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Abstract

A theory for the generation of current in a toroidal plasma&gio-frequency waves is presented.
The effect of an opposing electric field is included, allogvithe case of time varying currents to be
studied. The key quantities that characterize this regmaéantified and numerically calculated. Circuit
equations suitable for use in ray-tracing and transporésa@de given.
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[. INTRODUCTION

In recent years there has been considerable interest imajggesteady-state currents in a plasma
with rf waves. In particular, it was predictethat these currents could be efficiently generated by waves
whose phase velocities are several times the electron #tspred. This prediction has been confirmed
by numerous experiments in which the current was driven taetehybrid waves. These results allow
us to contemplate a steady-state tokamak reactor in whectotioidal current is driven by lower-hybrid
waves. This is an attractive proposition not only becausthefadvantages inherent in steady-state
operation (less thermal stress, higher duty cycle, etaf)also because it opens up the possibility that
the ohmic winding of the tokamak can be eliminated entirlglgding to a cheaper and more compact
reactor. This latter possibility can be realized if rf waage successful not only in sustaining the plasma
current “steady-state current drive,” but also in incregs$he plasma current “rf current ramp-up.” In fact,
experiments have demonstrated that this too is possibtem Brtheoretical point of view, the important
additional ingredient in these experiments is the dc atefiid which opposes the increase of the plasma
current. The electric field is also present in schemes wimereftis used to recharge the transformer at
constant current.

Recently, we presented a theory for rf current drive in trespnce of an electric fiefd This theory
predicted that rf energy could be efficiently converted tjutal field energy if the wave phase velocity
were approximately equal to the electron runaway velodityis theory has been compatedith data
from thePLT experiment, and excellent agreementis found. In Ref. 2, the linearizglitzBrann equation
was approximately solved by integrating the correspondiaggevin equations using a Monte-Carlo
method. In this paper, we use a more elegant theory to cédcthiia efficiency of the current ramp-up
based on an adjoint formulation for the Boltzmann equatioalthough the limits of validity of this
theory are the same as for Ref. 2, this theory is more amet@mbbxurate evaluation on a computer, and
it is more easily extended to include effects which are aditiere.

Let us begin by reiterating the physical picture given in.Ref Consider an electron travelling in
the positive direction at several times the thermal speetvarich has just absorbed an incremental
amount of rf energy. Suppose there is an electric field teninlecelerate this electron. The question is:
Where does this incremental energy end up? If the electrdoiscompared to the runaway velocity, the
electron slows down primarily due to collisions and so thermérgy goes to bulk heating. On the other
hand, if the electron is fast, the electron is slowed downhayeiectric field. In this case, the rf energy
is coupled to the plasma circuit and appears as poloidaldiednlgy. Unfortunately, fast electrons have a
high probability of pitch-angle scattering into the revedérection and running away. A runaway electron
drains energy out of the electric field, leading to a degiiadadf the ramp-up efficiency. However, there
is a window around the runaway velocity where the electroeskwed down principally by the electric
field and yet where the probability of running away is very Bnihis is the favorable regime in which
rf energy can be efficiently converted to poloidal field eyerg

From the foregoing discussion, we see that two ingredier@shaeded for an accurate theoretical
treatment of this problem. First, the electric field must fgated as large. In the efficient regime, the
force on the electron due to the electric field must be conipar® that due to collisions. Second, a
two-dimensional treatment is required. Analyses based omeadimensional Fokker—Planck equation
do not predict the important physical phenomenon of rf-geteel reverse runaways.

We briefly review the history of theoretical studies of cutrérive in the presence of an electric field.
The earliest theoretical studifesf lower-hybrid current drive assumed that there was notiétefield
in the plasma. This is the appropriate limit for a steadyestaactor. However, some of the early ex-
periments conducted to verify the predictions of the theweeye conducted in regimes where the ohmic
electric field was still present. This prompted a series @igpd 1° dealing with rf current drive in the
presence of an assisting electric field (i.e., the electeid fand the rf both accelerate the electrons in
the same direction). The principal focus of these papersti@galculation of an enhanced runaway



rate when the phase velocity of the waves is in the neightmatlof the runaway velocity. An opposing
electric field was treated by Borrass and Nocehtimiithin the framework of a one-dimensional Fokker—
Planck analysis. A similar model has been employed morentiydey Liu et al.'? As noted above, such
an analysis cannotinclude rf-generated reverse runawdss due to the crudity of the one-dimensional
equation, the results are only accurate to within a factardér unity even when no runaways are gen-
erated. A two-dimensional treatment of the problem in thalbeiectric field limit has been given by
Start? for the case of current drive by electron-cyclotron wavelsis vork neglected electron-electron
collisions. This defect was removed and the results gemethto arbitrary current-drive methods by
Fisch* employing an adjoint formulation. This work yields accerag¢sults when the electric field is
small. However, the results are inapplicable in the regifreffacient ramp-up where the phase velocity
is comparable to the runaway velocity. Our earlier papeais the first to combine a two-dimensional
treatment with a large electric field. This paper allowed ecuaate calculation of the ramp-up efficiency
in cases of practical interest, and identified the regimehicivhigh efficiencies can be expected. The
present work is a continuation and expansion of that egpligrer. Besides using the more sophisti-
cated methotifor solving the Boltzmann equation, we endeavor to give &saits in a form that allows
both easy comparison with experiments and easy implenientaithin the framework of ray-tracing or
transport codes.

The paper is organized as follows: We begin with the lineaiBoltzmann equation for the perturbed
electron distribution in the presence of an electric field an rf source (Sec. II). Some approximations
and normalizations are made to reduce this equation to a manageable form. The use of the adjoint
method for solving the resulting equation is described (Sec. Ngxt (Sec. 1V) the adjoint equation is
solved numerically to give the runaway probability and threéh’s function for the current. The latter
quantity is reduced to a simple form which involves just twadtions of velocity. An expression for
the total current density is given (Sec. V) and this is put emform which is easy to calculate. How the
rf-driven current interacts with the electric field to pragupoloidal field energy is considered (Sec. VI),
and the results are applied to experiments.

[I. BOLTZMANN EQUATION

Consider a uniform electron-ion plasma, initially at eduilim. Fort > 0, it is subject to an electric
field E(t) and a wave-induced flug(v,t). We will take the ions to be infinitely massive, so that they
form a stationary background off which the electrons cellitf the electric field and the wave-induced
flux are weak enough, the electron distribution remainsectosa Maxwellian fol€ < 7" where€ is the
energy of an electrogmu?. Substitutingf = f,, + f1 into the Boltzmann equation for the electron
distribution f and linearizing then gives

where
= n(5m)" expl-/7),
and

C(f) =C(f, fm) + Cfm: f) + C(f. £i)

is the linearized collision operator. Hegem, n, andT are the electron charge, mass, number density,
and temperature. Note thatarries the sign of the electron charge (iges —e¢).

This equation is to be solved with initial conditigin(v, ¢t = 0) = 0. We demand that the subsequent
evolution of f; be such that it be orthogonal toand&, i.e., that it have zero density and energy. The



zero-density condition is satisfied with= 0 since all the terms in Eq. (1) are particle conserving. The
zero-energy condition gives an equation for the time evwhunf 7'

3 dr
—n—z/mS-vd3v+E-/qvf1d3V.

2 dt
The two terms on the right-hand side represent the heatiadaithe waves and due - J.

We now make three simplifying assumptions: we assume fhat azimuthally symmetric about
the ambient magnetic field; we take the electric field to bestat and in the direction parallel to the
magnetic field& = E¥; and we restrict our attention to those cases wBdseonly finite wherev > v,
wherev? = T /m is the thermal velocity. We may then solve Eq. (1) using tlghielocity form forC:
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C(f)_r 1)281) + 2,03 8,LL(1 M)aﬂf’
wherey = v /v, T = ng* In A /4mem?, ¢ is the dielectric constant of free spabe is the Coulomb
logarithm, and? is the effective ion charge state. We have included pitajieascattering and frictional
slowing down, but ignored energy diffusion. In the problehsi@ady-state current drivé,the energy
diffusion term introduces corrections of ordes /v)2. Another term neglected in this approximate col-
lision operator is the effect of the Maxwellian collidingf ¢fie perturbed distribution( .., f). The
corrections due to this terth are of order(v;/v)®. With these approximations, the collision operator
does not depend on the electron temperafireFormally, we may derive the form faf' by taking
T — 0. In this limit, we havef,, — nd(v).

It is convenient to introduce some normalizations. The waavelocityv,. is that velocity at which
collisional frictional force equals the acceleration do¢te electric field

vy = —sign(qE)y/mI'/ |qgE)|.

Notice that the sign of,. is opposite to the direction in which electrons run away. Dheicer velocity®
is given by—+v/2 + Z v,.. Similarly, we define a runaway collision frequency

ve =T/ o ]*.
The normalized time and velocity are given by
T =1yt

and
u=v/v,.

The components of have to be normalized with care:, = vy /|v.|, u| = v /vy, andu = v/ |v|.
This implies thatu /u = sign(v,)v) /v so that the conversion of the pitch-angle varigbl® v space
to that inu space involves multiplication byign(v,.). Other quantities are normalized in a similar
way; however, we shall use the same symbols as for the untigetiguantities. Thus, the distribution
functions f; and f,,, are normalized ta/ |UT|3, the rf-induced fluxS to nv,v,/ |vT|3, etc. Under this
normalization, Eq. (1) then becomes

0 0
Efl‘i‘D(fl):_a_u'sa (2)
with f1(u, 7 = 0) = 0 and with the operatab defined by
0 1o 1+290 9 O
D=5y " w@ou 2@ 2. T



Equation (2) is singular at the origin. However, becayisen Eq. (2) describes a physical particle
distribution, it obeys a particle conservation law near ohigin. We therefore require that, close to
u =20, fi(u) = N(7)d(u) with N(0) = 0 and
1
I tm 2 fip) dp

Equation (2) depends only on a single parameterThe dependence on the electric figldcan be
normalized away, since the electric field defines the onlynahtelocity scale in the problem,.

Equation (2) is amenable to various methods of solution,iisdnstructive to review these before
describing the method used here. The most straightforwgdoach is to integrate Eq. (2) directly on
a computer. This method allows to be determined directly in terms of the electron distioutf .
However, a thorough understanding of the problem requhieas hany different forms o8 be used.
Therefore, this procedure is costly because the severahpders used to speciffy must be scanned.
This is essentially the method adopted in the early numlesicalies of steady-state current drive by
lower-hybrid waves”

The situation is improved to some extent by noting that Ejjig2 linear equation fof;. It may be
solved in terms of a Green'’s functigrgiven by the equation

0
<— +D>g(u,T;U') =0 ©)
or
with g(u, 7 = 0;u’) = §(u — ). The electron distribution is then given by the convolution

(u,7) /dr/d3u'Sur aa/g( u').

This approach reduces the problem to the determination migdesfunctiong of two vector arguments
(u andu’) and a one scalar argumem) (However this is still a daunting computational task.

A closely related technique is to formulate the problem ast@kLangevin equations,

du 1
w2 M
2 (4)
du A(7) 1—pn
A7) —
dr w

where the pitch-angle scattering is represented by théastic termA (7). Assuming that.(7) = « and
w(T) = p are given (i.e., non-stochastic), thifr) satisfies

Ay = -2, o
(AMAG) = 152 (1= 2)i(r 1)

where the angle brackets denote averaging over the enseefiled by all the realizations of. Con-
sider following a particular electron using Egs. (4). Sugmpthat the electron is observed to travel with
velocityu’ atT = 0. Theng(u, 7;u’) d®u is the probability that the velocity of the electron at timées

in the volume elemenf?u located atu. In Appendix A, it is shown that this conditional probabyili
satisfies Eq. (3). Thus the solution to Eq. (3) can be foundddgrdhining the distribution of a large num-
ber of electrons obeying Egs. (4) with initial conditionglwvii(7 = 0) = u’. Consequently, moments of
g can be determined by ensemble averages of the Langevimlemid-or example, the current given by
Eq. (3) may be found by

[ gt i) = (u(our)



Equations (4) may be integrated numerically by noting that

T+AT
/ A(T") dr’

should be picked from an ensemble with meafl + Z)uA7/u® and variancél + Z)(1 — u?) At /u?
wherew andp are the values of those variables at timeAs long asAr is sufficiently small, further
details about the distribution of are unimportant.

Now Egs. (4) are the equations solved in our earlier pais shows the exact equivalence between
the approach adopted there and that employed in the presekt vBecause the Langevin equations
describe the electron behavior in a slightly more physicahner, they often help in the interpretation
of the solutions to the Boltzmann equation. This is esplciale when some electrons run away. The
Langevin equations are also very easy to solve humericglly Monte-Carlo method (as was done in
Ref. 2), although their solution tends to be much more cdbéty just solving Eqg. (3) directly.

Equations (4) however may be easily solved analyticallyhim limit « — 0 (this is equivalent to
taking the limitEZ — 0). Taking an ensemble average of the equations, we obtain

du 1
dr ~—  u?’
d{p) 1+Z
ar 03 ()

Note thatu is not a stochastic variable in this limit. Consequentlg thierarchy of moment equations
may be closed at this point. These are the slowing-down @amsasolved by Fisch and BooZétto give
the current moment of electron distributién) = « (u). This shows that the approach used in that
paper is equivalent to solving the Boltzmann equation.

[11. ADJOINT METHOD

The methods for solving the Boltzmann equation describeHerprevious section all entail a large
amount of computation. (An exception is the linkit — 0, when the ensemble-averaged Langevin
equations can be solved analyticalfy. The problem with these methods is that they are all capable
of giving the electron distribution functiofy. Since, in many cases, we are only interested in specific
moments off;, we may hope to reduce the computational requirementsasuiigty by using a method
that gives only those specific moments. Suppose we wish éordete a particular moment ¢f, namely

H(r)= /dguho(u)fl(u,T).

(For instance, the current density would be giveniagyu) = w.) Let us define the corresponding
moment of the Green’s function

' 7) = [ dPuho(wg(u, i) ©)
The momentd is then given in terms af by
H(r)= / dr’/d?’u S(u, ) - 3h(u,T - 7). (7
0 ou

What is needed is some method of calculatingrhich doesn’t involve having to fing. This is
provided by the adjoint formulation of FiséhHe shows thak(u, 7) satisfies
0



with h(u, 7 = 0) = ho(u) and with the operatab* defined by

0 10 1+290 o 0
D= — 4 - -2 (1—p?)=—.
du + u? du 2u3 3u( a )3u
The singularity at the origin is handled by the boundary @@ (u = 0, 7) = 0. The operator® and
D* are adjoint operators, so that

[ 45) = 5070 =0

for all f(u) andh(u) satisifying f(u — co) = 0 andh(u = 0) = 0.

Similar techniques were introduced earlier by Antonsen@ma® and by Taguchi for the study of
steady-state current drive. The significant improvemeifitsded by Ref. 5 are the ability to determine
arbitrary moments of; and the inclusion of the time-dependencefof Both of these are important in
the problem of current ramp-up.

From the relation between the two Green’s functibasdg, we see thak has a simple interpretation.
Equations (3) and (4) describe the evolution of a group aftedes released at = 0 at velocityu’. Let
us suppose that we are interested in the current densityas@dtu) = u|. Thenh(u’,7) gives the
mean current carried by those electrons a tintater. How Eq. (8) works is easily seen by takimg> 1
so that the electron only experiences the electric field.hinBoltzmann equation, the electrons have
slowed down tar’ — 71 at timer. Correspondingly in the adjoint equation, the initial ciiwth /., is
transported in the reverse direction so that’, 7) = ho(u’ — 71). Thus at timer, we are provided
with information about the electrons in their current locat

Solving the Boltzmann equation by means of the adjoint fdatin results in a great simplification
of the problem. The adjoint equation (8) is an equation ofatgomplexity to the original Boltzmann
equation (2). However, by solving Eq. (8) for a particulatiat condition, we can find the corresponding
moment off; using Eq. (7) forany driving termS.

The proof thath is given by Eg. (8) is most easily carried out by assuming Beat(8) holds and
then by proving that is related to the general Green'’s functigby Eq. (6). Consider the equation for
g(u,7';u’),

0 Iy
(%—I—D)g(u,T,u)—O.

We multiply this equation by.(u, 7 — '), integrate over all velocity space, and use the adjointiogla
betweenD and D* to give

/dgu h(u, 7 — T’)%g(u, 7su’) + g(u, 7’;u')D* (h(u, T— 7")) =0.

Substituting from Eq. (8) and integratingiffrom 0 to 7, gives

-
/d3uh(u,T—T’)g(u,T’;u’) =0.
T'=0
If we evaluate this expression using the initial conditiforsy andh, we obtain Eq. (6).

Up until now, we have assumed that all the equations are dafven infinite velocity domain.
This is not a convenient formulation for numerical implertagion where, necessarily, we wish to solve
equations in a finite domain. Here we shall only solve Eq.r{&) spherical domailr such that: < up.

We will chooseu,, to be sufficiently large that the interesting physics whaeedlectric field competes
with the collisions happens insidé. Outsidel” collisions may be ignored and the electrons are merely
freely accelerated by the electric field. We must impose Hamnconditions ort, the boundary of/.



Again we follow the treatment given in Ref. 5. We begin by ngtthat both Eq. (2) and Eg. (8) are
hyperbolic in theu direction. The boundary therefore divides into two piecepahding on whether
the characteristics enter or leave the domain. We délipdresp.X.,,) as that portion of: on which
—p — 1/v? < 0 (resp. > 0). The characteristics of Eq. (2) entéron X;, and leave ort,,, while
those of Eq. (8) enteV on X, and leave ort;,,. Boundary conditions must be specified where the
characteristics enter the domdin For u; sufficiently large, the solution beyor¥i may be determined
by ignoring collisions. Thus

fl(u,T) = fl(u—FTﬁH,O) =0

foruony;, and
h(u,T) = h(u—TﬁH,O) = ho(u—TﬁH)

for u on X,,;. (If energy scattering had been included in the collisioeragor, the equations would
revert to parabolic, and boundary conditions would haveetggecified over the whole af. However,
there would be a boundary layer where the characteristiteaipproximate equations are outgoing, and
the boundary conditions here would only weakly affect tHetsan in the interior ofl/.)

Although Eq. (8) was derived under the simplifying assunmutithat the electric field was constant
and the high-velocity form of collision operator is valitietadjoint method as described in Ref. 5 applies
equally well without such restrictive assumptions. Thhs,équation adjoint to Eq. (1) re&ds

0 qE(t - t/) 0 * Jop)

(%_T'E_C h(v,t';t) = ¢1 + ¢2€, 9)
whereC™* is the operator adjoint t&'. Since the full linearized collision operator is self-adjpwe have
C*(h) = C(fmh)/fm. Equation (9) is to be solved with the initial conditiafiv, ¢ = 0;t) = ho(v).
We restrictf,,, h to being orthogonal té and€ andq; andg, are chosen to ensure that this condition on
fmh remains satisified given that it is satisfied initially. linclhen be showhthat

K 0
/dgv fi(v,t)ho(v) = /0 dt’ /d?’v Si(v,t') - ah(v,t— t'st), (10)

whereS, (v, t) = S(v,t) + (¢E(t)/m) fm. This equation will enable us to incorporate the effects of a
slowly varying electric field into our analysis. It also makexplicit the additive nature of those effects
due to the electric field alone (i.e., wi8). = (¢E/m) f,,,) and those effects due to the rf combined with
the electric field (i.e., witts, = S). Of course, the effects due to the electric field alone alésuelied
and give rise to phenomena such as the Spitzer—Harm cavitigiét and runaways®

V. SOLUTIONSTO THE ADJOINT EQUATION

Moments of the electron distributighh can now be calculated by solving Eq. (8) with the correspond-
ing initial and boundary conditions. In practice, this pedare still offers us too much information. Both
for a deeper understanding of the underlying physics anédsy implementation in numerical codes,
the trick is to discover the few important functions by whtble major effects can be described. In this
section, we determine those functions needed for an aectiegttment of rf current ramp-up.

Let us suppose that rf flux is present only for some finite tinkdectrons obeying Eq. (2) then
eventually suffer one of two fates. Either they run away uritle influence of the electric field, —
—o0, or else they collapse into the electron bulk— 0. We classify these two groups of electrons as
“runaway” (subscript) and “stopped” (subscript) respectively. In a real plasma, i.&.,# 0, even the
bulk particles will eventually run away. However the timdt takes for these bulk electrons to run away
is exponentially large, i.elpgt, ~ (v,./v;)%. Our analysis is valid for times short compared with the
bulk runaway time.



Runaways are very important in the calculation of the rarppefiiciency because runaways gain
energy at the expense of the poloidal magnetic field. Unlesg are lost, even a small number of
runaways can greatly reduce the ramp-up efficiency. Runswey be defined as those particles with
u > ug for 7 — oo whereuy is some arbitrary positive speed. (The number of runawaiyslependent
of ug.) Therefore their number is given by Eq. (7) with— oo andhg(u) = 1 for u > wuo and0
otherwise. The Green’s function for the runaway numbervemgiby R(u) = h(u,7 — oo) whereR
obeys

D*(R(u)) =0, (11)

with boundary conditior?(u) = 1 on . This function is the “runaway probability,” the probabjli
that an electron initially ah runs away under the combined influence of the electric fiettcariisions.

Equation (11) was solved numerically with the boundary,at 10. AtermoR /0 was included on
the left-hand side, and the resulting equation was integnatil~ = 100. A sphericalu, § = arccos i)
grid was used with a mesh size @0 x 100. The equation was integrated with ab| (alternating
direction implicit) scheme with a time stefpr = 0.01. The same method was used to solve the other
equations given below.

In Fig. 1, we plotR(u) for Z = 1. Foru < 1, R is identically zero because the magnitude of the
electrical force is less than that of the frictional forcenedof the most important applications of these
results is to drive current by lower-hybrid waves. In thisef is in the parallel direction and is localized
nearu; = 0. Therefore, we need only knoWR(u,u, = 0) which is plotted in Fig. 2 forZ = 1, 2, 5,
and 10. From this plot, we see that we can effectively avoédctteation of runaways by operating with
waves whose phase velocities lie in the radge v < 1.5.

The next important quantity to determine is the current erarried by f;. This is given (in units
of gnv,) by EQq. (7) withhg(u) = u;. The Green’s function for the currepitu, 7) is therefore given
by 9j/07 + D*(j) = 0 with initial condition j(r = 0) = w; and boundary conditiofi = u — 7 on
Yout- This is the mean current (in units @f,.) carried by an electron initially at velocity. In Fig. 3(a),
we plotj(u, 7) as a function of- for u = 54 andZ = 1. Because the presence of runaways leads to
a secular behavioyj(~ 7) for large times, it is helpful to distinguish the currentrad by stopped and
runaway electrons. We write

j(u,7) = (1= R(w))js(u,7) + R(w)jr(u, 7).

The quantityj, (resp.j,) is the mean current carried by an electron given that it ealy stops
(resp. runs away). An electron at velocityruns away with probability?(u). Thus it contributes

(1 — R(u))u to the stopped current aé(u)u to the runaway current. These quantities are therefore
the initial conditions to the adjoint equations fdr— R)js andRj, respectively, so that

o) . ) Ny
<E+D )(1—R>]s— (E‘FD >RJT—0,

with js(7 =0) = j,.(1 =0) = u| andj, = j, = ) — T 0N Yout-

The stopped and runaway currefygnd;,. are plotted in Figs. 3(b) and (c) for same case as Fig. 3(a).
Evidently, j; vanishes forr — oo (since the electrons cease to carry any current once thestapped).
The time it takes for the electrons to be stopped is of therasfle. Assuming that this time is short
compared to the time scale for the variation of the rf fRixwe may replacg;(u, ) by W,(u)d(1)
whereW;(u) = fooo Js(u,7)dr. The equation fo#¥; is obtained by integrating Eq. (8) over time to
give

D*[(1 = R(u))Ws(u)] = (1 — R(u))y, (12)

with (1 — R)W, = 0 on X,,. W, can be interpreted as the energy (in unitsaf?) imparted to the
electric field by an electron as it slows down. In Fig. 4(a), plet W;(u) for Z = 1. In the limit



uj — oo, collisions are extremely weak, and all of the kinetic eyesfithe stopped particles goes into
the electric field, i.e.,

WS(uH —oo,uy =0)— %uﬁ
In the limit w < 1, the electric field weakly perturbs the electron motion. THé&; is given by the
theory of steady-state current drit®?° and corrections linear in the electric field are given by the h

conductivity!4 In our notation, these results may be summarized by

put - @2+z+ 3u?)ub
5+72 3B+2)5+2)

Welu < 1,p) = (13)
This function is plotted in Fig. 4(b). (An approximation &, correct to orden:'° is given in Ap-
pendix B.) This linearized theory, however, is inapplieatar . ~ 1, and the behavior of this function is
completely wrong fow 2> 1.

Let us now turn to the contributions of the runaways to theentr The leading order contribution to
jr is —7. Let us therefore write

Jr(u,7) = =7 + jro(u) + ji.(u, 7), (14)

wherej; (T — o) ~ 1/7 andj,o may be interpreted as the effective starting velocity ferrinaways;
see Fig. 3(c). The functiof) is given by

D*(R(u)jro(w)) = R(u),

with boundary conditior,o = u| onX,y¢. This function is shown in Fig. 5. Far > 1, the runaway
electrons are only weakly perturbed by collisions so fhatu) ~ v. Close tou = 1, collisions hold
back the runaway electrons ajd(u) becomes large. However, it is not very important to krypyand
jI. very accurately since they are usually dominated by thetérsh in Eq. (14). We will approximate
Jjro(u) by uy and will ignorej;.(u, 7) to give j, (u, 7) = uj — 7.

Finally, we can write the Green’s function for the currenaimexpedient form as

ju,7) = (1= R(u))Wy(u)d(r) + R(u)(uy — 7). (15)

In this form, it depends only on two scalar functionapfnamelyR andW,. Approximate fits to these
functions are given in Appendix B. An easy but important gatization is possible here and that is
to allow a loss mechanism for runaways. This is done by matlifguitably the term;; — 7. For
example, if the loss of runaways can be characterized bysdtilog 1.5, this term should be multiplied
by exp(—7/Tioss)-

Using this formulation, many other moments f may be found. For example, we may wish to
know the mean perpendicular energy of the runaway parttles(in units of mv?2) as they leave the
integration regiori/. (The loss rate for runaways may depend on this quantityi§ iStgiven by

D*(R()&Lr(u)) =0,

with £, = %ui on X,,¢. (This result depends logarithmically on the valueupf) We have plotted
this in Fig. 6. For electrons with; > 1 andu, = 0, £, is about 3. This reflects the necessity for the
electrons to suffer appreciable pitch-angle scatteritigay are to run away.

V. CIRCUIT EQUATIONS

When rf energy is injected into a tokamak, it induces a fuaf electrons in velocity space. The
power deposited per unit volume is then given by

pee(t) = /d?’v mS(v,t) - v. (16)
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Here,p.¢, S, and the other intensive physical quantities introducetimsection also depend on position
r. For brevity, this dependence is not shown in the argumentiseése quantities. This equation may
be used in two ways. In detailed studies of rf current ramphgsed for instance on a ray-tracing
model, we can estimat8(v,¢) on each flux surface by solving a one- or two-dimensional Eekk
Planck equation. Equation (16) then gives us the power démasp, ;. Alternatively, we can take the
experimental measurements together with an energy bat#rtbe rf energy to give us an estimate of
pee- This, together with an approximate knowledge of where ilocigy space the rf flux is localized,
allows us to determin&. In addition to causing power absorption, the fixeads to numerous other
effects, such as rf-driven currents, rf-enhanced partielesport, etc. Here our primary concern is with
the rf-driven current. From Eq. (10), we see that this endeiditively to the ohmic current so that the
total current density is given by the constitutive relation

J(t) = () E(t) + T (2), (17)

whereo (t) is the Spitzer—-Harm conductivity for a Maxwellian plasma characterized by the background
electron temperaturg(t), andJ; is the rf-driven current density. Here we have assumed/thpts> v;
so that in the absence of any rf we can ignore runaways. locatipn of this effect merely requires the
addition of the current carried by the Dreicer runaway ettt in Eq. (17).

The rf-driven current density is given by Eg. (10) with theeplaced by the current Green’s function
jand withS, = S. Let us begin by writing in unnormalized units. The form fgrgiven in Eq. (15)
will be sufficiently accurate for our purposes. Multiplyiby qv,. gives

3.0) = 225 (1~ RE) W @o0) + afw) (v + 2,

Vp m
whereu = v/v,.. Herej is now a dimensional quantity, buit; and R remain dimensionless functions of
a dimensionless argument. In deriving this form fave assumed thdf andn were constant. We now
relax this constraint, allowing them both to vary on a timaledong compared to the runaway collision
timev, . (Recall thasS is also allowed to vary on the same time scale.) We can thee yvais

r t/ t
jiv,t —t't) = 4o, (t) (1= R(u))Wi(u)o(t —t') + qR(0') v + 4 / E(s)ds |, (18)
v (t') m Ju
whereu’ = v/v,.(t'). The additional parametric argumeittere has the same meaning as in Eq. (9). In
this formj(v,¢ — t; t) is the mean current carried by an electron at tingéven that it was traveling at

velocity v at timet’. From Eq. (10), the rf generated current density may now littenras

t
Jrf(t):/dt’/d3VS(v,t')-%j(v,t—t';t). (19)
0

In order to writeJ,¢ in a more useful form, we first define a runaway densityin electrons per unit
volume). This is given by

on.(t) 1 0

o oD /d3v S(v,t) - 8—uR(u), (20)

with initial conditionn,.(¢ = 0) = 0. Substituting Eq. (18) into Eq. (19), we obtain
Jr (t) = Js(t) + Jr(t)a (21a)

where
0
Js(t) = Vr(it) / d3vS(v,t) - 7 (1= R(u))W(u), (21b)
oJ, 2 0

{975(15) = %E(t)n,‘(t) + q/dgv S(v,t) - %R(u)u“, (21c)
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with J,.(¢t = 0) = 0. In Egs. (20) and (21)u is normalized in terms of the runaway velocity at time
t, u = v/u.(t). These equations allow the current to be calculated by cteaiaing the runaway
population with just two state variables and.J,.. Equations (16), (17), (20), and (21) suffice to give a
detailed description of rf current ramp-up. In this form, Ey) is suitable for substituting into a transport
or ray-tracing code. Furthermore, it would be easy to moddy(20) to include a loss mechanism for the
runaways. Relativistic effects on the runaways could brided in an approximate fashion by limiting
|J-(t)/qn,(t)] to c the speed of light. Such effects could be treated in a moreisigic manner by
modifying the term in large parentheses in Eq. (18) to redd) where

vy (t) = py(t)/m,

p)(t) = my +/ qE(s) ds,

t

v=4/1 —|—pﬁ(t)/m202.

The resulting expression fgi(v, ¢ — #';¢) is valid for v? < ¢? andv? < ¢?. Unfortunately, this is a
significantly more cumbersome expression from which towdate J.s because, in order to determine the
state of the plasma at a particular instant, the entire ragalistribution must be given (instead of just
n, and.J,.).

VI. APPLICATIONS

The circuit equations written in Sec. V allow us to explorevhg interacts with the electric field
to yield an efficient conversion of rf energy into poloidal gnatic field energy. It is helpful to convert
to extensive physical quantities by assuming that the pasmnrent is carried in a channel of aréan
which the plasma properties are approximately uniform.sT e total current is given by= AJ, the
total rf power deposited in the electrons By, = 27 Ry Ap,; (WhereR is the tokamak major radius),
the loop voltage by = 27 Ry E, etc. The plasma current is again written as the sum of ohrmidaf
contributions

I =V/Rgp + Ly, (22)

whereRs,, = 27 Ry /Ao is the plasma (Spitzer—Harm) resistance. Faraday's latethe rate of change
of the current to the voltage '
V = —LI+ Vext, (23)

where L is the total plasma inductance, which for simplicity we $hake to be constant/,,; is the
voltage induced by the external coils (usually a combimetibthe ohmic windings and the vertical field
coils), andl = dI/dt. Multiplying this equation by and substituting fof from Eq. (22) gives

V2

W:Pext+Pel_—a (24)
Rsp

whereWW = %LI2 is the poloidal field energyP..; = Vox I is the power coupled from the external
circuits, andP,, = —V I,¢ is the power coupled from the rf source into electromagratiergy. This
equation describes the energy balance for the poloidal etagfield. The practical measure of the
efficiency of current ramp-up is
W —Po: Pa—V?R
SRl (25
Prf Prf

where P, is the total rf power injected into the plasma. The rf powesa@abed by the electrong,, is
related toP,¢ by P, = nP,s wheren is the absorption factor. The determinatioma$ beyond the scope

12



of this paper; presumably it can be found by ray-tracing ti@soor by a power balance. The overall
picture of the flow of power in an experiment is as follows: Rfyer Py is injected into the machine.
Of this a fractior is absorbed by the resonant electrons; the rest may be aasbytithe ions or by the
vacuum vessel. A fractioR.;/ P,, of this power is then converted into electromagnetic enefgy. acts
as another source of poloidal field energy, while the ohmssigationV'?/ Rs,, acts as a drain. From
this discussion, we see thBt, / P, describes the “ideal” efficiency of rf current ramp-up. Thiagical
efficiency is expressible in terms of this efficiengyandV'?/Rg,,.

The determination o,/ P, from Eq. (21) is complicated by the presence of runaways.aRans
are deleterious to the ramp-up efficiency since their cairieein the same direction a& and so they
subtract fromP,,. For efficient current ramp-up we must either avoid creatingaways by making sure
S is localized in that region of velocity space where the rusmaprobabilityR is small (see Figs. 1 and
2), or else take steps to lose the runaways. We can appra@iintegat these cases by takify= 0 in
Eqg. (21) to give

Py [d*uS-0W,/0u

P, Jd3uS-u
Since this involves the ratio of two integrals owerthe result is insensitive to the detailed formSfin
cases of practical interest, we may assume$hatlocalized inu. Then, we have

Pcl - S . 8W5/8u
P, S -u
whereu is the normalized velocity of the resonant electrons.

For lower-hybrid waves we hae = @] and the waves interact with particles through the Landau
resonance — kv = 0, wherew andk are the wave frequency and parallel wave number. Furthe;mor
the typical perpendicular velocity of the resonant eletdrequals the electron thermal velocity, so that
vy ~ vy < vj. Thus Eq. (26) is to be evaluated with = w/kjv, andu, = 0. This gives

: (26)

& ~ OW,/0u

27
2 " (272)

This efficiency is plotted in Fig. 7(a). Approximate fits fhiig function are given in Appendix B.

On the other hand, for electron-cyclotron waves which extethrough the Doppler-shifted cyclotron
resonancey — kv = I€2, where(Q is the cyclotron frequency ands the harmonic number, we have

S =1 Inthis case we evaluate Eq. (26)gt= (w — I2)/kjv, andu = 0 to give

Pa OWs/0u — (1/uy)OW/Ou

5 - (27D)

which is plotted in Fig. 7(b).

Using Egs. (27), it is possible to identify regions of higmeersion efficiency of wave energy to
electric energy, given the restriction & small. Additionally, if the ohmic losse$;?/Rs,,, are small,
then by Eg. (25), we see that the conversion of wave energylmidal field energy can be of high
efficiency. This, in fact, is what has been achieved orrttieexperiment, where conversion efficiencies
of over25% have been reported.

An important practical consequence of the circuit equatidarived here is that fast ramp-up rates,
i.e., largel, are possible at high density. In fact, these fast ramp-tgs r@renecessary for high energy
conversion efficiencies at high density. This can be seeollas\s: The efficiencyPe;/ Py, is a function
of the dimensionless parametey, depending, in addition, only weakly dh. For a given machine and
a given wave phase velocity, the parametgrdepends only on the ratidy/n; and the ramp-up rate,

I, depends only on the dc electric fiellt, Thus, the efficiency depends only on the ratia/ @b n. It
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has been observed experimentally on the PLT experimenhtphtefficiency of converting rf energy
to magnetic field energy is possible at a low plasma densibusTwe can predict that a similar high
efficiency is possible in the event that the density and thrprap rate are scaled up together. In fact, for
large ramp-up rates, high density can actually be desiralteat it impedes the production of runaways.
Note that this window of desired density for a given ramp-afe is counter to our intuition derived from
steady-state considerations, where the larger the dehsitess the current-drive efficiency.

There are several optimizations that one might wish to aehie the ramp-up problem. One is
to maximize the energy conversion efficiendyy/P,,,. A second is to minimize the ramp-up time,
Tramp = I/I. The minimization of capital costs for the rf system, howeweay demand that we
minimize Py, the rf power required to ramp-up a given current.

We can express this more precisely with some convenientulaign In the absence of the external
sourceVy, the ramp-up rate may be written using Faraday’s law as

5E  MA

S Rya s (28)

where a tokamak inductande = uoRo In Ro/a was assumed, and whefeis the dc electric field in
units of V/m. Note that the ramp-up rate depends linearlyfand is almost independent of geometry
(In Ry/a =~ 1). The amount of dissipated rf power required can than beewrés

1i02 /p,
Py~ =2 = 29
f 77 Tramp / Pin ( )

if we neglect both ohmic losse¥ ¢/ Rs;,) and the external sourde.,.. Thus, in extrapolating results
to larger tokamaks (highe}LIQ), we can maintain linear (in the required stored energy)gyaequire-
ments, with the same ramp-up time and the same efficien¢id®e density scales linearly with and
hence withl. Here, the wave phase velocities also remain the same, dhd @vent of the same temper-
atures, the physics of the damping may be expected to be waitgis so that the percentage of incident
rf power that is absorbed, remains constant too.

For example, using Fig. 7(a), we see thaPirr with n ~ 2 x 102 cm ™, T' ~ 1keV, w/kj ~
6v; ~ 1c, we find reported ramp-up rates bf= 120kA /s, or E ~ 24mV/m. Hereu ~ 1.4 and
ideal efficiencies of about3% at Z = 1 may be expected with little runaway production, consistent
with experimental data. Also, consistent with the data wdid somewhat highef, but then only if the
confinement of runaways were not perfect.

For reactor-grade tokamaks, say? ~ 400 MJ and/ ~ 10 MA, a ramp-up time which is longer
than that inPLT is desirable in order to minimiz&,; and the capital cost of the rf system. FoB(&s
ramp-up time, a density & x 10'2 cm =3 renders the ratid/n as in thePLT experiment. Employing a
similar spectrum of wavesu(/k; = ic) in a plasma of temperature also similar to tha experiment
(T =~ 1keV) implies a similam (about 0.7). Thus, using Eq. (29), we see tRat~ 40 MW would be
required.

To summarize the tradeoffs here, we note that whllg' P,,, is minimized by considering only the
ratio I /n, the minimization ofP,; requires thel}.mp be large. Thus, although very quick ramp-up
rates are indeed achievable at high density, the capitéd émssuch a system are proportionately larger
too. Balancing the desires for a quick ramp-up against tifimskow capital costs (lowP.¢) points to
a parameter range of moderate density. Efficient ramp-umlis achieved when, in addition to the
above restrictions, the temperature is moderate, sinciglatémperatures;?/Rg,, losses, neglected in
Eq. (29), begin to dominate. The regime where these ohmsetodominate may be identified by writing

V2 LI L/Rs,
RSp Tramp Tramp .
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These losses represent only small corrections WhefRs,, < Py, or, using Eqg. (29), when

Tramp > Pcl
L/Rsy Py

For the reactor-grade exampli,;/ P, ~ % n ~ 0.7, the above inequality requires that the ramp-up
time be longer than abog}‘t of the L/ Rg,, time. This restricts the temperature to somewhat less than
2keV.

Restricting the temperature during a period of intensejefcition (perhapd0 MW) requires a small
heat confinement time during the start-up operation. Intlow@example, this may be as smalBasns.
Poor confinement during the start-up phase may be helpfol fhee standpoint of runaway buildup too.
Even a small percentage 1%) of reverse runaways can seriously impede ramp-up if the runaways are
well confined. If the runaways are poorly confined, then higiexcentages may be tolerated, allowing
higher ramp-up rates and, consequently, higher energyeesion efficiencies for a given density.

We are led thus to the following typical picture of rf rampop pulsed tokamak operation. Start-up
can proceed in a low density plasthavhere the rf power is also used to initiate the plasma. Dgnsit
and rf power, and the ramp-up rate, are increased concdiygitthe plasma is brought to interesting
densitiesl0'3-10'4 cm 3. During this phase, the temperature is purposefully ket pmssibly through
a deliberate degradation of the confinement of both runaweyttzermal electrons. Hence the current is
programmed to reach a large value prior to the density, atidreach large values prior to the tempera-
ture. The final step, in which the reactor is brought to reagtade temperature, occurs after the current
is ramped up and as a result of ceasing the deliberate degmradaconfinement.

VII. CONCLUSIONS

In this paper we have written down a set of circuit equatidra tescribe the dynamics of an rf-
driven plasma. In arriving at these circuit equations, watayatically introduced approximations with
a goal of characterizing the driven plasma by a small numbé&urections of few variables that retain
the essential physics. Greater accuracy, possible at the gf more complex circuit equations, may
be obtained as a natural extension of the development héeidEntification and calculation here of a
minimal set of transport functions, however, provided dahle and manageable description for a large
class of important problems.

The calculations of the runaway functidhand of the energy conversion functidvi together pin-
point the preferred region for tokamak ramp-up operatiohese functions depend only on the dimen-
sionless parametar. The separate contributions of runaway and stopped cgrraay be described
using these functions of a single variable. The constiéutdlations thus obtained are given by Egs. (21).
These equations are in a form both suitable for implementdti a transport code and amenable to
obvious modification in the event that more complex runawagefs are desired.

There are several caveats to bear in mind in using these fasiriirst, the time scale for variation of
the dc electric fields has been assumed long compared to sthks of interest, such as the particle
deceleration times. A violation of this scale separatioruMaaffect the normalizations through.
Second, knowledge of the rf spectrum is unlikely to be comepl€his knowledge is necessary to give
the rf-induced flux. Even if the incident rf energy is follovby ray-tracing codes, it remains possible
that other waves may be present. These other waves migbtattier due to asymmetries in the particle
distribution functions or due to nonlinear effects assdavith the incident spectrum. Third, particle
transport across field lines was neglected in comparisohge@ffects along field lines. The neglect of
these effects is possible for stopped electrons if they tmgped before they reach a flux surface with
significantly different conditionsx. different). For runaway electrons, these effects are adimportant
in that they provide a model for the runaway loss. As disalisfter Eqs. (21), such model may be

15



included through a natural modification of Eq. (21c). In thesence of one particularly compelling
model, at present, for runaway loss we have left the modifinaif Eq. (21c) as an open issue.

Finally, we should note that some of the most powerful casiolus of this paper occur in certain
special cases. Itis often the case that the rf spectrum ismipknown, but also localized, which enables
a particularly simple evaluation of the conversion efficigras in Egs. (27). In the event of moderate
electric fields, or spectra localized at moderate phasecitigs, it may be thatR = 0 (no runaway
production), and an accurate runaway loss model would noieleeed. In the event that runaways are
confined well, the spectrum must be chosen carefully to agbatR = 0.
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Appendix A. LANGEVIN EQUATIONS

Here we show that the conditional probability distributigiu, 7; u’) for Egs. (4) satisfies Eq. (3).
The derivation follows those given in Refs. 18 and 25. Beedhs process described by Egs. (4) is a
Markoff processg satisfies the Smolucowski equatién

g+ Ariw) = [ & glu, Arsa)g(w’ riw) (A1)
forall = > 0 andAr > 0. Let us define
r(w,u, A7) = g(u+ w,A7;u).
Subtractingy(u, 7; u’) from Eq. (A1) gives
glu, 7+ Ar;u’) — g(u,7;u') = /d?’u” [r(u—u",u", Ar)g(u”, ;)
- 7’(11 - u//v u, AT)g(ua T3 u/)} ) (AZ)

where, because of the normalization condition for proli@dsl the second term in the integral may be
reduced tgy(u, 7;u’). If we change the variable of integrationt = u — u”, the right-hand side of
Eq. (A2) becomes

/d3w [r(w,u—w,A7)g(u —w,7;u’) — r(w,u, A7)g(u, 7;u’)].

For smallAr, the functionr(w, u, Ar) is highly localized aboutv = 0. We may therefore expand the
first term in the integral, assuming thatis much smaller than, to give

r(w,u—w,A7)g(u — w,7;u') ~ r(w,u, A7)g(u, 7;u’) — w - %r(w,u, AT)g(u, ;1)
2o 2w, u, Ar)g(u, )
5WW i 5oger(ww, AT)g(u, ).

Using this approximation in Eq. (A2), integrating by padsjiding by A+ and taking the limitAr — 0,
we find as the equation fgr(u, 7; u’)
0 0 0?

579~ 3u 27 Guau  BY (A3)
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where

. Au
Aw = fim ~ 5,
B (AuAu)
B(u) = Jim =~

and
(Au) = /wr(w,u, AT) d*w,

(AuAu) = /ww r(w,u, A7) d®w.

Thus(Au) is the average value af(7 + A7) — u(7) given thatu(r) = u (and similarly for(AuAu)).
These quantities may be calculated directly from Eqs. (dliméng thatA7 is sufficiently small thatx
does not change appreciably. We then obtain

(Au) = — /:JrAT <ﬁ + ,U(Tl)> dr’
- (% + u) AT,
(Ap) = / o <A(T'> - ﬂ> o

1+Z 1—p?
—( + w+ M)AT,
U

usd

Q

Q

TH+AT pTHAT
(ApAp) = / (A(THA(T")) dr’ dr" + O(AT?)

1+ 7 ,
ud (1_M )ATa

(AuAu) = (Aulp) = (ApAu) = O(AT?).

~
~

Here we have made use of the propertied gfiven in Egs. (5). Writing Eq. (A3) in spherical coordinates
and substituting for the non-zero component&aéndB, we obtain

o 10, o o2

e 2 %2 a9+ Lag+ LB

aTg U2 auu g+ au #g+ 8,&2 )
0 10 1427 0

= — ——g+ ———(1—p?)=g. Ad

8u||g+u26ug+ 2u3 B,u( ﬂ)a,u (A4)
This is the same equation as Eq. (3). Furthermore, from tfieitlen of ¢ as a conditional probability,
the initial condition for Eq. (A4) is also the same as for B), pamelyg(u, 7;u’) = §(u — o).

Appendix B. NUMERICAL FITS

In this appendix, we give approximations for some of the ingat functions we have calculated.
These are suitable for incorporating into modeling coddse dpproximations were found by choosing
a suitable analytic form containing several undetermiraafficients and adjusting those coefficients in
order to minimize the maximum relative error. The techniffuesarrying out this procedure is described
in Hastings’ classic work® The fits were made to the numerical data presented in Sec. s data
itself contains errors due to the numerical methods used.ndin source of error is due to the finite size
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of the numerical mesh and it is estimated that this introd@ceors on the order of a percent. However,
nearu = 0, the relative error in the numerical data fdf; and its derivative becomes large because
W, = O(u*). Thus foru < 0.5, the fits were made using the following analytical approxiorainstead

of the numerical data:

put 24+ Z4+3pP)ub 2((24+19Z 4+ 323+ (9 + Z)pd)ud
Z+5 33+2)06+2) B+2)06+2)(7+32)0+2)

(1041+1864Z+1189Z2+316Z3+30Z4 )ulo
+10(4174497Z+181224212Z3) u2+5(9+2) (13+3Z) ut

524+ 2)3+2) 5+ 2)(T+32)(9+ 2)(13+3Z)

Wy =

This result was obtained by solving Eqg. (12) for smailsingMACSYMA .27 (The first two terms in this
expansion are those derived by Fiséh.

For each of the functions approximated, we give the anafgti® of the approximation, the range
in which it is valid, a table of coefficients, and the maximugtative error. The approximations should
not be used outside the range given. Also, note that theveletror quoted is the error in fitting the
approximation to the numerical data which itself is in efvgrabout a percent.

Forpu = 1andl.4 < u < 8, the runaway probability? is approximated by

whereb; = 1 and the other coefficients andb; are given in Table I. The maximum relative erroi 8.
Forpu = 1 andl < u < 1.4, the same approximation may be used with small absolute keatdarge
relative error. For, < 1 and ally we haveR = 0 identically.

Forpu = 1 and0 < u < 5, the energy imparted to the electric fidld; by stopped electrons is
approximated by
Z?:z a;u®

Z?:o b;u2i ’
whereby = 1 and the other coefficients andb; are given in Table Il. The maximium relative error is
2%. Fory = —1and0 < u < 1, W; is approximated by

WS(U“MLL = 1) =

Wolu, = =1) =) azu®,
=2

where the coefficients; are given in Table Il and the maximium relative erroil i§%.
Forp =1and0 < u < 5, the function(0W, /du) /u is is approximated by

10 3 a;u?t
- ”s(ua,u:l)zzgil AR}
udu > izo biu®

whereby = 1 and the other coefficients andb; are given in Table IV. The maximium relative error is
5%. Foru = —1and0 < u < 1, (0W,/0u)/u is approximated by

where the coefficients; are given in Table V and the maximium relative erro8%.
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Tables

TABLE I. Coefficients for approximation t&®(u, i = 1).

A ag ai as as bo b3
1 —3.68063 4.23913 —4.55894 —0.39755 —1.22774 1.41450
2  —4.97636 —16.09015 0.83188 0.21737  6.84615 —0.98649
5 —4.27687 —4.33629 0.30338 0.05697 3.21315 —0.47749
10 —4.94597 —1.53482 0.10112 0.03087 2.45288 —0.36896
TABLE Il. Coefficients for approximation toV, (u, u = 1).
Z ag as a4 bl b2 b3
1 0.16612 —0.01495 0.00775 0.37136 0.02240 0.01645
2 0.14200 —0.04048 0.01145 0.12253 0.00384 0.02440
5 0.09880 —0.05152 0.01113 —0.19484  0.00559 0.02362
10 0.06537 —0.03895 0.00738 —0.32456 0.02797  0.01526
TABLE Ill. Coefficients for approximation toV; (u, p = —1).
Z as as a4 as
1 -0.16483 —0.13420 0.15346 —0.24314
2  —0.14186 —0.09297 0.06661 —0.12870
5 —0.09975 —0.04781 0.00606 —0.03545
10 —0.06651 —0.02797 —0.00247 —0.00934
TABLE V. Coefficients for approximation t0W,/ou) /u for u = 1.
A ai as as b1 bo b3
1 0.66445 —0.36032 0.07328 0.17769 —0.25452 0.07278
2 0.56760 —0.38984 0.08634 —0.04019 —0.24673 0.08508
5 0.39906 —0.32879 0.07670 —0.28281 —0.16275 0.07436
10 0.27028 —0.23261 0.05272 —0.39140 —0.07526 0.04981
TABLE V. Coefficients for approximation toOWs/du)/u for p = —1.
Z ay as as Gy
1 —0.63673 —1.39960 3.37662 —4.23684
2 —0.55777 —0.80763 1.43144 —2.03866
5 —0.39704 —0.33811 0.23607 —0.51011
10 —-0.26600 —-0.17342 0.01896 —0.13349
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FIG. 1. The runaway probabiliti®(u) for Z = 1. Parts (a) and (b) show on two different scales. In (a)
the contours are equally spaced at intervals of 0.05. Irh@)dwest 7 contours are geometrically spaced
at intervals ofl0'/2 betweenl0~3 and10~"; the remaining contours are equally spaced at intervals of

0.05asin (a).
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FIG. 2. R(u),uy = 0) for Z =1, 2, 5, and 10.
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FIG. 3. The currenj(u, 7) foru = 54 andZ = 1; (a) the total current; (b) the stopped currert; (c)
the runaway current.. Foru = 5i, approximatelyd2% of the electrons run away.
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FIG. 4. The energy imparted to the electric field by the stoppzeticlesV (u) for Z = 1. The innermost
contours are equally spaced at intervals of 0.005 betwe®f5 and0.05. The remaining contours are
equally spaced at intervals of 0.05. Part (a) shows thetsestihumerically solving Eq. (12); part (b)
showsIV, from the hot-conductivity theory Eq. (13).
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FIG. 6. The perpendicular energy of the runawéys(u) for Z = 1. The contours are equally spaced
at intervals 00.5.
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FIG. 7. Efficiency for lower-hybrid current drive (a) and felectron-cyclotron current drive (b) from
Egs. (27).
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