and the definitions (11) and (12), we obtdin= 3.74 x 10~ *gnc,

P =1.28 x 10~ *mnc?v., andJ/P = 0.293 q/mcv..

This is to be compared with the result given by Eq. (14) with tiumerically determined fluS(p),
namelyJ = 3.77 x 10~*gnc andJ/P = 0.296 q/mcv.. (The figure forP remains unchanged since this
depends or8 alone.) These two sets of figures are within 1% of each othee éxcellent agreement
illustrates two points: the approximations made in the mirakcollision operator, namely, the neglect of
the heating tern®’( f,.,, fo), has little effect on the results for the current-drive éficies (discretization
effects are probably a greater source of error in thesets@sahd the analytic result Eq. (15) can be used
to obtain reliable figures for the efficiency for cases ofsyof. What is needed in the latter instance is
an estimate for the rf flu§. This may be found from a numerical solution of a two-dimenal Fokker—
Planck equation (as here) or from an approximate analyg@lation. Some saving may be possible using
this method in conjunction with a numerical code: siBa@aches a steady state sooner tfighmay not
be necessary to run the code so long in order to obtain a rebkaccurate estimate for the efficiency.

VI. ASYMPTOTIC ANALYSIS

We have seen that the efficiency of current drive may be egpcem terms of the solution of the
Spitzer—Harm problem, Eq. (17). This equation may be apprately solved in the limip > p;. We
will begin with the relativistic case and later treat the reativistic limit. We start by writing down the
normalized form of Eq. (17) in the limip > p;. We chose normalizations based upgrm, ¢, and
v.. Thus momenta are normalizedier, x; to g¢/v., J/P to q/mcv., etc. We use the same symbols
to represent the normalized and unnormalized quantitibe. cbefficientsd(p) and B(p) are given by
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Egs. (6), suitably normalized. The integral term may be wat®ld by replacing the indefinite limits in
Eq. (7) byoco, giving when normalized

I(x1) = 93/2(

whereH, and H,, are definite integrals of; (and thus independent of momentum) that must be deter-
mined numerically. In the limi® — 0, both H, and H,, are finite. In normalized form witp? > 0,
Eq. (17) reads
OVP[Px1_(v 3 2\ou
v3 | Op? Op

© vy p
1 oV2 H, H,
__2(1+z_ ;)X1+e3/2(—+—;>+v—o. (23)
vp v vp v

H,(0,7) n Hb(G,Z))

vp v

The error in this equation is exponentially small.
We now make a subsidiary expansion in sngallin the limit© — 0, several terms in Eq. (23) drop
out leaving

1ox1 147 -
_Fa—p_ = x1+v=0.
This may by solved with the boundary conditign(p = 0) = 0 to give
“z 1+z
Y1) 2 / Y oI\ s,
S dp’. 24
X <7—1) o\ +1 o (24)

This is the result derived using the Langevin equations gl For integer values of, the integral
may be expressed in terms of elementary functions. In padatiéor Z = 1 we have

v+1
X1 = (—)(Up— 2log ).
v—1

Of particular interest is the efficiency for largesince this gives a limit to the efficiency of current drive
by fast waves. If we lep > 1, the integral may be approximately evaluated to give

x1 —p—(1+ 2Z)logp.

If we now takeO to be finite, Eq. (23) cannot be easily solved. However, we stéye it in the limit
p > 1. We achieve this by writing
x1 =~ ap+ Blogp (25)
in analogy to the situation wit® = 0. Substituting this form of into Eq. (23) and balancing terms of
equal order irp gives
1+0%2H,
o = T (26a)
from theO(p°) terms and
5 _ (1+ 7 —30V2)a - 06°%2%H,
= 7

from the O(p~1) terms. When the rf excitation is localized, the currentefficiency is given by
Egs. (18) that, with¢; given by Eq. (25), read

(26D)

g

% s (27a)
1-1

L L L (27b)
p
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for current drive by Landau-damped and cyclotron-dampe¢kgjarespectively. [The factor df/v in
Egs. (18) is replaced by unity in the limit— oo.] Equation (27a) (wittp replaced byp,) also applies
for current drive by a narrow spectrum as given by Eq. (19)thinlimit of p — oo, the efficiency of
cyclotron-damped current drive vanishes, while for curdeive by Landau-damped wavggP — a.
In order to determine this limiting efficiency, either Eq6€6) may be evaluated using the numerically
found value offH,(©, Z) (see Table Il) or else the equation may be expanded as a sefie® give for
p— 00

L ~14 204 1,0,2)0% 28
P ~ D) b( ’ ) . ( )
H,(0, Z) is tabulated in Table I11.

We now turn to the solution of Eq. (17) in the nonrelatividitiait © — 0. We shall still consider only
the limitp > p;. The limits here are nonuniform. Equation (23) was obtalmethkingp > p, followed
by © — 0. Here we will take the limits in the opposite order. To do {litiss convenient to renormalize
Eq. (17) usingy, m, p;, andy; as the system of units. In this casg/,P is normalized ta;/p.v;. Making
this change of normalization and taking the lidit— 0 is equivalent to formally replacing by unity
and substituting = p, v = 1, andV;? = 1 in Eq. (23) to give

1 82)(1 1 6X1 1 1 H

— - )2 =1+ 2- = ~4p= 29

p3[8p2 (p+p> Bp} p3< " p2>X1+p2+p o (29)
whereH (Z) = H,(0, Z)+ H(0, Z) (this is tabulated in Table Ill). Fgr > 1 (in this normalization this

meang > p;), we may develop an asymptotic expressionyeras a series in powers gf Balancing
the terms in Eq. (29) fromd(p) (the leading order) t®(p—*) gives
4 2
p 9p Hp 9 -2
= O .
5+Z2 6320612 2+2  Gioerznatz @)

For localized excitation, Eq. (18) becomes

X1

T ap? 18 Hp! »
J_ 30
P 5+Z Br2G+2 2+z 00 (302)
T 32 9 op—2

P4 = i +Op™) (30D)

P 5+Z (542)B+2) 6+2)B+20)(1+2)

for Landau-damped waves and cyclotron-damped waves, atégglg. The leading order terms here
(those proportional tp?) are exactly those derived by Fisch and Boozer.

In order to compute the efficiencies for current drive by amaispectrum of waves, it is necessary to
carry out the integrations in Egs. (19) and (20). The follogwsymptotic series is useful for this purpose:

/ exp(—1y°)y" T dy = exp(—32?)[z" + na" 2+ n(n —2)2" " + -,
Forn even, the series terminates and is exact. The efficiencyufoesst drive by a narrow spectrum of
Landau-damped waves, Eq. (19) becomes

J A 6(6+2) Hu,! )
J_ ~2). 31
P 5472 6123B+2 21z 0w (31)

For a narrow spectrum of cyclotron-damped waves, Eq. (2@sgi

J 3 3(9+22) _
P 542 Graerz O (322)
J  3vu, 94+ 2) _
P 5+Z2  6+23+2) +0(5,7). (32b)
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for i = 1 andl = 2, respectively. The effect of the integrations is to changly ¢he higher-order
O(vy) corrections to the efficiencies. The leading order termsteaame as for the localized excitation
Egs. (30). Equations (31) and (32a) are plotted in Fig. 4 s€lodosely approximate the exact results for
vp > 2u4

VII. HIGH ENERGY LIMIT OF COLLISION OPERATOR

In the previous section, we derived finite temperature otiors to the efficiency limit found in
Ref. 2. However, the collision operator in the Landau forns.Hq) was derived by assuming that the
background electrons are only weakly relativistic or tBak 1. We must check, therefore, that the finite
O corrections to the Landau operator do not affect the forrfarléhe efficiency limit Eq. (28).

The linearized collision operator Eq. (10) consists of#gellision terms. Since in all practical cases
the ions are nonrelativistic, the ion tex@{ f, f;) needs no correction. The ter@( f,,,, f) contributes to
the integral tern¥ (1) in Eq. (17). However, this resulted in@(©3/2) contribution to efficiency limit
Eq. (28), so that corrections to this term will be of still hay order.

Therefore, we need only consider collisions off a Maxwelleectron background'(f, f,.). Fur-
thermore, if© is small and ifp > p;, we may takev’ < v in the full collision kernel Eqg. (2) and
approximatel by its Taylor expansion abowt = 0. By retaining terms up to second orderify we
obtain

(0) 277(0)
r oU;,’ y? 1 0%U;
C’(f,fm):—i U(g)a_f+ ik Ut +—7jkvfﬁ

20p; \ 7" Ops ovy, T 2 9v] 0vl " Opy,
where summation over repeated indices is implied and thersappt(0) is used to indicate thdd and
its derivatives are evaluatedwt= 0. Evaluating these coefficients gives

0 V285 — vk
Uj(k) — J ’03 J )
8U(0) 20
jk <Y
ov, w3’
1 82U;2) B 2vjvg 1 54 Uj(g)
2 ovl, 0vl, Y ( ) v2

(This calculation was carried out usiMACSYMA .22) If we compare these with the equivalent expres-
sions usingU from Eq. (1c), we find that only the term proportional@dis new. The high energy form
of C(f, fm) is given by Eq. (4a) wittd(p) given by Eq. (6a)F (p) = (v/T)A(p), and

In other words, in the high-energy limit the electromagnebrrection only changes the pitch-angle
scattering term. The new term has no effect on the asymgtsticfor the efficiencies Eqgs. (27) because
it is smaller byg* than another term i, which had no effect.

Connor and Hastf@ also give an expression for collisions of high-energy phesi off a fixed back-
ground. The corrections to Eq. (6) that they obtain diffenfrours. This is possibly because the back-
ground distribution that they treat is only approximatelgoellian.

VIIl. CONCLUSIONS

We have considered the problem of current drive by fast wawvaselativistic plasma. Let us briefly
review the approximations made. The major one is the regiuct the full collision operator to Landau
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form. We show in Sec. Il that this holds if the background temapure is smalll’ < mc?. The
corrections to the Landau operator in the high energy limétderived in Sec. VIl and are shown to
be small. The second important approximation is the liration of the electron-electron collision
operator. This is accurate provided the rf strongly affectly electrons on the tail of the distribution.
The subsequent analysis leading to the formula for the ntidave efficiency Eq. (15) is exact. In order
to apply this formula, it is necessary to determine the duiced fluxS from Eq. (8) and the Spitzer—Harm
functiony from Eq. (13).

We considered two methods for computBigeither to assume thgt= f,,, in Eq. (8) (corresponding
to linear damping) or to solve the two-dimensional FokkédanBk equation, Eq. (22), numerically. The
latter method may be necessary in the case of high rf powersvade spectra. Note that the efficiency
can be accurately calculated even if $ies known only approximately since Eq. (15), being an integra
operator or8, is insensitive to small errors B. Often, useful information can be extracted from Eq. (15)
even with very limited information abos. If the rf spectrum is known, we can make some estimates
(based on either numerical or approximate analytical moistto the Fokker—Planck equation) of where
in momentum space the flux is largest. We can then use Eq.die the efficiency.

The Spitzer—Harm functiog can be determined by solving Eq. (17) numerically as in SeSiknce
this equation is just a one-dimensional equation, theritlis dlifficulty in obtaining arbitrarily accurate
results in this way. This method can be regarded as exaern#tively, we found asymptotic forms fer
in Sec. VI. From this we can write down analytical expressifum the current-drive efficiency in various
cases as given in Egs. (27), (28), (30), (31), and (32).

The primary application of this work is, of course, to mainta steady-state toroidal current in a
tokamak reactor. The viability of this scheme depends upenaimount of circulating power that is
required. Thus, an accurate calculation of the curremedsfficiency, as well as an assessment of the
best possible efficiency, are of crucial importance.

When applying these results to the study of steady-statemudrive in a tokamak, it is useful to
convert the efficiency//P to I/W wherel = AJ is the total current}y = 27rRAP is the total rf
power, A is effective poloidal cross-sectional area, d i the tokamak major radius. This gives

I 1
W~ 27RP
J/P 10*m=31m 15
_ 9087/ - o= AJW

q¢/meve n R logA
3 J/P 10*m™® T 1m 15
q/pevi n 10keV R logA

=40.7 x 10~ A/W.
The last two equalities give the conversion from the noreeaiefficiencies given in the figures and in
Sec. VI to practical units. Figures 2, 3, and 4 contain sdal#fsese units.

The present work calculates the efficiency that can be eggddrim an arbitrary wave-induced flux.
Itis possible, therefore, to come to some very general asimhs about the best possible efficiency that
can be obtained by driving currents with different wavesanticular, there is a limit, given by Eq. (28),
to the efficiency of current drive with fast waves, such asdoetwybrid waves, that interact through a
Landau resonance with relativistic electrons. These wavesperhaps, the most likely candidate for
current drive in a reactor.

The present calculations also apply to other types of cudewve, for example, relativistic electron
beams? Here, the efficiencies will be similar to those of Landau-gamhwaves. Care must be taken,
however, in interpreting experiments on relativistic élec beams because the assumption of a steady
state is generally inapplicable.

The equations developed here apply to other forms of rf ctidgve. Some of these may be very
efficient, more so than lower-hybrid wave-induced fluxes.r &wample, if low-phase-velocity waves
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interact through a cyclotron resonance with fast electribresrf flux may be nearly parallel to the constant
energy contours, at the same time that the collisionalithefesonant electrons is small. This gives very
high efficiency, but, in practice, these waves are much miffieudt to generate than are lower-hybrid
waves.

Settling the question of the highest attainable curreivedsfficiency with fast waves should enable,
we hope, tokamak reactor designers to assess the pragtafalsing waves to drive steady-state currents.
There may, of course, be other effects that present diffesylsuch as the accessibility of the waves or
nonlinear effects. On the other hand, there may be effaat$, as the bootstrap current, which could be
helpful.

Finally, we hope that the form that we derived here for thatiebtic collision operator, which
enabled us to solve for the relativistic Spitzer—Harm fiorg will be of use in other numerical problems
dealing with collisions in hot plasmas.

ACKNOWLEDGMENTS

This work was supported by the United States Department efggnunder Contract DE—AC02—76—
CHO-3073.

References

IN. J. Fisch, Phys. Rev. Le#t1, 873 (1978).

2N. J. Fisch, Phys. ReR4A, 3245 (1981).

3T. M. Antonsen and K. R. Chu, Phys. Flui@l§, 1295 (1982).

4D. J. H. Wort, Plasma Phy43, 258 (1971)

5C. F. F. Karney and N. J. Fisch, Phys. FluRis 1817 (1979).

SN. J. Fisch and C. F. F. Karney, Phys. Flugls 27 (1981).

"R. W. Harvey, K. D. Marx, and M. G. McCoy, Nucl. Fusi@i, 153 (1981).
8C. F. F. Karney and N. J. Fisch, Nucl. Fusi®h 1549 (1981).

9N. J. Fisch and A. H. Boozer, Phys. Rev. Ld#F, 720 (1980).

103, G. Cordey, T. Edlington, and D. F. H. Start, Plasma PP#$s73 (1982).
1IM. Taguchi, J. Phys. Soc. Jpb2, 2035 (1983).

125, P. Hirshman, Phys. Flui®S8, 1238 (1980).

13M. Taguchi, J. Phys. Soc. JpBil, 1975 (1982).

141, Spitzer and R. Harm, Phys. Re8, 977 (1953).

15K, Hizanidis and A. Bers, Phys. FIui®&¥, 2669 (1984).

165, T. Beliaev and G. |. Budker, Sov. Phys. Dokldgy218 (1956).

171, D. Landau, Phys. Z. Sowjet0, 154 (1936).

18M. N. Rosenbluth, W. M. MacDonald, and D. L. Judd, Phys. R&7, 1 (1957).

195, R. de Groot, W. A. van Leeuwen, and Ch. G. van Weeelativistic Kinetic TheoryNorth-Holland,
Amsterdam, 1980).

20D. Mosher, Phys. Fluid$8, 846 (1975).
21J. W. Connor and R. J. Hastie, Nucl. Fusith) 415 (1975).

22The Mathlab GroupMACSYMA Reference Manual, Version 10, Laboratory for Computer Science,
Massachusetts Institute of Technology (1983).

23M. G. McCoy, A. A. Mirin, and J. Kileen, Computer Phys. Com24, 37 (1981).

17



243, Chapman and T. G. Cowlinghe Mathematical Theory of Non-uniform Gas8sd edition (Cam-
bridge University Press, Cambridge, 1970).

25C. F. Kennel and F. Engelmann, Phys. FILl&l&377 (1966).

26, 1. Braginskii, inReviews and Plasma Physis®l. 1 (Consultants Bureau, New York, 1965), p. 205.
27]. G. Cordey, E. M. Jones, D. F. H. Start, A. R. Curtis, andJoRes, Nucl. Fusioh9, 249 (1979).

28R. A. Cairns, J. Owen, and C. N. Lashmore-Davies, Phys. ER6(3475 (1983).

29V, L. Bailey, J. M. Creedon, B. M. Ecker, and H. |. Helava, JpAfPhys .54, 1656 (1983).

Tables

TABLE I. The coefficients for the efficiency for the three typef current drive by low frequency waves.

CL Cu Ca
3.76 8.49 8.09
1.88 5.17 5.07
0.75 2.55 2.60
0.38 1.42 1.48

SU\[\D}—!N

TABLE II. Table of efficiencies// P for Landau-damped waves in the limif — c. The efficiencies are
normalized togy/mcv..

© Z =1 Z =2 Z =5 Z =10

0.01 1.04 1.03 1.03 1.03
0.02 1.09 1.07 1.06 1.06
0.05 1.25 1.20 1.17 1.15
0.1 1.55 1.44 1.34 1.30
0.2 2.19 1.91 1.70 1.61

TABLE Ill. The coefficientsH, (0, Z) andH (Z).

A H, H

1 13.69 21.12
2 9.13 13.51
5 4.94 7.01

10 2.88 4.01
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FIG. 1. Contour plots ok(p) for Z = 1 and (a)© = 0 and (b)© = 0.01. The contour levels are evenly
spaced with increments 60 gp; /mv;. The higher levels are on the right (i.8x(p)/dp > 0).
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FIG. 2. Efficiencies for localized excitation for (a) Landdamped waves (parallel diffusion) Eq. (18a)
and (b) cyclotron-damped waves (perpendicular diffusigq) (18b). The different curves show the
efficiencies for various values of the temperat@ras indicated. In all cas€s = 1. The top scale gives
the kinetic energy of the electrons. The right scale givesfficiency for a plasma with = 102° m~3,
log A =15, andR = 1 m.
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FIG. 3. Efficiencies for narrow Landau spectrum Eq. (19) asraction of the phase velocity,. The
curves correspond to the various value®ofin all casesZ = 1. The top scale gives the parallel index
of refractionn = c/v,. The right scale gives the efficiency for the same conditas®s Fig. 2.
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FIG. 4. Efficiencies for narrow spectra of Landau-dampedaayes and cyclotron-damped (C) waves
(I = 1) for the nonrelativistic cas® — 0 andZ = 1. Also shown as dashed lines are the asymptotic
results Egs. (31) and (32a). The right scale gives the effigiéor a plasma witm = 10*°m =3, T' =
10keV,log A = 15, andR = 1 m.
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FIG. 5. Contour plot of the steady-state distributjoabtained by numerically integrating Eq. (22). Here
Z =1,0 =0.01,v; = 0.4¢, v2 = 0.7c. The resonant region is indicated. The contour levels ansem
so that for a Maxwellian they would be equally spaced wih = m.c/30.
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