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I. Introduction

In this paper, | will concentrate on those Fokker—Planck et®d/hich are most useful for the study
of rf-driven currents. | will therefore take the plasma to be azimuthally symmedibout the magnetic
field and homogeneous (representative of the central poofi@ tokamak plasma). The Fokker—Planck
equation then reduces to an equation in time and two velgeitynomentum) dimensions only. This
simplified model yields a wealth of interesting physics aadHermore illustrates the main numerical
problems encountered in more complicated situations. diitiad to the collision term, the equation will
include the effects of externally injected rf power via a gjliaear diffusion term, and a dc electric field.
(The electric field arises whenever the current is time-wayye.g., during current ramp-up.) Because
the wave interacts with very fast electrons, relativisffees are also considered. In addition, the adjoint
method for solving for moments of the Fokker—Planck equmaiodiscussed. This method allows for a
great reduction (by orders of magnitude) in the amount ofpuater time required.

The paper is divided into three parts: In the first part of theqs, | give the formulation of the Fokker—
Planck equation. In sec. Il, the Fokker—Planck equationthedoordinate systems are introduced. The
collision operator and approximations to it are given insséit and 1V. Corresponding expressions for
the quasilinear diffusion operator are given in sec. V. Tt part of the paper describes the numerical
solution of the equation. Its boundary conditions are aber&d in sec. VI. Sections VIl and VIII describe
the spatial and temporal differencing of the equation. n §€, we describe techniques for obtaining
the time asymptotic solution to the equation. The last phthe paper describes the incorporation of
relativistic effects (sec. X) and the adjoint method fovéad the Fokker—Planck equation (sec. Xl).

The numerical methods presented here are those used inkkerFBlanck code used by the author.
A word about the lineage of this code is in order: Fokker—B#latodes were developed at Livermore
by Killeen et al?3 for the study of mirror-machine plasmas. The latest stag#éndevelopment of
these codes iBPPAC which is a two-dimensional multispecies nonlinear FokRéanack package. The
Livermore code was extensively modified by Winsor and Fditwithe study of runaway electrons, which
was undertaken by Kulsruet al.> This code has been used by the author in various studies agrtur
drive beginning with lower hybrid current driveOver the years several further modifications have been
made, although the basic structure of the code is the sanmatsftKulsrudet al.

The assumption of a homogeneous magnetic field is warrantie istudy of rf heating and current
drive in tokamaks if the rf interacts only with circulatingnpicles. This is often not the case (for exam-
ple during ion- and electron-cyclotron heating) in whiclsearoper account should be taken of trapped
particles. This has been done in so-calterince-averagetbdes ° in which the distribution function
is averaged over the bounce motion of the trapped partithetmkamaks this leads to a modification of
the coefficients appearing in the Fokker—Planck equatidthaunumerical treatment of the equation is
largely unaltered. In machines with more complicated plartorbits, the distribution may be a multi-
valued function of the velocity coordinates. This occurtimdem mirrors where there is more than one
population of trapped particles. In this case, specialrtieghes are required.

II.  Preliminaries

A. The Fokker—Planck equation

We write the Fokker—Planck equation for the electroas
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whereg, andm, are the charge and mass of specie€’(f,, f») is the collision term for species
colliding off species, the sum extends over all the species of the plasma (typiekttrons and ions),



S., is the wave {v)-induced quasilinear flux, arld = EV is the electric field (assumed to be parallel to
the magnetic field). The quantity carries the sign of the charge, thus= —e. The subscript§ and L
refer to the directions parallel and perpendicular to thgmetic field. ThevV = §/0v operator operates
in velocity space.
Because collisions in a plasma are primarily due to smajleascattering, the collision term can be
written as the divergence of a flux
C(fas fo) = =V - 82",

in which case eq. (1) can be expressed as

afe
ot
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where
S=S.+S,+S.

is the total flux in velocity space, and

Sc = Z Sg/sv (3)
-

Se = q—fev (4)
Me

are the collisionald)- and electric-field €)-induced electron fluxes.
From eq. (2) we can derive the conservation laws

ﬁ/ fed3v+/S~d2A:O, (5a)
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whereV is some volume in velocity space amdis its boundary. These equations are statements of
conservation of number, momentum, and energy.

Typically, two types of terms appear 81 a diffusion term and a friction term
S=-D.Vf. +Ff.. (6)
The wave term is purely diffusive so thBt, = 0, while the electric field term is nondiffusivé®, = 0,

E
F, = 22 7)

Me

B. Coordinate systems

Because of azimuthal symmetry, is independent of) the angle about the magnetic field. Two
coordinate systems suggest themselves: the cylindricatiowate systentv, , vy, ¢) and the spherical
coordinate systertw, 0, ¢); see fig. 1. These are related by

v? = vf_ + vﬁ,

cost = v /v.



Both of these coordinate systems are useful. In cylinddoardinates (assuming azimuthal symmetry)
eg. (6) gives

1 0 0
Ofe Ofe
S, =-Diy fe _ Dy J + Fy fe, (8b)
81} 81)”
Ofe Ofe
Si = =Piagy,r ~ Pingy, TS (8c)
Similarly, in spherical coordinates we have
19, 0 .
V-S—’U—Q%U Sy vsin@%smes{% (9a)
_ Ofe 19fe
Sv = _va% - Dv&; 90 + va67 (gb)
B dfe 19f.
Se —Dev% Dee; 20 + Fy fe. (9¢)

Transformations betwedDd andF expressed in the two coordinate systems may be achieved by
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Dy Do
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and here we have abbreviatee- sin § andc = cos 6. The collision term is most conveniently expressed
in spherical coordinates and egs. (10) allow us to transtbisterm to cylindrical coordinates. On the
other hand, the rf and electric field terms are written mostnadly in cylindrical coordinates, and this
equation also enables us to express these terms in splrearardinates.

In the case of the collision operatdd, andF are given in terms of the gradients of potentials
D x VVy, F x V.

In cylindrical coordinates (with azimuthal symmetry), tledevant components dD andF are easy to
calculate—we just take the corresponding derivativeg ahd¢. In spherical coordinates we have

_ %Y
(va)vv = o2’ (11a)
B 10 1y
(va)ve = (VV¢)gy = v Ovo0 02 90’ (11b)
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(VV$)oo = = 5-+ 5552 (11c)
(Vo) = 22, (11d)
(Voo = %% (11e)

Several important quantities are given in terms of velesjtpce moments of the distribution function.
Three-dimensional velocity space integrations can beethaut in cylindrical coordinates using

/f(v)d?’v_/ooodu /O;dv” 2o f(vi,v)) (12)

and in spherical coordinates using

/f(v) v = /Ooodv /OWdH 202 f (v, 0) sin 6. (13)

C. Legendre harmonics

It is sometimes useful to decompose the distribution fumctind the potentials into Legendre har-
monicsP;(cos #). We write this as

F@,0) =" fOw)P(cosb), (14)
1=0
where -
FOw) = M/ f(v,0)Pi(cosf)sin b db. (15)
2 Jo

The Legendre polynomials may be evaluated on a computeg tisenrecurrence relatioh

Po(p) =1, (+1)Pa(p) = @+ DpP(p) — 1P-1(p).

D. Definitions

Finally, we define some of the other quantities that we entayun this paper. The thermal velocity
of speciess is given by
T
Vts = —, (16)

M
whereT; is the temperature of speciesThe thermal collision frequency for the electrons is

B Fe/e
Vte = Ttel = —3 (17)
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where
/o _ Mbdagh n A%/
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andn, is the number density of speciese, is the dielectric constant of free space, anad*/® is the
Coulomb logarithm. The distributions are normalized sa tha

[ rwdv=n.



In particular, the Maxwellian distribution is

.\ 32
fsm(v) =TMNs (271_18—, ) exp(_%msv2/Ts)7

1
U Wexp(—%UQ/vfs). (18)

In discussing the applications to rf current drive, theretaro quantities in which we will be inter-
ested: the electron current density

7= [answiv (19)
and the rf power absorbed per unit volume by the plasma
= /mev Sy d’v. (20)
The efficiency of rf current drive is usually given as theaafy P.

We shall uses.I. units throughout this paper except that we will measure tatpre in units of
energy.

lll.  Collision Operator

A. The Landau collision operator

The collision flux is given by the Landau collision intedral

a/b _ qaqb a/b v) 0fp(v') _ fo(v') 3fa(V)) 3/
Se 8meam nh /U ( my OV’ me OV eV (21)
where 2|
vl —uu ,
U(U)ZT’ u=v-—-v.

The formula for the Coulomb logarithin A%/? is given in text books and th¥€RL Plasma Formularj?
Because it is so insensitive to plasma parameters, in ma@sdais adequate to take it to be a constant
equal tol5. In any case, it is required that A%/® = In AY/¢, The Landau collision operator conserves
number, momentum, and energy, i.e.,

/ Cfar fo) v =0, (22a)
/ VO (fur fo) &PV + / v C(fo, fu) Py = 0, (22b)
m" C(fas f5) d3v + O (fy, fa) d®v = 0. (22c)

There is an error on the order bf In A*/® in the Landau collision operator. However, because it has
S0 many “nice” properties—the conservation laws of eqs),(@8 H-theorem, etc.—it is customary to
regard eq. (21) as being exact.



B. Rosenbluth potentials

Equation (21) is the most useful form for the collision operdor analytical work. However, it is not
in a convenient form for numerical computations. Supposeaepeesent the distribution functions on an
N x N grid (assuming azimuthal symmetry). Then evaluation of2tj) entailsO(N*) computations,
because it entails a two-dimensional integral (ow§rwhich must be carried out at each grid location.
Fortunately, substantial savings may be realized by usiregiaivalent representation in terms of Rosen-
bluth potentials.®'4 Here we use the slightly more convenient notation of TrubwniX We define two
potentials

¢b(V) _ fb( I)/ d3vl’ (23&)
v —V/|
/Iv —V| fo(v') &PV (23b)

These are called potentials because they satisfy Poissgu&tions in velocity space

Vi (v) = fov),  VZUp(v) = ¢u(v).

In terms of these potentials, eq. (21) becomes

8¢/0 = —DY"V fu(v) + F/ f(v), (24a)
a 4 Fa/b
D" = - —VVu(v), (240)
b
4 Fa/b .
Fo/t = T gy (). (24c)
ny my

(An equivalent form of this equation is given by Rosenbletka/'? which contains a term of the form

V- [fa(V)V Vi (V)].

This form is used in several numerical codelgven though more derivatives ¢f must be taken. One
form may be derived from the other by noting that:, = ¢;.)

There is an efficient method for calculating the Rosenblatleptials. This involves decomposirfig
in Legendre harmonics eg. (15). Then we Have

Wy 1 vltt? © A0
¢ (U)——%—H{ / e A COLT B e E R COP (252)
v 1./2
Wy 1 VR L= 50PN Ly
b (U)_2(412_1) [/0 -1 1 l—|—%v2 p (V) dv
0l -1y G
+/U m(l l+2 )fb)( ")d ] (25b)

Let us assume thagt, may be represented by Legendre harmonics (i.e., the upper limit in the sum in
eg. (14) isK — 1). Then the calculation of(l)( ) from f,,(v) using eq. (15) take®(N?) computations
for eachl or O(K N?) computations altogether. Givqfél)(v), the calculation ofbgl)( ) and uJ(l)( )
using egs. (25) take®(NN') computations for each The calculation ofs(v) andi(v) takes a further
O(K N?) step. Overall the number of steps is thereforgs N2). Often, we can takds to be quite
small (usuallyK < 10), and in any case we havé < N, so we can compute the collision term much
more economically than using the Landau operator directly.



IV. Approximations to the Collision Operator

A. Isotropic background

If the background distribution is isotropj(v) = f(v), then so too aré and. The collision term
is then from egs. (24), (25), and (11)

seft = el ey, (262)
st = s (26b)
where
Db = % (/Ov Z_?fb(y’)du’ + /OO U’fb(vl)dvl), (27a)
o= T2 ([N e o+ [T a6 ) (27b)
Fafb — 47;22/ bZ_Z /0 ’ 3;’;2 F0) o, 27¢)

B. The high-velocity limit

If v is much greater than the thermal velocity of particles otggs, the indefinite limits in egs. (27)
may be replaced by infinity to give

2
Dyl =1/, (28a)
a /b 1 v2
o 1
Félv/b I\a/b :;b = (28C)

where the thermal velocity is defined for an arbitrary ispicalistribution as

A7 [
2 _ 4
d=ge [ v (29)

S

[For a Maxwellian distribution, eq. (18), this reduces te tisual expression eq. (16).]

C. Maxwellian background

If the background distribution is Maxwellian eq. (18), tmeigrals in eq. (27) can be carried out to
givel®

a/b o
Da/b _ || ’02 _ r /b erf(u) _ erf’(u) (30a)
ey 2 2v u? u ’
a/b a/b /
ab VU r 1 erf’(u)
D099 = %1}2 = 41} <<2 — E) erf(u) —+ T y (30b)
a re/*m
Fa/b = —hysﬂ’v = _UTE @ erf(u) — werf'(u)], (30c)



where

erf(u) = % /Ou exp(—2?) dz,

erf’(u) = % exp(—u?),

- v
\/§Utb.
a/b

perpendicular diffusion rate

u

The parallel diffusion rate®/"

[
u;l/ ® are the same as those defined inNHRL Plasma Formular}? [However, theNRL Plasma Formu-

lary (1983 edition) has an incorrect formula for the collisioremator with a Maxwellian background.]
Foru > 0, erf(u) is given approximately by

, and the slowing down diffusion rate

erf(u) = 1 — exp(—u?) Z apt®,
k=1

where
t=1/(1+pu)
and
p = 0.32759 11,
a1 = 0.25482 9592, as = —0.28449 6736,
az = 1.42141 3741, as = —1.453152027,
as = 1.06140 5429.

This approximation cannot be used in evaluating egs. (3@)me= 0 because there is cancellation to
leading order in all three terms. In that case, the Tayloaason,

i(_l)k 2 u2k+3
k! 2k+3
1
7

erf(u) — uerf'(u) =

1
7T _ 9
U 27u +...>,

may be used. Alternatively, we can compute egs. (30) by nigalBrevaluating the integrals in egs. (27)
with fy(v) = fum(v). This method is then easily extended to include relativisffects as given in
sec. X.

a/b

The ratioFC"v/b/Dm from egs. (30) [and also (28)] ism,v/T}, so that the effect of collisions with
specied is to make species approach a Maxwellian with temperatufg

D. Linearized collision operator

In many applications in plasma physics (including thoselving rf waves) collisions dominate the
thermal particles. Therefore, the distribution functioaynibe expanded about a Maxwellian

fa(v) = fam(v) + far(v).

The self-collision operata®'( /., f,) may be approximated by the linearized operator

CL(fa(v)) = C(fa(¥), fam (0)) + C(fam (), fa(V)), (31)



where we have made use of the fact théff.,,., fo) = 0, and we have ignored terms of ord€s. We
can compute” ( fo(v), fam(v)) using egs. (26) and (30). To computd fum (v), fa(v)), we express
fa(v) as a sum of Legendre harmonics, eq. (14), to give

C(fam (@), fa(v)) =Y C(fam(v), £ (V) Pi(cos 0)). (32)
=0

The zeroth term in the sum can be computed using eqgs. (26 andiying

(0) ara/e v 2 V"2
(fam( ) ( )) _ 4rl |:f(§0)(’0)+\/0 EféO)(,d)( _l) dv’

Jam (V) Ng v w

oov/2 1)2 1
— O —— - =) d'|. 33
o] (”)<3vfavf > } (33)

The next term in the sum in eq. (32) is given by egs. (24), @), (11)

(1) 0 xra/a v 9 ; /
(fw}( )( >(2 ) [f;1><u>+ /0 “Tfmvl)( v _v_) a

Ng Svi,02 302

0o 3
(1) _ v /
+/U f (v )(5% 5 3v,2>dv} (34)
The corresponding fluxes for this term are

Sg/a B 4rTala /” f(l)( N v'® 203 0
fam(v) cosf Ng 5’Ut v3 3U3
Fre(gid e
ta
Sg/a AnTa/a / f(l)( N e V'3 V'3 '
fam(v)sin 0 Na 10v3,v3  6vZv  3v3

/ ! (15% %) dv']. (35b)

Because of conservation of number, momentum, and enemgothtions to the homogeneous equa-

tion
lﬁa (fa( )) -

are
fa(V) = (a +b-mg,v+ d%mav2)fam(v)-

If we substitutea = b = 0, we obtain a check on eq. (33). Similarty,= d = 0 andb = ¥ gives
a check on eq. (34). Such checks are useful when incorpgréiilinearized collision operator into a
numerical code.

E. Electron-ion collision operator

We now turn to the specific problem of current drive by lowebtigt waves. In this problem we wish
to solve the Fokker—Planck equation for the electrons thiolythe effects of electron-ion and electron-
electron collisions.

10



Because the ions are so massive relative to the electrortsaves > v,; for nearly all the electrons
and eqs. (28) apply. Indeed, we can make the further appedkinem,; — oo, vy; — 0, in which case
the collision operator is given by eq. (26) with

DL =Fg' =0, (36a)
Dy =T/ 36b
cho 21}’ ( )
where .
g, — _GnAT
ge In Ae/e

and we have assumed neutraljty:. + g;n; = 0. The full electron-ion collision tern®( f., f;) can be

written as
1’\6/6 Zi 1 (9 8

celt (fe (V)) - 203 sin 6 06 sin O%fe (v). 37)

For a multispecies plasni; is replaced by where

S nsq? InAC/e

Zefp =
& NeqZ In Ae/e

and the sum extends over all the ionic species.

With this collision operator the ions are characterized kgingle dimensionless parametgy (or
Z.s). The collision operator allows momentum to be transfefrech the electrons to the ions, but there
is no energy exchange. The non-negative naturg &f preserved.

F. Electron-electron collision operator

There are several choices for the electron-electron amilisperator. We will discuss them starting
at the most complex.

The full electron-electron collision operator is given by eqgs. (@49 (25). This was first used in
current-drive studies by Harvest al.'® This collision operator conserves both momentum and energy
The electron distributiorf. remains non-negative. Because the collision operatorecues energy, there
is nowhere for rf energy absorbed by the electrons to go. Tbklgm arises because we have reduced
a problem in configuration and velocity space to one in v&jospace alone, so that there is now no
spatial diffusion of energy. In practice, this problem i$ved by inserting an energy loss term into the
Fokker—Planck eq. (1). Unfortunately, there are seveiféér@int models for this loss term and so this
procedure is somewhat hoc

Thelinearizecklectron-electron collision operator is given by eq. (J1)is too conserves momentum
and energy. The non-negative naturefofs no longer preserved. When the perturbatioffi.tg is small,
fe usually only becomes negative far out on the tail. The eneampgervation of the collision operator
again necessitates the introduction of an energy loss teoriunately, there is a systematic way to do
this within the context of a Chapman—Enskog—Braginskiisagion!”'® The energy loss term has the

form ) o1
MeV 3 nT,

which appears on the right-hand side of eq. (1). Operatignaln T, /0t would be adjusted to ensure
that the energy of the electron distributign(v) remained constant. (In fact, one of the results of the
expansion procedure is an equation for the evolutiof.dhcluding the effects of rf and ohmic heating
and of energy transport.)

11



A useful modification of this collision operator is tiveincatedollision operator

Celec(fo(v)) = C (o), fem(©)) + C(fem(w), F (v) cos §), (38)

where the first term is given by egs. (26) and (30) and the sketeom by eq. (34). This differs from the
linearized operator in that we only retain the- 0 and! = 1 terms in the sum in eq. (32) and we further
approximatq‘e(o) (v) by fem(v). As a consequence, this operator conserves momentum benengy; so
there is no need to introduce an energy loss term. Again,lugren distribution function may become
negative. This collision operator is useful in the study wfrent drive by low-phase-velocity waves and
in the treatment of problems with an electric field. In bothtese examples, a momentum-conserving
electron-electron collision operator is required. This@bor was used (in a relativistic form) in the study
of current drive by fast wave'$.

A slightly different technique for ensuring momentum canagion was used in our study of current
drive by low-phase-velocity waveé$. There we approximated the electron-electron collisiorrajos by

Cliee(fe(v)) = C(fe(¥), fem([v = va¥y ),

where the background is@ifting Maxwellian with a drift speed, adjusted so that the parallel force
betweenf.(v) and the drifting Maxwellian,

P‘T/e = /meSﬁ/e d®v, (39)

vanishes. This collision operator conserves momentumdhgtcuction) and preserves the non-negative
nature off.. Energy is not conserved. It is, however, slightly less aatmuthan the truncated operator.
In particular, while the truncated operator gives the attrualue for the electrical conductiviy, this
operator gives an answer which is in error by abbiftc. The computation of this collision operator
involves computing egs. (30) in the drifting frame, conirggtto cylindrical coordinates using eqgs. (10),
transforming to the rest frame (which is easy in cylindricabrdinates), and finally converting back to
spherical coordinates using egs. (10). In order to detexthia drift speed, we use the analytical formula
for the force on an electron Maxwellian drifting with spegddue to a stationary ion background, i.e.,

e/i 1 2 7
PH/ = _nemeytevdzig\/j1 / L,
™\ m; + me

which is valid for|vy| < v.. Here we have taken the mass ratiQ/m; to be finite and have assumed
thatT; = T.. The force between two electron Maxwellians with a relatvié of v, is found by taking
Z; = 1 andm; = m. which gives
e/e NeMelVieUd
Pt === 40
|| NG (40)

In the numerical cod@lle/e is computed using eg. (39). Equation (40) is used to estithatehangan

vgq required to givePIT/ “=0.
The situation may be further simplified by assuming that taekground electrons afdaxwellian
so that the collision operator is given by

CLLE (fo(v)) = CLe¥), fom (), (41)

which may be evaluated using egs. (26) and (30). This operatserves neither energy nor momentum.
It does preserve the non-negative naturg,oflt was used by Kulsruét al® in the study of runaways,
and in studies of lower hybrid current drife The Maxwellian background serves as a heat bath, so

12



no energy loss terms are required. The absence of momentsemation introduces approximately a
factor-of-two error in the electrical conductivitand in the efficiency of current drive by slow wavés.
There is a relative error of ordér;./v)? in the determination of the current-drive efficiency fortfas
waves!?

Lastly, Cﬁ{aex may be approximated by using thegghvelocity limit, i.e., by using egs. (28) instead of
egs. (30). In fact, because eq. (28b) gives negative diffufsir smallv, it is usually replaced by

a/bi ab1
DCOO_F/%'

We define the resulting electron-electron collision opm'rascﬁi/geh. It has much the same properties as

C’E{jx. In particular, it yields a Maxwellian (with temperatufg) as the steady-state solution. Because
of the greater error in the collision term for thermal pdeticthe electrical conductivity is even lower
than forCf/[/jx. The evaluation of egs. (28) is, of course, a little easigaragram than that of egs. (30).
However, because the results of evaluating egs. (30) catotezldn a table, the extra computational cost

of working with Cﬁ{;{ is insignificant compared to the solution of the Fokker—Bleaquation. Since

Cﬁi/geh is less accurate, its use is not recommended for numeriagal Was, however, useful in analytical
work.

When working with these electron-electron collision opers, it is useful to have some benchmark
against which to check their numerical realization. A ukbfnchmark is provided by the electrical
conductivity, which is the ratio of electrical current teefric field in the limitE — 0. This is tabulated in
table | for various values af; and for all the electron-electron collision operators désed here. These
values were obtained by solving the corresponding one-usimaal equation by the method outlined in
sec. Xl. In all cases, the electron-ion collision operasagiven by eq. (37). The conductivity using the
full and the truncated electron-electron collision opersis the same as for the linearized operator. In
the limit Z; — oo, the conductivity is independent of the electron-electroltision model

g2l me
FE T Z; MeVie

For the high-velocity approximation to the collision opterethe conductivity can be expressed analyti-
cally as

J 16\/5 3Z;+13  n.g?

E 3V 7 (Zi+3)(Zi +5) mevie

V. Quasilinear Operator

A. Single wave

The interaction of electrons (or other species) with a waveonveniently described in terms of the
quasilinear theory? In this theory the flux of electrons in velocity space is gitgn

Sy, =-Dy Ve, (42)

whereD,, is the quasilinear diffusion tensor which depends on theesavesent in the plasma. Although
quasilinear theory is not strictly applicable to a singleseyave will start with this case because it is the
simplest. Suppose there is a uniform wave present in thenplaise.,

E(r,t) = Re[E, exp(ik - r — iwt)]. (43)
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The quasilinear diffusion coefficient is givenBy

2
T qe *
Dw = Z §W(S(w — kH’UH — nQe)anan (44)
and
k
an = 671_” |:(i - ’U”){’J- + UJ-{’:|
w /{”
Eyod,_ Ey_J,
o, = Zut 1+ +l+ﬂJnEwH,
V2 vy

whereQ). = ¢.B/m. is the electron cyclotron frequencs, is the magnetic fields indicates complex
conjugation,/,, is thenth order Bessel function, and the argument of the Bessetiingtisk, v, /€.
E,+ andE,,_ are the left- and right-handed component®gf; in a right-handed cartesian coordinate
system withz parallel toB andk lying in the (z, z) plane, we have

By +1iEy,
E’LU+ = \/5 yv
o _ Bue—iBu,
w— \/5 ?
Ew” =E,..

It is instructive to consider the properties of eq. (44). Tedta function specifies the resonance
condition. Only particles for which the Doppler-shiftedwedrequencyv — kv is zero @ = 0—the
Landau resonance) or a multiple of the cyclotron frequency:(0—a cyclotron harmonic resonance)
interact with the wave. The vectar, is perpendicular to the velocity of the electron in the warasfe
v — (w/k))¥). This means that the wave-induced flux is along diffusiomgathich lie in constant-
energy surfaces in the wave frame; see fig. 2. Similarly, treifl proportional to the gradient ify, in
this direction. As a consequence, when an electron intevéith a particle via the Landau resonance, the
diffusion tensor consists of only a single component

Doy = Dy 9.
Likewise, for a cyclotron harmonic resonance, we have
D,=D,,v,%,,

provided thaw, is small compared with(2. /k;.

The appearance of the delta function in eq. (44) is a conseguaf the assumed uniformity of the
magnetic field. In this casey is a constant of the unperturbed motion and so a particleinsnareso-
nance for a long time. In situations described by bouncea@esl codes, the magnetic field andvary
along a particle orbit so that the particle does not remanesonance. This effect can be taken into ac-
count by averaging eq. (44) along a particle trajectdr¥his removes the delta function, although there
are still singularities in the resulting expression aggirom those particles which turn in the resonafce.

B. Many waves

Equation (44) is easily generalized to include a more réalispresentation of the wave fields. An
important application is to the incorporation of quasiineffects into a ray-tracing code. Here the
externally injected rf power is represented by several.ragsus consider the interaction of these waves
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with the electrons on a particular flux surface. At the poiheve a given ray intersects the flux surface
it is characterized by its positian wave numbek, and powefV (usually the frequency is fixed by
the rf source). W measures the number of watts carried by the ray. In orderpty &g. (44), we must
determine the amplitude of the corresponding single viigyavhich has the same polarization and same
rms field amplitude as the ray (with the rms averaging peréatver time and over the flux surface).

The ray contributes
%%

U= —F+—
|vg - i Af

to the wave energy density (ifym?®) averaged over the flux surface, whegeis the group velocity of
the ray,n is the unit vector normal to surface at the point of interisecand Ay is the area of the flux
surface. The polarization of the electric field is given by

K.-E, =0,
where
ok,w)
weQ

is the dispersion tensot,is the velocity of light, andr(k,w) is the conductivity tensor. The energy
density is related t@&,, by**

2
C 2 .
K:—wz(kk—k Hh+ 1+

1 . 0K
U= ZeowEw . 8_wEw

Given W, we can therefore determirig,, (to within an ignorable phase factor) appropriately avechg
over the flux surface.

This is substituted into eq. (44) and the result summed oeéhe rays to give the overall quasi-
linear diffusion tensor. In practice, the delta-functi@ppearing in this expression must be replaced
by smoothed functions. This allows the ray-tracing proceduo reflect the true situation in which a
continuous spectrum of waves is launched.

We complete the discussion of the ray-tracing by pointingtbat the damping of the rays should
be calculated self-consistently froB,,. The power that a particular ray loses per unit volume due to
absorption by the electrons is given by eq. (20), where auste the totalS,, we use the contribution
the ray in question makes ®,,. To this should be added the power absorbed by the otherespitci
applicable. Then the ray pow®r satisfies the equation

aw .
- —P vy -B| Ay,
where the time derivative is the derivative taken along ¢ye r

If instead of a discrete set of waves, the wave fields are diyemspectrum

E(r,t) = [ E,(k 13 iw (k) d’k
.0) = [ Bl explikcx — iw01] 5
then eq. (44) becom&s
@ [ &’k 1 .
D. =2 m? / 2y v, o) — Ry — nikeJagan, (45)

whereV,, is the configuration space volume of the plasma and the defirof a,, is generalized in the
obvious way.
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C. Model forms

The results given above allow a ray-tracing code to be calfol¢he solution of the Fokker—Planck
equation. This is an extremely complicated system, and muck has been carried out using assumed
forms for the quasilinear diffusion coefficient. This alws to study the physics of the interaction of the
electrons and the waves without having to worry about thetiatdl physics of the wave propagation.
The most widely used model form for lower hybrid waves wagoidticed by Fischand is given by

Dw =Dy (UII)GII‘A’H’ (468)

where
Dy, forv, < v < Vg,

Du(v) = {0, otherwise.

This form of D,, is justified as follows. Because lower hybrid waves interaay via the Landau
resonance, only thé; ¥ component is present. K, v;./Q. < 1, the dependence on perpendicular
velocity may be ignoredfy ~ 1). Finally, in many cases, the magnitude of the quasilinéfusion
greatly dominates over the collisions; thus the quasilinkffusion coefficient tends to make an abrupt
transition (in velocity space) from being negligible to tgiarge; if Dy is sufficiently large (i.e., large
enough to form a quasilinear plateau), this situation isieately modeled by eq. (46b).

This particular form foD,, is useful because much theoretical work has been carriedsing it
Numerical solutions to the Fokker—Planck equation protidebest test of these theories. It is therefore
important that any numerical code be able to handle the disugties inD,,. (Note, however, that both
f. and$S are continuous even B, is not.)

This model is readily generalized, for example, by allowing v ) to be an arbitrary function. Thus
the effect of a backward component to the lower hybrid spiectcan be studied by including another
boxlike component td,. Similar models have been used to study low-phase-veloaitsent drivé®
and electron-cyclotron current drive.

(46D)

D. Direct specification of the quasilinear flux

Both analytical and numerical studies show that the cudeé efficiency is primarily determined
by the location at which electrons interact with the waves the direction in which the waves push the
electrons. It is sometimes useful to specify the rf-indufter directly as some arbitrary vector field
S.(v). Indeed, in some cases we may kn8y more accurately than we knol.,. In a ray-tracing
calculation,D.,, may be calculated self-consistently in terms of the powewdlin the various rays.
However, in cruder zero-dimensional calculations, we mahwo assert merely that so much rf power
is absorbed by the electrons. Th&p may be estimated from eq. (20) using aprioriknowledge of
which electrons interact with the waves. Alternativ8y, may be estimated from either an approximate
analytic solution of the Fokker—Planck equatibror from a solution of the one-dimensional Fokker-
Planck equation.

If S, is given, then the Fokker—Planck equation (1) is an inhomegas (instead of homogeneous)
equation. However, assuming that one of the linear eleatectron collision operators is being used,
the linear operator acting ofy in eq. (1) is now independent of the wave drive. This propisrtysed in
the adjoint methods to provide a very efficient method of isgifor moments off. (see sec. Xl).
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VI. Boundary Conditions

A. Computational domain
We shall take the computational domairfor the Fokker—Planck equation to be

0 < v < Ulmax, Vlmin < V| < Vljmaxs 47

for problems solved in a cylindrical coordinate system and
0 < v < Vmax, 0<O<m, (48)

for problems solved in a spherical coordinate system. Thenbary of V' is defined to bed. (For
example, in spherical coordinatesjs the spherical surface= vy ax.)
B. Internal boundaries

We distinguish two types of boundary: internal and extebmaindaries. The internal boundaries are
the simplest. In a cylindrical coordinate system we havensgrmnal boundary at;, = 0. Values of f
beyond this boundary are determined by symmetry

fe(=vi,v)) = fe(vi,vy). (49)

Similarly, in spherical coordinates we have internal bames atv = 0 and atd = 0 andf = 7. These
boundaries are treated with the boundary conditions

fe(_vae) = fe(vaﬂ—_e)a (50&)
fe(vv _9) = fe(va 9), (50b)
fe(v,m+0) = fe(v,m —0). (50c)

C. External boundaries

The other boundaries are inserted into the problem in vaniaif the true physical picture. In reality
the velocity domain extends off to infinity; on the compukewever, we normally study only a subspace.
We have to choose the subspace to include all the intergstiysjcs: for studies of electron distribution
in a spherical coordinate system, we requifg. >> v.; if the electrons are driven by lower hybrid
waves, then we further requirg,.x > (w/kj)max, the maximum wave phase velocity; if we wish
to study runaways, then, ., must exceed the runaway velocity; and so on. We next havedoseh
boundary conditions which are as “innocuous” as possil#e;which perturb the solution in the domain
of integration as little as possible compared to the satutiche full domain.

For electron current-drive problems we choose the conditio
S-h=0, (51)

on the external boundary, whereii is the normal toA. This means that plasma cannot enter or leave
the domain of integration. Thus the number of electrons iseoved with this boundary condition. This
boundary condition gives a Maxwellian steady state in theeabe of the rf, and allows a steady-state
solution to be reached in the presence of rf.

If an electric field is present, then in the real problem soteetmns will run away. Now we wish
to impose boundary conditions which “allow” this to happéi the boundary we have > v,;. so that
collisions are weak, and the dominant process is the aetririby the electric field (we assume that the
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boundary is removed from the region where the rf diffusidtetaplace). The Fokker—Planck equation
then reduces to a hyperbolic equation. The tactic is to afidysame boundary condition as before,
namely eqg. (51), where the characteristics of the hypertsystem enter the domain of integration.
Where the characteristics leave, we set those diffusiongerhich lead to a flux across the boundary
to zero. This makes the equation purely hyperbolic in theddion normal to the boundary and so
boundary condition is required. (We shall see in sec. VII lioi& comes about in the numerical scheme.)

If we assume thag. £ > 0 so that electrons run away in the positive direction, theayimdrical
coordinates we would impose

SH =0, for V|| = V||min>
S, = 0, for V1 = Vlmax> (52)
Dy =Dy =0,  foroy = vjmax.

(The boundary at; = v max IS taken to be an incoming boundary because the small coibsiriction
makes the characteristics enter along this boundary.)

A slightly more accurate treatment is possible in spheoardinates. If we compare the various
collision terms in the high-velocity limit egs. (28), we fitl, ~ D.po/v ~ 1/v? andD,,,, /v ~ v2 /v*.
Thus we can ignore the energy diffusion teimy,, compared with the other collisional terms. The
pitch-angle scattering ter 49 requires no special handling because it causes diffusicallekto the
boundary. The equation is, therefore, hyperbolic in thealion perpendicular to the boundary with a
characteristic acceleration given By = F.,, + (g E/m.) cos 8. The boundary conditions an= vy,,x
then become

S, =0, for F, <0,
Dyy = Dy =0, for F, > 0.

For vmax > v, Fe, IS accurately approximated by eq. (28c) (with= b = ¢). Thus, if |[E|] <
meI¢¢/|q| v2,., this boundary condition reduces to eq. (51), allowing peots involving both an
electric field and rf diffusion to be handled in a unified way.this small electric field limitS, = 0 is
zero everywhere on the boundary and the numerical runawayaaishes. This is a close approximation

to the true situation in which the runaway rate is exponéiptianall—on the order oéxp(—v2 .. /v2.).

(53)

D. Treatment of runaways

With a finite boundary, we can determine the runaway raterately (providedv,,.. is sufficiently
large). However, the behavior of the runaways beyond thendbaty is not followed. One could, of
course, just choose a very large boundary; but this is wastéfcomputer resources and really just
postpones the time at which the problem is encountered.thiésefore, preferable to treat the runaways
as a separate species. Assuming that the runaways aresdftedy by the electric field, the density and
current moments of the runaway population form a closedfsequations. We define

Ny :/ fe d3V,
v
J, = / qev) fe d*v,
v
whereV is the complement o, i.e., the region) > v,,,., in spherical coordinates. Applying egs. (5a)

and (5b) toV” we find
on
L =/ 8S-d’A
ot /A ’

0J, ¢E
_— = € r e S M d2A
ot " + /A qev)|
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Thus if we wish to determine the total current as a functiotinog¢, we need only supplement the Fokker—
Planck equation by two ordinary differential equations #reh sum the nonrunaway and runaway con-
tributions to the current.

VII. Spatial Differencing

A. Choice of coordinate system

We have discussed both the cylindrical and the sphericadaoate systems. Which one should be
used in a given application? The numerical scheme that icritbesl here works best if the diffusion
tensor is nearly diagonal. Then the mixed derivative tenmsgs. (8) or (9) are small. (It is these
terms which tend to make the numerical scheme unstable.) tNewollision operator is approximately
diagonal in spherical coordinates while the quasilineantis nearly diagonal in cylindrical coordinates.
Thus the choice of coordinate system to some extent depertthe oelative strength of these two terms.
Cylindrical coordinates were used in the study of curreivedby low-phase-velocity wavé$ because
the edges of the resonant region line up with coordinates lai®wing the scaling with phase velocity
to be measured more accurately. On the whole, however, trezispl system is to be preferred because
the electron-ion collision term eq. (37) becomes large near0 and we wish this term to be diagonal.
In ref. 20 much smaller time steps had to be taken to avoid ftblelgm with the electron-ion term. The
boundary conditions can also be applied more accuratelghierical coordinates when an electric field
is present [egs. (53)]. For this reason, we will focus on thteesical coordinate system in this section.
Extension to the cylindrical coordinate system is strdigftard.

An alternate representation ¢f is as a series of Legendre harmonics. This has no particidat m
in quasilinear problems because the sharp gradieds,ineq. (46), cause the Legendre expansion to be
slowly convergent.

B. Normalizations

In solving equations of physical significance on the complites often useful to normalize all
the physical quantities. This allows us to work with numbehsch are closer to unity (and thus avoid
potential problems due to arithmetic overflow or underflandre importantly, the number of parameters
needed to specify the problem is often reduced.

For the problem of current drive by lower hybrid waves, wevedhe Fokker—Planck equation for
the electrons. We normalize velocitiesdg eq. (16), times ta. eq. (17), the electron density tq,
the electron distribution ta.. /v},, the quasilinear diffusion coefficient tef, v, the electric field to
MeVteVie/ e, the current density to.g.v.., power density to.m.vZ v, etc.

These normalizations coincide with those used by Kulsrudl.> However, they differ from those
used in some of our earlier papers, e.g., ref. 6. (The thecoiidion time differs by a factor of two.)

Since we are only dealing with the electron distribution, witt drop the species label fronf and
other electron quantities. Otherwise, we shall use the saotegion for normalized and unnormalized
quantities. For example, the electron Maxwellian eq. (£8ps in normalized terms

1
W eXp(—%'UQ).

fm(v) = (2m

The reduction in the number of parameters now becomes aptpaitee plasma is characterized by a
single parameteX; and the quasilinear diffusion coefficient by three paramsdi®y, v;, andwvs.
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C. The numerical grid

We wish to solve eq. (1) in the domaineq. (48). We do this by converting the differential equation
to an algebraic equation using the finite difference methothis methodf is represented by its values
on finite set of points and differentials are representeditbgrénces between neighboring values.

First, we establish a numerical grid by dividingand 6 into N and M equal pieces, respectively.
Thus we define

AU = Vpax/N, AO =r/M, (54)

together with grid positions
v; = j Awv, (55a)
0; =i A0, (55b)

This grid system defines a system of cells. The electroniloligion function is represented by its values
at thecentersf these cells, i.e., by the values

fiv1/2,+1/2 = [(Vj41/2,0i11/2), for0<i< M, 0<j<N,

with ¢ andj being integers; see fig. 3. The cell < v < v;41, 60, < 6 < 6,41 (¢ andj integers) is
assigned a volume
‘/i+1/2,j+1/2 = 27 sin 9i+1/2“?+1/2 AvAf. (56)

We will define numerical volume integration by

M—-1N-1

int X = Z Z Xiviz,j41/2fiv1ye,j+1/2Vier/2,541/2- (57)
i=0 j=0

This is the discrete analogue 35@} X fd3v; see eq. (13). We define the flux of a quantity through the

boundary by
M—1

flux X = Z 27 sin 9i+1/2U12VXi+1/2,N+1/25u,i+1/2,N AW, (58)
i=0

which is a discrete analogue ﬁj XS - d?A. The number density of electrons becomes
n =int 1. (59)

An alternative approach to finite differences is providedh®y/finite-element method where tlfigs
represented by the superposition of a set of trial functratisfinite support. This approach has been used
in Fokker—Planck codes by workers at Lausati®. The finite-element method is also used in some
commercial computer codes for the solution of partial défeial equations. One such code has been
applied to the Fokker—Planck equation by Fuehal.?® If we identify the weights of the trial functions
with the values off at the grid positions, we see that the finite-difference anitefielement methods
are quite similar. In particular, the goals of the methodsidentical: to express algebraicallyf /ot
at a particular location in terms ¢f at the same and neighboring locations (usually, the eightes¢
neighbors). Thus our discussion of the time advancememmeoéguation in sec. VIII is independent of
the choice of method.
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D. Divergence of flux

Consider the Fokker—Planck equation in the form eq. (2)s Thiranslated onto our numerical grid
in a conservative form as

2 2

Ofiv1/2,5+1/2 (”j+15v,i+1/2,j+1 — 07 50,i41/2,5

- 2
ot CHRP Av

i sin 9i+159,i+1,j+1/2 — sin 9i59,i,j+1/2)

- 60
Vjy1/28in0;41 /0 AO (60)

Notice that the fluxes are required on the edges of the celésf{g. 3) and that the fluxes on the internal
boundaries do not contribute since they are multipliecbpy= 0 or sinfy = sinf; = 0. With this
method we difference the fluxes and not the diffusion andiémccoefficients. This lets us treat problems
in which D, is discontinuous, e.g., as given by egs. (46). The scheme. i(68) is accurate to second
order inAv andA6.

This form of difference equation is called conservativeshese it obeys the conservation law

dint 1
ot
whereint and flux are defined by egs. (57) and (58). This is a discrete countepp®q. (5a). If
Suv,it+1/2,nv = 0 for all 7, then we havélux 1 = 0 and particles are exactly conserved in the numerical
scheme (if we ignore round-off errors). The discrete fornthef parallel component of the momentum
conservation law eq. (5b) is

+ flux1 =0, (61)

Jint(v cos ) N 5
— 5 + flux(v cos ) = Z Z 2105 $in 04172 €08 0341725 iv1/2,5 AvAD
i=0 j=0
M N-1
- 27ij2-+1/2 Sin29i597i7j+1/2 Av?sin(%A@), (62)
i=0 j=0

while the energy conservation relation eq. (5¢) becomes

dint(3v?) L2 = . 3
T =+ ﬂuX(E’U ) = Z Z 271' Sin 9i+1/2vj Sv,i+1/2,j A’L}Ao (63)
=0 j=0

These relations are useful in that they establish defirstafrvarious physical quantities that are consis-
tent with the numerical scheme. For example, we can intetipeaight-hand side of eq. (63) as the total
power flowing into the electrons. This definition is consisteith the numerical definition of the energy
of the electrons, nameﬁylt(%iﬂ). Furthermore, we can determine the power flowing into thetedas
from the waves (for example) by replacifg in the right-hand side of this equation by the flux due to the
wavesS,,, [compare with eq. (20)]. In this way, we obtain a complete aodurate power balance for
the electrons. Similarly, the right-hand side of eq. (62ggithe definition of the force on the electrons.
This is used when evaluatirfgle/e in eg. (39).
[In order to prove egs. (62) and (63), the following relatismseful:
M—-1 M—1
Z $(Ais1 + Aj)(Big1 — B;) = Ay By — AoBy — Z $(Biy1 + Bi)(Aip1 — 4)).
i=0 i=0
This is the rule for “summing by parts”—the discrete coupéet of integration by parts.]
The basic difference equation (60) is readily generalipeglanuniform grids. However, the deriva-

tion of egs. (62) and (63) relies on the uniformity of the gaidd they cannot easily be generalized.
Nonuniform spacing is used FPPAC*
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E. Stream function

A very useful tool for understanding the Fokker—Planck ¢igng2) is the flux plot, which shows the
vector fieldS(v). This is sometimes displayed as a set of arrows, one at eathant, which point in
the direction ofS and which have a length proportional $o In this problem,S, and.S, are known at
different locations, so that realization of this presddptwould necessitate interpolation. Furthermore,
such a display is often very misleading because the visyaidssion is strongly affected by whether the
arrows line up with other grid points or not—a purely artdichspect of the problem.

The much superior method is possible if we restrict ourseteethe steady state. In this case, the
vector fieldS(v) is divergence-fre® - S = 0, and so may be expressed as the curl of a stream function,
ie.,

o, rAW®
S(v) =V x 2rvsind’
whereg is the azimuthal coordinate. The componentS afre given by

n 0A
S = 2rv2sinf 90’ (642)
Sp = n_ 94 (64b)

~ 27rvsind Ov

BecauseS - VA = 0, lines of constant! are stream lines. Thus a contour plotdfv) gives the vector
field of S(v). The stream lines are obviously closed (indicating thafithe is divergence-free), and the
total flux of electrons between any two contours is equal ¢éodifference in the values ofA on those
two contours.

We can computel on the numerical grid using discrete analogs of egs. (64)

271'1)32- =l ]
Aij = n Z sin €y 41/28,,i141/2,5 A0, (65a)
i/ =0
27 sin 6; i
= — n Z vj’-ﬁ—l/QSH,i,j’-ﬁ—l/Q A’U. (65b)
J'=0

If Ofit1/2,541/2/0t = 0 according to eq. (60), then these two definitions are caerstist

F.  Computation of the flux

In order to complete the specification of the difference suheve must give formulas fa¥, ;1 /2 ;
andsSy ; j+1/2 in eq. (60). These depend on the type of electron-electritision operator used. We start

with collisions off a Maxwellian backgrour@f/{jx, eg. (41). This is the simplest case and yet it exhibits
all the difficulties of solving the Fokker—Planck equation.

The collisional flux is given by the sum of the flux contribgito Cf/[/jx which is given by egs. (26)
and (30) and the flux contributing 16¢/* which is given by egs. (26) and (36). [In fact, we compute
the electron-electron flux by numerically evaluating theegmals in egs. (27).] To this is added the
quasilinear flux from egs. (42) and (46) and the electrigfiabuced flux from eq. (4). Both these
terms are converted into spherical coordinates using &6%. The total flux is then given by the general
equations (9b) and (9c).

The diffusion and friction coefficients are computed at tbas at which we need to kno#, and
Sp. Thus we computeD,,,, ;11/2, 5, Duvsit1/2,50 Fo,it1/2,5, @A Doy i 11720 Dos,ijr1/2: Foijs1)2-
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The coefficients folS, are not required at = 0, nor those forSy ati = 0, M, because these fluxes are
multiplied by zero in eq. (60). The boundary conditions €§8) atv,,.x are handled by setting

va,i+1/2,N 0,
Dyg,it1/2,n < 0,
Fyiv1/2,n «— max(F, ;11/2.n,0).
Next we must specify the way in whichand its derivatives are to be computed at the edges of the

cells—i.e., locationsi + 1/2, j) and(i, j + 1/2)—in terms of the values of at the centers of the cells
(i+1/2,j+1/2). Two of the terms are straightforward:

Ofit1/2,5 _ Jiv1/2.5+172 = fivr/2.5-12

Ov Av ’ (663)
Ofijviye  Jivryzge172 — fic1y2,5+172
20 = A7 . (66b)

Again these expressions are accurate to second order.

The evaluation of at the cell edges uses a method proposed by Chang and Gbegmded here
to two dimensions. The simple method, i.e.,

fi+1/2,j = %(fi+1/2,j+1/2 + fi+1/2,j71/2)7
turns out to give poor results for the steady-state didtiobu Chang and Cooper replace this with
fivry25 = (1= 8iv1y24) fivr/2.+172 + Sivay2,4fivry25-1/2, (67a)
fi,j+1/2 =(1- 6i,j+1/2)fi+1/2,j+1/2 + §i,j+1/2fi71/2,j+1/2a (67b)

where thejs are given by

div1/2,5 = 9(—=AVF, i11/2,5/ Dowit1/2.5) (68a)
Oijr1/2 = 9(=AOFy ; ji1/2/Dog.ij+1/2) (68b)

and . )
g(w) = — (69)

w  exp(w)—1

The role of the) is to weight the averaging performed in egs. (67). The waigts needed because
often f is a strongly (exponentially) varying function f An acute example of this is the Maxwellian
distribution which varies very strongly for large In fact, the weighting is such that a Maxwellian is an
exactsteady-state solution when there is no rf and no electrid tied wherCﬁ{jx is employed as the
electron-electron collision operator. This is easily seecause for any isotropic distributiéy = 0; in
that case, we also requife, = 0 in the steady state (because there are no sources or sinkswbas).

. . o same/e ele o
]l:.Js(ljng egs. (26a) (witk = b = ¢), (66a), and (67a), together wmw,m/?,j/Dcw,mm = —v;, we
in

Jivr2 4172 fmogr1/2

= = exp(—wv; Av).

fi+l/2,j—l/2 fm,j—l/2 ( ! )
The errors in various moments @fare, therefore, exponentially small. With one-dimensiegaations
the weighting cures the problem gfbecoming negativé? With our two-dimensional equation, this
problem is alleviated but not cured. In general, this probig solved by taking a sufficiently fine mesh
(assuming that the electron-electron collision operates@rves the non-negative natureff
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The functiong has the properties

g(w) =1- g(_w)7
1 w w3

9 =5 T

g(—o00)=1, g(0)==,  g(c0)=0.

DN =

The first two properties are useful for evaluatig(g) for w > 1 andw = 0, respectively.
The values of the cross-derivative terms which multiplydffediagonal terms in the diffusion tensor
(D9 and Dy,,) are now given in terms of egs. (67) as

Ofiv1y25  Jfixsj2 — fi1/2,5

0 A0 ’ (702)
Ofijriy2  fijrae — fij—1/2
ov o 2Av ’ (70b)

The internal boundary conditions egs. (50) give the valligs,g /- ;1,2 beyond the internal bound-
aries as
fi+1/2,—1/2 = fM—i—1/2,1/2a
T-1/2,541/2 = fi/2,541/2
fM+1/2,j+1/2 = fM71/2.,j+1/2-
These conditions are only needed in the evaluation of alesisative terms. The form of eq. (60) auto-
matically takes care of the internal boundaries for the rtiérens.
The external boundary at= v, is treated as follows: In the computation$f ;o v We need
only worry about the friction term (sinc®,, = D,s = 0 on the boundary) so that onlf; /2
is needed. Furthermore, the friction coefficiént;, /2, x is non-negative. From eq. (67a), we have
fivr/2,8 = fiz1/2,n—1/2 becaUS®; 1o v — 1for F, 110 8 > 0a@ndD,, i11/2, 8 = 0+. (Obvi-
ously the value off; ;> x is not required wheré’, ;1,2 y = 0.) Recall that the equation reduces to
hyperbolic type on this boundary, so that no boundary cardghould need to be specified here, as in-
deed is the case. In fact, the method reduces to the stangstréam differencing for a hyperbolic equa-
tion on this boundary. In the computation 8§ ; 1,2, only the cross-derivative terdf; 1 /2/0v
potentially involves points outside the integration doman this term, we use

Ofin-1/2 _ Jin—1/2 — fiNn—3)2
ov Av '

instead of eq. (70b).

G. Matrix formulation

For collisions off a Maxwellian background the problentiiearso that eq. (60) can be rewritten as

of
e + Af =h, (71)
wheref is a vector of length/ N of the valuesf; /2 ;11,2 andAisanM N x M N matrix of coef-
ficients. The right-hand side (also a vector of lengtid/ V) is inserted to aid in the treatment of other
collision operators. For the Maxwellian collision operatee haveh = 0. It is convenient to splitd into
three pieces, namely
A=A, +Ag+ Ay,
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whereA, contains the terms proportional 19,,, andF,,, Ay contains those proportional 849 and Fy,
and A, contains the cross-derivative terms proportionaltg and Dy,,. With the difference scheme
given in this sectiom, and Ay are tridiagonal matrices. Thus we can write

(Avfiv1/2.54+1/2 = Quiv1/2,541/2fiv1/2.5-172 + Dojiv1/2.5+1/2fiv1/2,5+1/2

+ Cojiv1/2,5+1/2fiv1/2,543/25 (72a)
(Ao f)iv1/2,j+1/2 = @o,iv1/2.5+1/2fi-1/2.541/2 + bo.iv1/2, 5412 iv1/2,541/2
+ Coiv1/2.541/2 i13/2,5+1/25 (72b)
where
v Doy iv1/2,5
Oy it1/2,j41/2 = B\ A0 Fyiv1/2,50i11/25 ) (73a)
’02» D i+1/2,5
v, J
by it1/2,j+1/2 = B#Jv (T — Fv,i+1/2,j6i+1/2,j)
2
Vip1 ( Dyw,ig1/2,5+1
+ JJBU ( Ao T+ Fyiv1/25410041/2,541 ) (73b)
2
Vit1 Doy iv1/2,5+1
Cv,it1/2,541/2 = 7Bu (‘ Ao It Fyiv1/2,j41€i+1/2,5+1 | » (73c)
sind; ( Dggijr1/2
@.i+1/25+1/2 = g ( o100 0,i,j+1/20i j+1/2 (73d)
by _ _sin®; (Dog,ij+1/2 R
0,i+1/2,j+1/2 39 Ulj+1/2A9 0,i,5+1/2¢%i,5+1/2
sin€;11 ( Dogit1,j+1/2
T Fyiii 8; , 73e
+ B, ( 0y01/20N0 + Foit1,j+1/204,5+1/2 (73e)
sin€i11 [ Dog,iv1,5+1/2
Co.it1/2.j+1/2 = TR (‘ 0112 0N0 + Foit1,5+1/2€0,5+1/2 |5 (731)

wheree =1 -6, B, = Av vf.ﬂ/z, andBy = vj;1/2A0 sinf; /5. With these coefficients the bound-
ary conditions are reflected in the relatioms; 1,212 = ¢y it1/2,8v-1/2 = 0 @ndag1/2 112 =
co,N—1/2,5+1/2 = 0, Which are automatically satisfied.

The matrix A is more complicated witl{A f);11/2,;41/2 depending, in general, on the eight
nearest neighbors t9 ., 1,5 ;11/2- The boundary conditions have to be explicitly includechis matrix.
We do not give expressions for the componentd gfhere because only the produtf, f is ever needed
in the calculation. This is most easily computed directlyamms of the flux; this also cuts down on the
storage requirements.

H. Alternate collision operators

The methods we will describe in the next sections for soleiqg(71) depend on the linearity of this
equation and the fact that, and Ay are tridiagonal matrices. With more complicated electetectron
collision operators, these conditions no longer hold. Hmuethe techniques can still be used because
the difference between the other collision terms and thewdlian collision term varies slowly in time.

If the full electron-electron collision operator is usek tasic framework given above still applies,
except that the diffusion and friction coef‘ficierl.'l‘lsi/e andF° are now given in terms of gradients of
the Rosenbluth potentials egs. (24). These coefficientsrdepnf making the equation nonlinear. In
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practice, the dependence @ns weak so that the coefficients only need to be recomputeaistmaally.
This also means that the equation is approximately lineahabthe linear matrix techniques used to
advance the equation in time still apply.

If the linearized or truncated collision operators are usleen the equation remains linear but with
a term which involves an integral ovér namerC(fm(v), f(v)) or the truncation of this term. Again,
this term is weakly dependent ghso that it need not be recomputed every time step. It is thest mo
convenient to regard this term as the inhomogeneous drigng h eq. (71). For the truncated col-
lision operatorC{/* | eq. (38), the elements df are given bYC'(fm (v), ) (v) cos§) evaluated at

trunc?

(vj41/2,0i+1/2). The computation of this term is described in appendix A.

VIIIl. Time Differencing

A. Crank—Nicholson method

We now turn to the method for advancing the Fokker—Planckgguin time. If the time step iAt,
then we define

ff=ft=t),  tp=kAt (74)
The simplest way of advancing eq. (71) is the explicit scheme
fk+1 _ fk i
"+ Af" =h.
A A

This is only accurate to first order in¢t. FurthermoreAt must be chosen to be very small, on the order
of Av? or A§?, for stability. These defects are easily remedied by th@lGrhlicholson schenté which

reads fk+1 _ fk fk+1 + fk

A AT
This scheme is accurate to second ordehtrnand is stable if4 is positive definite. (This is a condition
possessed by the continuous form of the operdtyrIn order to solve eq. (75) fof**! we have to
compute the inverse dff + %At A). This is a large banded matrix which can either be invertéugus
iterative methods or using Gaussian elimination. In botbesathe number of operations Gy N?3),
(assumingM ~ N) making it a very expensive proposition. (This approachissussed further in
sec. IX.)

=h. (75)

B. Alternating-direction-implicit method

Although(I + $At A) is difficult to invert, the matrice§l + At A,) and(I + 2 At Ay) are rather
easily inverted. This allows thalternating-direction-implicitnethod! to be used. Unfortunately/ +
%At A, ) is not easily inverted and this means that the cross-demvggrms are treated explicitly in this
method. Consider the equation

At At fk+1 _ fk kL
(I+ 7Av> <I+ 7A9>T+Af = h. (76)
If we rearrange the terms in this equation to give
At2 E+1 _ rk k+1 k
(1 + TAUAQ) % b (Aut Ae)% b At = h,

we see that this method differs from the Crank—Nicholsonhmetn two respects. Firstly, there is a
At? term multiplying the time difference term. This differeniseunimportant because it does not alter

26



the accuracy of the scheme. Secondly, the cross-deriviives are treated explicitly. If we ignore
the cross-derivative terms, eq. (76) is as accurate as gnekENicholson scheme, but is much easier to
realize because it is easy to solve eq. (76)ffor'. The explicit treatment of the cross-derivative terms
lowers the accuracy and the stability, putting a limit onti@ximumA¢ that can be used. On the other
hand, the implicit treatment of the other terms means thatntlethod is far superior to the fully explicit
method.

We can computg®*! from eq. (76) in a series of simple steps:

¢k :h_Afka
At N\
€k+1/2 _ (I+ 714@) ¢k7

-1
ehtl = (I—i— %Ae) §k+1/27
fk+1 _ fk +At£k+l'

The inversion of the matrices is carried out using Gausdiariraation as described in appendix A.

C. Example

Let us consider a specific example relevant to lower hybrideru drive. The plasma consists of
electrons and infinitely massive ions with = 1. Electron-electron collisions are computed assuming a
Maxwellian background usin@f/[/jx eg. (41). Electron-ion collisions are given by eqg. (37). €lfect of
the lower hybrid waves is modeled by a quasilinear diffusioefficient given by egs. (46) withy = 1,
v1 = 3, andvy = 5. The electric fieldE is taken to be zero. Except for minor details this is the
same example treated in the paper on lower hybrid currewg 8ir{The time normalization used in that
paper differs from the one adopted here by a factor of two.) tdde f(t = 0) = fin, Vmax = 10,

M = N =100, andAt = 0.2.

In studies of current drive, we are principally interestethie current density, the rf power absorbed
per unit volume by the plasm&, and their ratio//P. These are defined by egs. (19) and (20) whose
discrete forms read

J= M7 (77)

n
M-1 N
Z 27 sin 91'4,1/2’[}?51”@_’1'4,1/2_’]' A’UAH, (78)
i=0 j=0

P =

S|

wheren is given by eq. (59). (These definitions includé /a factor, because the is included in the
normalizations fotJ and P.)

The current is plotted as a function of time in fig. 4. Wittt = 0.5, the integration is unstable. The
difference in the values of the current when the equatiomgdegrated withA¢ = 0.2 andAt = 0.05 is
about0.1% of the final current.

The steady-state solution fgris shown in fig. 5. This may be obtained by integrating the éqoa
sufficiently long (until about = 1000) with a fixed time step or else using the techniques desciibed
sec. IX. (With this numerical method, the steady state igfrhdent ofAt.) The plateau in the resonant
region is clearly visible as well as the considerable pedpriar heating. Using egs. (77) and (78), we
haveJ = 5.754 x 1072, P = 4.011 x 1073, and.J/P = 14.34.

The flux plot for this case is given in fig. 6. This shows that teenbination of rf diffusion and
collisional scattering induces a perpendicular flux in theonant region. Such flux plots are useful
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in providing guidance for the analytic solution of this plain26 More extensive examination of this
example can be found in the original paparcluding projections onto the, axis, slices at constant,
etc.

There are two possible sources of error in these result@rsearising from the finite boundary
(i.e., because,, ., is finite) and errors arising from the finite mesh. The effdcthe boundary can
be determined by increasing,., to 20 (and increasingv to 200). In the steady state, this gives
J = 5759 x 1072, P = 4.012 x 1073, J/P = 14.35—changes of less thah1%. Thus for this
particular problemy,,., = 10 is adequate.

The effect of the discrete spatial grid is found by varyig and Ad. This we do by keeping
Umax = 10 varying M and N with M = N. Thus we haveV = 10/Av andAf = Avrw/10. The
results for.J and.J/P are shown in fig. 7. We see that there is a lot of scatter in the which arises
becausd),, is discontinuous. AAv andAg are varied, grid points (those on which the flux is defined)
enter or leave the resonant region < v < ve. Each time this happens, there is a jump/i@nd P.
As Av — 0, J approaches its asymptotic value of abbuit x 10~2 and the convergence to this value
is asAwv. The finite mesh error id with M = N = 100 is about3%. This rate of convergence can be

1

understood becauseand P are exponentially dependent on[J ~ exp(—3vf)] andv, is determined

only to within +1 Av. Thus the relative error itf and P is aboutexp(vi1Av) — 1 &~ fv1Av. This
gives a relative error of5% for v; = 3, N = 100, vax = 10. The actual error is somewhat less than
this because the boundary of the resonant region cuts atigsid lines and so; is in fact determined
more accurately than was assumed here. Becdus®d P are both subject to the same error, the ratio
J/ P is more accurately given: convergence to the asymptoticeva14.24 is asAv? and the value with

M = N = 100 is in error by less thah%.
Ifinstead we use the truncated electron-electron cohieimeratoce/ ¢ .. the steady-state distribution

trunc?
function is rather similar to that shown in fig. 5. Howeveg ftux plot fig. 8 shows a new eddy at low
velocities due to the overall drift of the electrons withpest to the ions. (This plot is obtained with the
same parameters as for fig. 6.) In this case, we fird7.092 x 1072, P = 4.294 x 1073, J/P = 16.52.
The enhancement of the efficiengyP comes about because momentum (and hence current) is no longe
lost when tail electrons collide with bulk electrons.
A check on the implementation of t er/fm is given by measuring the electrical conductivity. For
Z; = 1, the exact conductivity is given by table | dgF = 7.429 ~ 0.582 x 16+/2/7.2! Integrating
the Fokker—Planck equation using the truncated collisjperator with no rfDy = 0 and a small electric
field E = 1073, the conductivity is// E = 7.446, a0.3% error. This small error is probably attributable
partly to the finite mesh size (here we again tdgdk= N = 100 andv,,.x = 10) and partly to the
finiteness ofF (since there is a contribution to the current which varie&as In contrast, ifo/[/jx, is
used the conductivity ig/E = 3.772 a factor of two too smalft.

IX. Steady-State Solution

A. Statement of problem

Often, we are only interested in the steady-state solutiothé Fokker—Planck equation. Nearly
always we must resort to an iterative method for obtainimgdteady state. In that case we need some
measure of how close we are to the steady state so thatdienathy be stopped when this is small
enough. The measure we shall employ is

2
r=1 int[(%) ] (79)
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where theresidue) f /0t is given by eq. (60). Somewhat arbitrarily we use= 10~ as the convergence
criterion.

One obvious way of obtaining a steady state is to integrateinme-dependent solution as described
in sec. VIII for a long time. This should be done with the lastme step consistent with stability. For
the example shown in fig. 5, the convergence criterion is métee ¢ = 812. The largest time step
that can be used is approximateél; so that 4060 steps are required. U time required to run the
Fokker—Planck code on the Cray-1 is approxima2ely per mesh point per time step. Thus, achieving
the steady state by this method takes at®0out This is rather expensive and it is therefore desirable to
find faster methods.

However, this method is quite effective whel, = 0. Then the numerical scheme is stable even
if At is large. For example, for the electric field example disedds sec. VIII in whichDy = 0 and
E = 1073, we can take\t = 1, and the convergence criterion is met after 220 steps. Herategral
portion of Cfr/fnc, which is represented by the tertnin eq. (71), is evaluated every tenth time step.
The numerical method is stable for larger values\af But, because the integration is less accurate,
more steps are required to meet the convergence criterigh.l&ge At the numerical solution tends to
oscillate about the steady state.

B. Chebyshev acceleration

A significant improvement can be achieved by using a varying step. Hewetet al3? describe an
adaptive time selection for the alternating direction iitipimethod which speeds the convergence by a
factor of two to three. Here we describe Chebyshev acceafatwhich is a nonadaptive method for
selecting varying time steps. We choose the time &tgp= ¢, — t; according to

2

Aty =
ﬁ—i—oz—(ﬁ—oz)cos<

(80)

[2(k mod K) + 1]7\’
)

whereq, 5, andK are constants withh < g and K = integer. The advantage of this method is that by
changing a few lines of code it can easily be incorporatealting alternating-direction-implicit method
described in sec. VIII. A fixed time step is recovered in thecipl casex = 5 = 1/At.

Let us discuss the choice of the parameters in eq. (80). Withrge, eq. (80) gives a series Af
time steps (repeated periodically) varying fragfee down to1/5. In the examples we consider, we take
K = 20. Then the maximum time step is somewhat less thanwhile the minimum time step is very
close tol /5. In order to realize performance gains with this method w&hwo pick the minimum time
step comfortably within the stability threshold for the fikéme-step method, while the maximum time
step is considerably greater than the stability threshold.

The method works because the long wavelength eigenmodbe thear operator decay slowly but
are stable with largé¢; on the other hand, the short wavelength modes decay ramitigre only stable
if At is small. Consider a particular cycle &f steps. During the initial large time steps, the long
wavelength modes are efficiently damped (becahsés large), but the short wavelength modes grow.
This is followed by successively shorter time steps whiamplghe short wavelength modes.

For the example shown in fig. 5, the stability threshold Agrlies between 0.2 and 0.5. Thus we
choosel /3 = 0.05 and1/a = 1000. With K = 20 this gives a maximum time step of 31.4, a minimum
step of 0.05, and an average time step of 1.95. Since thegevinae step is about 10 times the largest
time step that can be used in the fixed time step scheme, wetegavergence to be 10 times faster.
Indeed this is the case. The convergence criterion is met 460 steps at = 790. This takes about
8s of CPUtime. The variation ofR with time is shown in fig. 9. This shows the growth Bfduring
the large time steps followed by a drop/has the instabilities are quenched during the small timesstep
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The overall decay oR with ¢ closely matches that seen with a fixed time step. (This israonto the
experience of Hewett al.with their adaptive code in which the rates of decay are véfgrént32)

C. Runaway problem

If the electric field is sufficiently large to produce runawsaye., £ > v, 2, , then ast — oo a

steady state is reached which decays at the runawayy r@esuming that a linear collision operator is
employed). Becausg and all its moments decay at the same ratis,given from eq. (61) as

flux 1
= Tl (81)
which we will take to be the definition of for all . Thus we write
t
vty = r'tvtyen (- [ ayar ). (52)
0

where~ is given by eq. (81) and’ (¢t — oo) is independent of. If eq. (82) is substituted into eq. (71),
we obtain

af /

E‘*‘(A—’Y)f =0, (83)

where for simplicity we set the inhomogeneous térrto zero. Because is expressed as an integral
over f eq. (81), it varies slowly and need not be evaluated vennofiéaus eq. (83) may be regarded as
a linear equation and solved in precisely the same way as7&y(With » = 0) except thaty must be
subtracted fronb,, ;1 /2 j+1/2 €d. (73b).

As an example, fig. 10 shows the steady-state distributidaimdd by this method witl¥; = 1,

E = 0.06, M = N = 100, vmax = 10, and electron-electron collisions given Bﬂjx Since there

is no rf diffusion term, there are no cross-derivative teand the steady state is most easily obtained
by taking a constant time step df¢ = 1. The runaway ratey is recomputed every ten time steps
and the convergence conditidh = 10~° is met after 820 time steps. In the steady state, we have
~ = 5.211 x 107° andJ = 0.3133. These are close to the results obtained by Kulgtal,” namely

v =5.411 x 1075 andJ = 0.3143.

Again, it is important to explore the possible errors in théigures. Extending the boundary to
vmax = 20 and doublingV to 200 givesy = 5.210 x 10~5 andJ = 0.4514. While there is practically
no change iny, J is about50% larger. This discrepancy arises because there is a largghdion to
the total current by the runaways in the regidh< v < 20. We can verify this by estimating the total
current for an arbitrary,,,. on the basis of the results from,.,. = 10. For simplicity, assume that all the
runaways are concentrated near= 0. From smally and in the limitt — oo, the runaway distribution
is independent ofy|, so thatf (v > v;) =~ (v/E)d(v1). The current obtained by integratingf out to
V = Vnax IS then

J(Vmax) & Jpuic + %(V/E)Urznaxv

where, using the data fromy,., = 10, we haveJ, i = 0.270. We can interpret/,,, i as the current
carried by the bulk electrons and the other term as the cucegried by the runaways. This now gives
J(vmax = 20) = 0.444 which is within2% of the observed value. The lesson from this exercise is that
it makes little sense to quote the result fbwhen the runaway rate is appreciable because it depends
strongly onu,,... It is preferable to determine the bulk current since thithen weakly dependent on
Umax @nd has a physical interpretation. We have seemthat = 10 is sufficiently large to givey and
Jpulk accurately.

In order to determine the effect of the finite mesh on the ruyaresults, we vary/ and N with
M = N andovmax = 10. The results fory and J are shown in fig. 11. The asymptotic values are
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~v = 5.185 x 107% andJ = 0.31334. The errors in the values fae/ = N = 100 are0.5% and0.02%,
respectively. The errors are considerably less than wilrftiproblem in fig. 7 and the convergence is
much more regular (adv?).

A disadvantage of solving for the decaying steady state efdilstribution, eq. (83), is thd is
no longer divergence free. This means that the stream liaesat be plotted as contours of a stream
function A4, eq. (65). This can be remedied by injecting electrons abthygn to match the runaway loss
of particles. Although this is a rather artificial problemete is little error in the runaway rate provided
that the runaway rate itself is small. We implement this pthae as follows: The loss of particles at
V = Upax IS

ny = flux 1.

We match this loss by a uniform radial flux at the origin

nysin(1 A9)
U(Q)Sv,i+1/2,0 = TAQG’
which is chosen to give
M—1
Z 27 sin 9i+1/21)g$v,i+1/2,0 Al = nry.
i=0

(The product;éSv,Hl/g,o is finite even thougl¥, ;12 o is infinite.) From eq. (60), we see that this in-
troduces a source terﬁsmﬂ/m/(vf/g Av) into the expressions f@tf; 12 1/2/0t. This is included
as part of the inhomogeneous tekrin eq. (71). The expressions for the stream function eq3 ré&iire

a slight modification to give

2mp2 i1
J .
Ajj=—v+ - E sin By 1 1/25,ir41/2,5 A,

=0

el
27 sin 6;

=A;o— E Vjr 117250,/ +1/2 A,
j’'=0

where the integration constant has been chosen to giygn= —y and A, ; = 0.

The flux plot computed by this method for the case shown in fg.ie., forZ;, = 1, E = 0.06,
M = N = 100, vpax = 10, is shown in fig. 12. When computed in this way, the runawag isaslightly
lower~ = 5.148 x 10~° because a typical runaway particle has to be acceleratethfre 0 instead of
v = 1. The current/ = 0.3127 is also lower.

D. Other methods

An infinite time step can be used if the Crank—Nicholson scheme, eq.i§#8pdified so thaf**1 is
used in place o% (f*+1 4 f*). Then, the steady state can be achieved in a single timeGtepurse, this
entails inverting the large matrid (which is why we advocated using the alternating-directioplicit
method in preference to the Crank—Nicholson method). Hewewgutines are available to perform such
an inversion and they have been employed by O’'Be¢ml.>? An important feature of this method
is the use of disk files to hold intermediate results. (Tylbyctghe full matrix cannot fit into memory.)
They report a&CPUtime of 35 s to invert the matrix arising from the discretiaatof the Fokker—Planck
equation on 800 x 100 grid with this time scaling a3/ N x min(M, N). This method is therefore
comparable (as far aPU time goes) to the Chebyshev acceleration method. Therevar@atential
drawbacks of this scheme: Firstly, there is a significant togO time with this method because of the
use of disk files for storage. Secondly, the advantage of &tlhaa is reduced if the steady state cannot
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be reached in a single time step. This is the case with the owonplicated collision operators, because
the matrixA is a function of time.

Various iterative methods are available for obtaining adyestate solutiod! These are basically
approximate methods of inverting the matrix Notable is Gauss—Seidel relaxation in which the elements
of f are successively updated to achigvg/ot = 0 at the point in question. In line relaxation, a
whole line of elements (for examplg,= const) is updated simultaneously (requiring the solution of
a tridiagonal system of equations). Line relaxation gives same convergence rate as Gauss—Seidel
relaxation and may be vectorized if the even-numbered rgws- (even) are updated in one sweep
followed by the update on the odd-numbered rows.

The odd-even line relaxation method is extended with theesgive-over-relaxation method where
the over-relaxation parameterdetermines how much overshoot there is beyond the valyevaiich
givesdf /ot = 0. Unfortunately, these methods give results which are riyuidle same as using fixed
time steps. For the example shown in fig. 5, with the overxadlan parameter set to = 1.4, the
convergence criterion is met after 5980 steps. (Compasedtihe 4060 steps required in the fixed-time-
step method. However, one relaxation step tends to be catignelly less expensive than one step of
the alternating-direction-implicitmethod.) For this exale, the method becomes unstable witk 1.5.

Although by themselves relaxation methods are not veryuliafthis problem, they are an important
ingredient in the multigrid metho#:3> In this method, the problem is solved at several differei gr
spacings (usually differing from each other by a factor obfwA few relaxation sweeps are carried
out on the finest grid. Because relaxation is a local methus,i$ very effective at damping the short
wavelength modes (with wavelength comparable to grid siggcif relaxation is continued on the finest
grid, convergence would become slower because longer eyl modes would dominate the residue.
However, in the multigrid method, the residue is transféoeto the next coarsest grid where relaxation
methods are again efficient. This process continues reelysip to very coarse grids where either
relaxation methods or direct solution methods can be used.

This method has not been implemented for the Fokker—Plame&t®n. However, we can estimate
the time required to obtain a steady state. Each relaxatéggman the finest grid gives a reduction/in
by about a factor of two. (The total work at the coarser gridatimost a multiple of the work on the
finest grid.) In contrast, the mean reductionRnwith the Chebyshev method is by, per step (see
fig. 9). Thus the multigrid method will require abalei(0.5)/10og(0.96) =~ 16 times fewer steps—an
order-of-magnitude improvement over the Chebyshev method

X. Relativistic Treatment

A. The Fokker—Planck equation

Fokker—Planck methods have been used to study currentloyil@ver hybrid waves. In a fusion
plasma, these waves will interact with electrons that fravelose to the speed of light. In such cases, it
is necessary to reformulate the equation to include régéitiveffects. The first change is that the electron
distribution function is expressed in momentum rather teocity space so that eq. (1) becomes

9fe
ot

_Zc(feafs)+v'sw+qu'vfe:Oa (84)

where now thé/ = 9/Jp operator operates imomentunspaces,, is the rf-induced flux in momentum
space, and, is normalized so that

[ fprap =n.
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In spherical coordinates we have

1 0
Q= — 22 TG
V-S , P Sp+psinoaobIH989,

wherecos ) = pj /p.
In addition, the forms of the collision term and the quasitindiffusion term are altered.
B. The relativistic collision operator

The relativistic collision operator is given by Beliaev aBddker3% It can again be written as the

divergence of a fluxC(f., fo) = —V - S%/* where now we have
adh 9fe(p’) 9fa(p)
Sa/b _ a9 1 Aa/b . - b _ / a 3o’ 85

The expression folJ is rather complicated However, if either the test or the background species is
weakly relativistic p < mqc orp’ < myc), thenU may be approximated by its nonrelativistic form
2
U(u):ulu—guu7 u=ve—vl,
wherev, = p/m., is the velocity of species, v, = (1 + p*>/m?2c?)'/? is the relativistic correction
factor, andm is the rest mass.

Despite the resemblance of eq. (85) to eq. (21), this collisiperator cannot be readily expressed in
terms of Rosenbluth potentials. However, considerablgness can still be made by working directly
with eq. (85). We restrict our attention to electron-ion afettron-electron collisions.

For collisions off infinitely massive ions, we can take thesdo be stationary, — 0 and evaluate
the integrals to give

C(fe(p)) =T/

Z; 1 o0 . 0
20,p? sin 6 060 S 6‘% fe(v), (86)

where
ra/b _ angqg In A@/b
471'6(2)
(this differs by a factor ofn2 from the definition given in sec. Il).

For electron-electron collisions we start with the casenoatropic background*(fe(p), fe(o) (p)).
The fluxes for this term afé

e/e e eafe e/e
SCI{ = _ch/)pa_p + Fcp/ fEa (87a)
10f,
Se/e _ _De/e__e 87b
ch c6‘9p 69 ’ ( )
where
/e 4rTe/e p vl? o0 1
Dcép = ™ (/ p/QfE(O)(p/)de/ +/ p/Qfe(O)(P/)?dp/>7 (88a)
e 0 c p A
e/ AmDele [ [P 3v2 — 2 o0 1
che = B (/0 p’Qfe(O)(p/)po’Jr/p p/Qfe(O)(p/)v_édp/), (88b)
/e AxTele p v, —vl3/c? e
Fge =~ ™ ( / P I = [ gy + / P 0020 /¢ dP’)- (88c)
(< 0 e P
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These should be compared with their nonrelativistic coynates egs. (26) and (27).
In the relativistic limit, the Maxwellian distribution e18) become¥

TNe &
o) = e e (1), (89)

where
&= mecz'76
is the total electron energy,
O =T./m.c* =T./511 keV,
and K, is thenth-order modified Bessel function of the second kind. If WbSihutefe(O)(p) = fem(p)

into egs. (88), we obtait, /D5y = —uv./T.. Thus we find thatf.,, annihilates the electron-
electron collision ternC/( fem, fem) = 0. The integrals in eq. (88) cannot be performed analytically

with £ (p) = fem(p) and so in the numerical code these are performed numerically
For the Maxwellian distribution eq. (89), we define a thermalmentum

Dte = V meTea

a thermal velocity

1 T, 5 55
2 = 2fmp)dPp=—(1-2 —e?4+...
v}, 3ne/vef (p)d°p - 2@—!— 86 + ,
and a thermal collision frequency
L mere/e
te p?e

Forp > py., the indefinite limits in the integrals in Eq. (88) can be esgld byo, giving®®

e/e e/e ’Uth
Dcpp - F E, (90a)
efe e/e 1 UQe
Dy =1¢/ g< —U—tz> (90D)
2
Fele = _pe/e Yte_ (90c)
P T.v?

These should be compared with egs. (28).
For a background which consists of just the first Legendrebaic, the collision term i€ ( fe,m (p),
£ (p) cos 9). This is given by’

C(fem(p)7 e(l)(p) COS@) B 47T1'\e/e><

fem(p) cos @ Ne
{@ + é/opp’zfé”(p’)%e [:7 ,Zég (mT:CQ (49,2 +6) — %(4723 - 972))
P2t (e 2| dp'}- o)
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[Compare with eq. (34).] The general solution of the linezadi electron-electron collision operator

C(fevfem) + C(femafe) =0is
fe = (a+b'p+d5)fem,

wherea, b, andd are arbitrary constants. With= d = 0 andb = py, this provides a useful check on
Egs. (88) and (91) and their computational realizations.

In the example we show below, we use the electron-ion coflisiperator given by eq. (86) and the
relativistic generalization of the truncated collisioreogtor eq. (38)

CeLe (fe(0)) = C(£o(P)s fem(®)) + C(fem(p), £V (p) cos ), (92)

where the first term is given by eqs. (87) and (88) and the skteom by eq. (91).

C. Wave-particle interaction

We saw in sec. V that the quasilinear diffusion operator heal pprincipal ingredients: the wave-
particle resonance condition, and the diffusion pathshBdthese are modified by relativistic effects.

The wave-particle resonance condition becomes
w — kv — nfe/ve = 0,
where(2, = ¢.B/m. is the rest-mass cyclotron frequency. Translating this inbmentum space gives
1+ p?/m2c? — kyp| — nfe = 0.

This modification of the resonance condition is importarithimconsideration of current drive by electron
cyclotron waves?

The diffusion paths are again given by surfaces of constargy in the wave frame. The expression
for the energy in a frame moving av/k)py is

E— (w/ky)py

W1 —wQ/kECQ'

The diffusion paths are, therefore, given by

g =

E— (w/k”)p” = const.

These paths are parallel to the vector
(5 -ra)pssvan
7 — Ve |PL Vel P||-
ky

This should be compared with the vectgy defined in sec. V. The paths are ellipses or hyperbolae in
momentum space depending on whethgk, is less than or greater thart®

For lower hybrid waves, we have = 0 and the diffusion is in the parallel direction. We, therefor
generalize eqgs. (46) by incorporating the modified resomanadition to read

D. = Du(pL.p))BDy (93a)
where
o Do, forv1 <p||/’ye < Vo,
Duw(pr.py) = {O, otherwise. (93b)
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D. Example

To illustrate the relativistic effects we show in fig. 13 theagly-state distribution function obtained
by integrating the Fokker—Planck equation with electréacion collisions given by}e/e eg. (92) and

trunc
electron-ion collisions given bg'¢/* eq. (86) withZ; = 1. The quasilinear diffusion term is given by
eq. (93) withDg = 1, v; = 0.4¢, andv, = 0.7¢. (Except for the perpendicular profile BY,,, this is the
same as the example given in ref. 19.) The integration isezhout with A/ = N = 100 andp,.x = 20.
We normalize all momenta tg., velocities top;. /m. (notv;.), the current density te.g.pi./m., the
power density taw.p?. v /m., €tc. Again we are principally interested in the current &l power

dissipated. These are defined by

7 int (v, cos 6) ’
n
M-1

N
P = Z 27 sin 91'4,1/2’[}]']7?5“,1771'4,1/27]' APAH,

i=0 j=0

S|

whereint is the generalization of eq. (57) to momentum space; int 1. [Compare these expressions
with egs. (77) and (78).] In the steady state, we fihd= 3.732 x 1073, P = 1.256 x 10~%, and
J/P =29.72.

Again a useful benchmark is provided by the electrical catidity. In the limit £ — 0 this is
correctly given ifC%° is employed. WithE = 1073, Z; = 1, © = 0.01, M = N = 100, and

trunc

Pmax = 10, we findJ/E = 7.307, which differs from the true value of 7.291 by abéw.2%. Values of
the conductivity for various values ¢f; and®© are tabulated in table II.

XI.  Adjoint Method

A. Introduction and example

We have considered here techniques for solving the Fokkamek equation with an added quasi-
linear diffusion term. This tends to be an expensive opemndbiecause the addition of the quasilinear
diffusion term greatly increases the parameter space todraned. For example, the study of lower hy-
brid current drivé included the results of some 50 runs with different values;adindv,. Even so, no
systematic study was made of the dependence on the pararbgtandZ;.

However, the amount of work can be drastically reduced uiirgadjoint method. This was intro-
duced by Hirshmal? for the study of beam-driven currents. Later, Antonsen and'Cused it to study
rf-driven currents.

To illustrate the method, we will outline the analysis givenAntonsen and Cht. The method
begins by assuming thg is close to a Maxwelliarf.,, so that the linearized electron-electron collision

operatorCfifle eg. (31) can be used. The quasilinear diffusion term is talsesgiven As pointed out in
sec. V, the Fokker—Planck equation then becomes an inhamogs equation, whose linear operator is
independent of the wave drive. Two further assumptions a@ennamely thak = 0 and that a steady

state has been reached. (Neither of these assumptionsissaeg and they have been relaxed in ref. 42.)

The Fokker—Planck equation is then

C(fo(v)) = CEL(fo(v)) + CE(fo(v))

mev? 3 olnT,
_V'Sw+<2Te _5) em (V) =57

(94)
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where we have inserted the Chapman—Enskog—Braginskijghess term to ensure that eq. (94) has
a solution (i.e., to ensure that the Fokker—Planck equataches a steady state). Taking the energy
moment of this equation, and noting that the collision ofmeria energy conserving, we find the equation

for 9T, /0t

o (3

g (57’LeTe) = P,
whereP is given by eq. (20).

The straightforward approach is now to solve eq. (94) for diqdar S,,, determine the electron
distribution f., and hence find the rf-driven current. The adjoint methoég& way of computing the
current without having to fingf,. Consider first the “adjoint” problem

O(fem(v)X(V)) = _Qevnfem(v)a (95)

where we require thaf.,,, x have zero density and zero energy. This is the Spitzer—ldgrration for the
perturbed distribution in the presence of an electric flele- 7.v. Let us multiply eq. (95) byf./ fem
and integrate over velocity. This gives

J = _/(fe/fem)c(femX) d3V1

whereJ is the current carried by the electron distributitn Now we utilize the self-adjointness of the
linearized collision operator

o€ty = [xCltmb) v,

together with eq. (94) fo€'(f.) to give

J = /Sw(v) VX (V) dv. (96)

Equation (96) is the desired expression for the current.quamtity y serves as the Green'’s function for
the current/. The current drive efficiency is given by

J [ Sw - Vxd®v 97)
P [mSy - vddv’

B. Solving the adjoint equation

In order to apply this method, we must determinigy solving eq. (95). Becausgv) consists of only
the first Legendre harmonig® (v) cos , this equation reduces to a one-dimensional integro+iffial
equation,

1 1 e/e elerz.
1 2 2 e /e ax( ) _ meUDe/e 8X( ) . 2D099 +£ Zz/'UX(l) +I€/€(X(1)) + qev = 0, (98)

v2 Qv RN ) T, Y Ov v

whereDZ,S andDigg are given by egs. (30), and/® is defined by

— C(fem(v)a fem('U)X(l) (U) COS 9)
.fem(v) cos 0

1¢°(x M (v))

[see eq. (34)].
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In general, eq. (98) must be solved numerically. This is doneonstructing the partial differential
equation by setting the left-hand side of eq. (98) equahtt) /dt. The resulting equation is integrated
in time with arbitrary initial conditions until a steady stais reached. The integration is carried out
in the domaind < v < wvmax and the boundary conditions are taken to\B& (v =0) = 0and
0*XM (v = Viax ) OV = 0.

Approach to the steady state is accelerated by treatingrté¢tiee terms in eq. (98) fully implicitly;
i.e., in order to computp () (t + At) — x((t)]/At, we evaluate these termstat At. This means that
very large time steps can be used. The integral tettf(x(1) is treated explicitly and is reevaluated
at each time step. The resulting difference equations fotrid@gonal matrix which can be solved by
Gaussian elimination.

Because the adjoint equation is the same as the equatidrefpetturbed distribution in the presence
of a weak electric field, we can solve eq. (98) to obtain vahfethe electrical conductivity which is

defined by
J [ ey 3 7477%/ 3 (1)
2= [ o) & = T [ a0 o

This procedure was carried out using the method outlinedetith v,,,« = 15v4., Av = 0.001v, and
At = 1000/v.. Because we are only working with a one-dimensional eqoatids possible to use a
much finer mesh than with two-dimensional problems and saiob¢sults which are effectively “exact.”
The results are summarized in table | where we have alsodadithe results from use of approximate
collision operators. The same technique is easily gerrelio relativistic plasmas using the collision
operator given in sec. X. This gives the relativistic cotits to the conductivity which are given in
table II.

When the adjoint method is applied to more complicated 8dna (e.g., including a dc electric field),
a two-dimensional equation must be solved. We can then usg ofdahe techniques for the solution of
the Fokker—Planck equation, which have been presentee iprétteding sections.

C. Discussion

Let us assess the work involved in utilizing the adjoint noethOnce the adjoint equation has been
solved, the current and the efficiency are immediately gim¢arms ofS,, by egs. (96) and (97). Instead
of having to solve the Fokker—Planck equation afresh foryefggem of S, a couple of velocity integrals
overS,, suffice to give the important quantities. The parameterejplaat must be scanned in order to
give a complete understanding of the physics is greatlygeduThe adjoint method does not give the
electron distributionf, nor the rf-induced fluxS,,. On the other hand, a crude estimateSqf gives
an accurate estimate of the efficiency because eq. (97 Mvesdhe ratio of two integrals ové,,. An
effective way to use this method within a ray-tracing codelldde to determin&,, from a solution of
the one-dimensional Fokker—Planck equatiand to use this to determine bafrand P from egs. (96)
and (20). The code thereby benefits from an accurate detatiorirof the current drive efficiency while
the high computational costs of integrating the two-diniemal Fokker—Planck equation are avoided.

Because the currentdrive efficiency is determined by asifugictiony, it is possible to ask questions
not readily answerable from numerical solutions of the eskRlanck equation. Examples are: What is
the asymptotic form for the efficiency as the wave phase iglbecomes large? What is the maximum
possible efficiency for a particular class of waves?

Besides determining the current, the adjoint method candaptad to give other moments of the
electron distribution by changing the right-hand side af @d). This can then give, for example, the
perpendicular energy of the electrons, bremsstrahlungtiad, etc. This method has been used to
determine the current-drive efficiency in a relativistiaghal® Recent developments of the methdd
allow the determination of arbitrary moments faf(not just the currenf’), and the determination of the
time development of such moments. These have been applied sdudy of rf current ramp-uf.
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XIl. Conclusions

In the last fifteen years, Fokker—Planck codes have gone ésmteric programs developed by a few
researchers which could only be run on a few machines to walelilable tools used by a large number
of physicists on many different computers. This has beentdltlee large increase in computer power
available to the average physicist and the pioneeringtsftdiKilleen et al.?3

In this paper, | have given a detailed description of a paldicimplementation of a code to solve the
Fokker—Planck equation with emphasis on a particular egfdin, namely current drive by lower hybrid
waves. There are many other implementations of this codehthae been applied to a large variety of
interesting problems. My goal has been to illustrate thenmaimerical problems by means of concrete
examples. The methods presented here cover the major roaing@roblems that are encountered in all
Fokker—Planck codes.

There are two areas which still require attention. Firsthproved methods for obtaining the steady-
state solution of the Fokker—Planck equation are needede the multigrid method offers the best
promise for substantial savings over the other methodsrithestcin this paper. Secondly, the adjoint
methods outlined in sec. XI should be extended and appliedi@er range of problems. Ray-tracing
codes still need to be modified to accept the results of thelselations.
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Appendix A. Numerical Techniques

In this appendix, various fragments of code are shown. A dimeensional Fokker—Planck code is
ideally suited to a vector processing machine like the Ctay4owever, care must be taken to order the
loops correctly, otherwise they will not vectorize.

The first example is the computation of the currantv cos9) eq. (57). This illustrates the rather
peculiar way in whiclFORTRAN code must be written in order to take advantage of the Crayarthi-
tecture?* We assume that the arrays and variables given in table 18 baen initialized as indicated.

dimension temp(0 : iy — 1)
do1i=0,iy—1
temp(i) = 0.0
1 continue
do3j=0,jz—1
do2i=0,iy—1
temp(i) = temp(i) + x(J)**3 * f(i,7)
2 continue
3 continue
do /i=0,iy—1
temp(i) = sn(i) x cn(i) * temp(i)
4  continue
cur = 0.0
dobi=0,iy—1
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cur = cur + temp(i)
5 continue
cur = 2.0 % pi * dx * dy * cur

The important point is that the inner loop (with lat®lvectorizes. This would not happen if the order
of the loops were reversed. There is no particular advarnitageking the computation of (j)+x3 out
of the inner loop since theFT compiler does this automatically. The only loop that the pden treats
inefficiently is the last one. In fact, we replace this by d ttathe OMNILIB routine ssum.

The second example is computing the integral part of thecttad collision operato@(fm(v),
f® () cos 9)/ cos eq. (34). Here again it is easy to arrange so that most of ttie eectorizes. The
computation of this term is then relatively inexpensive paned with the other computations.

dimension s0(—1: jx —1),s3(0: jz),s5(0 : jx), f1(0: jx — 1)
do1j=0,jz—1
J1(j) = 0.0
1 continue
do3i=0,iy—1
do2j=0,jz—1
f1(5) = f1(j) + 1.5« dy * sn(i) * cn(i) * f(i,7)
2 continue
3 continue
do4 j=0,50—1
$0(j — 1) = da * f1(j)
$3(1+1)=3s0(j — 1) % x(j)**3
s5(J4+1) =383 + 1) xx(j)*x2
4 continue
$3(0) = 0.5 % s3(1)
$5(0) = 0.5 s5(1)
do5j=1,jz—1
$3(j) =s8(7 — 1)+ 05 (s3(4) +s3(j + 1))
$5(j)=s5(j —1)+05x(s5(5)+s5(j + 1))
5 continue
s0(jz —1) = 0.5% s0(jx — 2)
do 6 j=jx—2,0,—1
s0(j) =s0(j +1)+05x(s0()+s0(j — 1))
6 continue
do7j=0,50—1
e1(j) = (s5(j)/5.0 = 53(j)/3.0)/a(j)#+2
+ +50(j) * (x(j)*+2/5.0 — 1.0/3.0) * z(j)
e1(j) = 4xpi x fm(j) + (1) + e1 (7))
7 continue

All the loops vectorize with the exception of the indefinieigration loops (with labels and6). Most
of the time is spent in the inner lo&during the computation of (") eq. (15).

Finally, we consider vectorized Gaussian elimination.sEhibroutine performs Gaussian elimination
for the tridiagonal system of equations

1
Tijj + 5 AUa i1+ bijTig + CiTit1 ;) = Yigs

to givex; ; for0 < i < n,0 < j < m. The coefficients satisfy, ; = c¢,—1,; = 0. A substantial fraction
of the running time of the Fokker—Planck code is spent inghisroutine. When implemented for a single
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system of equations = 1, this leads to “vector dependencies” which inhibit vecation. The solution

is to solve then systems in parallel with being the index for the inner loops. In the subroutine below,
it is assumed that all the matrices are the same size, thaptteng in memory between ; andx; 11 ;
(the solution direction) is.s, and that the spacing betweep; andz; ;41 (the vectorizing direction) is
ms. This subroutine usesandy as temporary storage; thus the initial data iare destroyed.

subroutine solve(x, ns,n, ms,m,a,b,c,y, dt)
dimensionz(0: ms—1,0: m—1),y(0: ms —1,0: m — 1),

+ a(0:ms—1,0:m—1),b(0:ms—1,0:m—1),
+ c(0:ms—1,0:m—1)
dt2 = 0.5« dt

do2i=0,n—1
ia=ns*(i—1)
ib=nsx*1
do7j=0m-1
den = 1.0/(1.0 + dt2 * (b(ib, 7) + a(ib, 7) * y(ia, 7)))
x(ib, j) = (y(idb, j) — dt2 = a(ib, j) x x(ia, j)) * den
y(ib, j) = —dt2 x c(ib, j) * den
1 continue
2 continue
do/i=n—20-1
ib=nsx*1i
ic=nsx*(i+1)
do3j=0m-1
x(ib, §) = y(ib, j) * x(ic, j) + z(ib, j)

3 continue

4  continue
return
end

There are a couple of tricky points here. Firstly, we use teordard indexing into the arrays. The element
x;,; Is accessed by the array elemefits + ¢, j). If ms = 1, thenns = i will generally exceed the upper
boundms — 1 on the first dimension of the arrays. This type of array indgxnay cause problems with
compilers that perform bounds checking. Secondly, we héliead the fact that:(0) = ¢(n — 1) = 0
and assumed that an arbitrary (possibly undefined) numbkipirad by zero will give zero. If this is
not the case, the= 0 andi = n — 1 iterations in the loop with labe? will have to be split off from the
rest of the loop and treated separately.

This subroutine is sufficiently general to be used for bothriatrix inversions required in imple-
menting eq. (76). Assuming that all the matrices are dinwavesd by, for example,

dimension f(0: iyl — 1,0 : jzl — 1)
then the inversions are obtained by

call solve(xia,iyl, jx, 1,1y, ax, bz, cx, phi, dt)
call solve(xib, 1,4y, iyl, jx, ay, by, cy, xia, dt)
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Tables

TABLE I. The electrical conductivity for various values dfet ion chargeZ; and for various electron-
electron collision operators. The conductivities are redired ton.q?/m.vie.

Collision operator Z; =1 Z; =2 Z; =5 Z; =10

linearized 7.429 4.377 2.078 1.133
drifting 6.331 3.876 1.932 1.084
Maxwellian 3.773 2.824 1.660 0.998
high-velocity 2.837 2.310 1.489 0.938

TABLE II. The electrical conductivity of a relativistic pdana for various values of the ion charge
and for various electron temperatures. The conductivitiesiormalized ta..¢> /m.v;. and the electron
temperatures are given in terms@f= T, /m.c?.

) Zy=1 Zy=2 Zi=5 Z; =10

0.0 7.429 4.377 2.078 1.133
0.01 7.291 4.275 2.019 1.097
0.02 7.160 4.180 1.963 1.064
0.05 6.807 3.928 1.821 0.979
0.1 6.317 3.590 1.636 0.872
0.2 5.575 3.102 1.383 0.729

TABLE lll. Meaning of FORTRANvariables and arrays.

FORTRANNname meaning

dx Av

dy A6

dt At

Jjx N

1y M

z9(j) vj

(i) Ujt1/2

yg(i) 0;

y(i) Oit1/2

cg(7) cos b;

CTL(’L) COS 97;+1/2
s9(%) sin 6;

sn(7) sinf; 12

pi T

[, ) fiv1/2,541/2
fm(j) fm,j+1/2

cur int(v cos 9)
f1(5) f(l)(Uj+1/2)
c1(j) * cn(7) C(fm(v), P (v) cos o) |i+1/2_’j+1/2
af(iaj) Ay i41/2,541/2
(ly(iaj) Qg i+1/2,541/2
phi(i, j) Git1/2,j41/2
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FIG. 1. The cylindrical and spherical coordinate systems.

Resonance _____ .|
Condition

Diffusion Poth

Ky kn

FIG. 2. The relation between the resonance condition fositjnaar diffusionw — kv — nf. = 0 and
the diffusion patv — (w/k)¥|)? = const.
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FIG. 3. The numerical grid showing where the distributiondtion and the fluxes are defined.
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FIG. 4. The current as a function of time f&@r = 1, f(¢t = 0) = f,,,, and rf diffusion given by egs. (46)
with Dy = 1, v; = 3, andvy = 5. Here we havel = N = 100, At = 0.2, andvgax = 10.
Electron-electron collisions are computed usm‘@j

x*
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FIG. 5. The steady-state distribution for the case showmiréfi The contour levels are= (27)~3/2 x

exp[—%(j/S)Q] for j = integer. This gives equally spaced contours for a Maxwellian distiion with
%. The resonant region is shown.

spacingbv =

Vi

6 8 10

FIG. 6. The flux plot for the case shown in fig. 5. The plot wasaot#d by plotting contours of the

Vi

stream functiom, eq. (65). The contour levels azex 10~°(j + %) for j = integer.

47



0.060

T T
(a)
0.059
J
0.058—
Q.057+
%
] ]
QOSGO
14.35 —
(b)
14.30—
J
i 2
Pl ke
14.251- 2F, ® o
L ]
14.20 i L

N

I
05 -
AVHXI0 )

FIG. 7. The currenf (a) and the efficiency/P (b) as functions ofAv. The parameters are the same as
for fig. 4 except thaf\/ and N are allowed to vary with\/ = N. The plots show the results from runs
with NV varying between 100 and 350 in steps of 5 and between 350 dhith 5€eps of 50.
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FIG. 8. The flux plot wherCfr/fnC is used. The parameters are otherwise the same as for fig. 6.

10° | | J

0 200 400 600 800 1000

FIG. 9. R as a function of time when Chebyshev acceleration is appli¢ide example shown in fig. 5.
Herel/3 = 0.05, 1/a = 1000, K = 20, andf(t = 0) = f,,. The convergence criterioR < 10~ is
met after 400 steps at= 790.
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FIG. 10. The steady-state distribution in the presence of alectric field. Here we hav&,; = 1,

E =0.06, M = N = 100, vax = 10 and electron-electron collisions are computed u@ﬁgx. The
contour levels are the same as for fig. 5.
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FIG. 11. The runaway rate (a) and the currenf (b) as functions ofAv. The parameters are the same
as for fig. 10 except that/ and N are allowed to vary with\/ = N. The plots show the results from
runs with N varying between 50 and 300 in steps of 10 and between 300 dhith 5¢2ps of 50.
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FIG. 12. The flux plot for the runaway problem. This illusesithe same case as shown in fig. 10 except
that a source of particles is introduced at the origin tomegathe runaway losg = 5.148 x 10~5. One

set of contour levels i8.1v(j + %) for j = integer and—10 < j < 10 (these give the stream lines that
run away and the outermost stream lines that encircle theadeudy). The other set of contour levels is
2 x 1074(5 + %) for j = integer andj > 0 (these are the innermost stream lines about the eddy).
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FIG. 13. The steady-state distribution fat = 1, © = 0.01 (T. = 5.11keV), and rf diffusion
given by eq. (93) withDy = 1, v; = 0.4¢, andvy = 0.7c. Here we haveM = N = 100 and
pmax = 20. Electron-electron collisions are computed us@g,. .. The contour levels are chosen

to be f = VOexp[—/1+0(j/3)2/0]/[4nKo(©~1)] for j = uirllf;teger which give equally spaced
contours for a relativistic Maxwellian with spacingy = % [For ©® = 0.01 we haveK,(©~1) =
1.019,/7/2v/© exp(—1/0).] The resonant region is shown.
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