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Quaternions are an important tool to describe the ori@matf a molecule. This paper considers the use of
quaternions in matching two conformations of a moleculénierpolating rotations, in performing statistics on
orientational data, in the random sampling of rotationg] enestablishing grids in orientation space. These
examples show that many of the rotational problems that amisnolecular modeling may be handled simply and
efficiently using quaternions.
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I. INTRODUCTION guaternions and their use in describing rotations, we ¢ackl
various applications. First we review the quaternion metho

Quaternions were introduced in the mid-nineteenth cenfor computing the least-squares fit of two conformations of

tury by Hamilton [L;L 2] as an extension of complex numbersthe same molecule. We also see how to include molecular in-

and as a tool for manipulating 3-dimensional vectors. Iddee versions and discuss why the least-squares fit is a poorehoic

Maxwell used them to introduce vectors in his exposition ofto describe the orientation of a flexible molecule. We next

electromagnetic theory|[3510-11]. However, unlike com- show how to interpolate smoothly between two orientations

plex numbers which occupy a central role in the developmenand that this corresponds to rotating the molecule at cohsta

of algebra, quaternions found no similar place in mathersati angular velocity. In order to carry out statistics on oré&ent

and, with the introduction of modern vector notation by Gibb tional data, we give a robust definition of the mean orieatati

[4], quaternions fell out of favor by the end of the ninetéent showing how to transform the deviations from the mean to

century. Nevertheless, quaternions excel as a way of repr&-dimensional space so that familiar statistical tools rbay

senting rotations of objects in 3-dimensional space. They a employed. In Monte Carlo applications, we need to be able

economical to work with (both in terms of storage and com-to select a random orientation uniformly; we show that this i

putation); but more importantly they offer a clean concaptu trivially accomplished in quaternion space and we also con-

framework which allow several problems involving rotaion sider the problem of making random incremental rotations.

to be easily solved. Finally, it is frequently useful to impose a grid on oriemnat
Basic quaternion algebra is well covered in Hamilton’s pa-space and we illustrate how this may be done with applica-

pers[1] 2], which are both accessible and readable. These ptons to quadrature and searching.

pers may be supplemented with a wealth of on-line resources

[B; [6]. Many authors over the past 20 years have “redis-

covered” the application of quaternions to rotations arid it 1. QUATERNIONS

with some trepidation that this author inflicts another pape

on the subject on the scientific community. However, within  The original notation for quaternioris [1] paralleled the-co

the molecular modeling community, quaternions are quite na vention for complex numbers

rowly applied. This paper therefore briefly reviews quater- . .

nion algebra and then describes their applications to adbroa q = qou + q1i + g2j + g3k,

range of rotational problems in molecular modeling. Much of . . "

this material has appeared before—but often scatterect abofnich obey the conventional algebraic rule for addition and

in journals for fields unrelated to molecular modeling. I&ay Multiplication by scalars (real numbers) and which obey an

therefore, endeavored to organize the material, to gemeral 2SSOciative non-commutative rule for multiplication wéar

it, and to present it with a consistent notation, with theop 'S the identity element and

this affords a deeper appreciation of the power of quatemio . .o 9

in describing rotations and encourages their wider adoptio F=j =k =—u

molecular modeling. ij=—ji=k, jk=-kji=i, ki=-ik=].

The outline of this paper is as follows. After introducing . .
It is frequently useful to regard quaternions as an ordeséd s

of 4 real quantities which we write as

)
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or as a combination of a scalar and a vector

q = [q0,d], 2)

whereq = [q1, ¢2, ¢3]. A “scalar” quaternion has zero vector

part and we shall write this d8y, 0] = gou = go. A “pure”
quaternion has zero scalar pfirtq].
In the scalar-vector representation, multiplication bees

Pd = [pogo — P-4, Pod+ P + P X g,

where *
conjugate of a quaternion is given by

q=[q0,—q;
the squared norm of a quaternion is
|2

la* =aqa=q; + ¢} + & + 4,

and its inverse is

a'=a/la.

Quaternions withjq| =
which we haveg™* =q.

The quaterniolq can also be represented &2 complex
matrix,

1 are called unit quaternions, for

qo +1iq1 g2 +1ig3
—q2 t+ 193 qo — iq1

or as & x 4 real matrix,

9 441 492 g3
_ | ¢+ 40 —93 Q2 ) 3
Q(a) —q2 ¢ q —q |’ (3)
—q3 —q2 q1 qo

in these forms, quaternion multiplication becomes matrix

multiplication.

The notation we adopt here is to use light-face italics for
scalar quantities, bold roman for 3-dimensional vectors an

3 x 3 matrices, bold sans serif for quaternions dnd 4 ma-
trices. Quaternion multiplication is indicated Ipy, while
“."is used to indicate matrix-vector and vector-vector (it
ing quaternion-quaternion) contractions and in this cange
and v are treated asolumnvectors. Thus, we may write
lal> = q" - q. We also find thapq = pT - Q(q), with Q given

by eq. [B). Consistent with eq§l (1) aldl (2), we shall numbe

guaternion indices starting at 0 and vector indices from 1.

Ill. ROTATIONS

The chief application of quaternions to molecular modeling

lies in their use to represent rotations. Consider a unitequa
nion

q = [cos(6/2), vsin(6/2)], (4)

and “x” are the vector dot and cross products. The

where|v| = 1, and define an operatd?, on 3-dimensional
vectors by

[Oa Rq(x)] = q [07 X] a (5)
Multiplying out the quaternion product, we find
Rq(x) = R(q) - x,
whereR(q) is the tensor
R(a) = (¢ —la)T+2qq+ 21 x q (6)
= vv+cosf(I—vv)+sinfI x v, @)

whereaa is the parallel projector(ha) - b = (a - b)a] and
I x ais the cross operatof] x a) - b = a x b] [4, §113].
Equation [[¥) is the conventional tensor representatiorafor
right-handed rotation of about an axiss through the origin
[4, §126]. Equation[{b) may be written in component form as

R(q) =
1 —2¢3 — 243
2q2q1 + 2qoqs
2q3q1 — 2qoq2

2q193 + 2qoqe2
2¢2q3 — 2qoq1
1—2q7 — 245

2q192 — 2qoqs
1 —24¢3 — 2q7
2q3q2 + 2qoq1

- (8)

The definition, eq[{5), giveR,(Rq(x)) = Rpq(x), s0 that
pq corresponds to composing rotations (with the rotatioq by
performed first). We also find thdt, = R_; i.e.,q and—q
give the same rotation—changing the sigrmyéé equivalent to
increasing by 27 in eq. [3). Unit quaternions satisff+q%+
g3 + ¢3 = 1 and the quaternion representation of rotations are
as points on a hypersphe$g with opposite points identified.
For future reference, we note that the (three-dimensiema
of S? is 272,

Becausey and—q give the same rotation, some care needs
to be taken when comparing two orientations represented by
q. andq,. The rotation,g = q,q,, moves fromq, to q.
When inverting eq.[4) to determine the rotation anglee-
tween the two orientations, we should, if necessary, change
the sign ofq to ensure thaty > 0, so thatd € [0,7]. A
simple metric for closeness is given bys(6/2) = |q - qs|.

Describing rotations with quaternions has a number of ben-
efits. They offer a compact representation of rotations. Com
pared to Euler angles, they are free of singularities. Rotat
may be composed more efficiently using quaternions than by
matrix multiplication. Also in contrast to rotation mateg, it
is easy to maintain a quaternion’s unit normalization (ryere
givide it by |q|). However the chief benefit is that the repre-
sentation of a rotation as point 6d allows us to derive many
important results concerning rotations in a simple coatin
free way.

There is one application where the matrix representation of
rotations is more efficient that the quaternion represemat
If we wish to apply the same rotation to many points, then we
should form the rotation matrix using el (6) and transform
the points by matrix multiplication.

The conventional representation for rotations that is most
closely allied to quaternions is the axis-angle represemnta
where the rotation is given by a vectwr 6v which denotes
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a rotation off = |s| about an axiss = s/ |s|. Itis useful The derivation of Faugeras and Hebert is one of the clearest,
to have an analytic relation between the quaternion and axisand we briefly summarize it here including the straightfadva
angle representations and this is provided by the quaterniogeneralization of including arbitrary weighis. .

exponentiall[il], If we demand that the variation @& with respect tal van-

ish, we find that
exp([0,s/2]) = q, 9)

o o d = (y) — Rq((x)), (12)
whereq is given by eq.[{4), This definition of the exponen-
tial follows from its series expansion. Similarly the ingser where(...) denotes the sample average,
operation is given by the quaternion logarithm

1
X)==> wpXk. 13
Inq = [0,s8/2 + 2mnv], (10) X W; Rk 13)
wheren is an integer. Equation[[TIl) may now be written as
Itis useful here to make a distinction between “orientdtion )
“ H ” H H _ 2
a_nd rotation”. We imagine that our molecule has some ar = Zwk lyh — Rq(x})[°, (14)
bitrary but definite reference state. We apply a rotation and w -

a translation (jointly referred to as a “displacement”) st
reference state and so bring the molecule to a new orientatiovherex), = x5 — (x) andy, = yx — (y). Using eq.[(b),
and position (jointly referred to as a “configuration”). eq. [I3), becomes
1 2
k

IV. LEAST-SQUARES FIT

Given two conformations of the same molecule, it is oftenBecause, the norm of a quaternion is unchanged on multiply-
useful to be able to determine how close the conformationig it by a unit quaternion, we may right-multiply the kernel
are. In order to do this, we can rigidly move one conforma-of eq. [I%) byq to give
tion so that it nearly coincides up with the other and then de- 1
termine the dlﬁgrence in the positions of the correspogl_dln = _— Zwk\[o,y;] a—q [vawz- (16)
atoms. Thus, if we are given two sets of atomic positions w %

{xx} and{yx} with k& € [1, N] together with a set of atomic

“weights” {wy}, we wish to determine the (rigid) displace- We need to minimize ed.{lL6) subject to the constriajnt= 1.
mentT which minimizes Because the kernel is lineardp it can be written as

1 0,y.]a—q[0,x}] = A - 17
E:WZwk |Yk_T(Xk)|2, (11) [0,yx]a—ql0,x}] k- q, 17)
k whereA,, is a4 x 4 skew matrix

whereW = %", wy. Herew, is merely a statistical weight

of an atom—it is not necessarily related to the atomic mass.
The two sets of atomic positions are ordered which presumagith
that we can identify corresponding atoms. (This is not neces

/

A, = A(y;c —|—X;€,y;€ _Xk)v

sarily a simple matter, if, for example, we are dealing with A(a,b) = ( 0 —bT >

a molecule with several identical branches.) The displace- ’ b Ixa

mentT = (q,d) may be expressed as a rotation about an 0 —by —by —by

axis through the origin followed by a translation, i’B(x) = by 0 —as as

RQ(X) + d. - b2 as 0 —ai
This problem has been considered by many authors and a by —as a; O

review of various approaches is given by Flower [7]. Using

quaternions to describe the rotation leads to an elegarmoband Substituting this into eq[[{16), we obtain

bust solution. An early use of quaternions in this context is

to solve the problem formulated by Wahha [3; 9], the deter- E= 1 Zwk qa" Al -A,-q=q"-B-q, (18)
mination of the attitude of a spacecraft given the directioh w A

several objects relative to the craft. The resultiggtiethod”

is described by Keal[1GA.3] and by Lernerl[11§12.2.3]  whereB = (A] - A;) is a4 x 4 symmetric matrix which has
who both credit the invention of the method to Paul B. Dav-real eigenvalued) < A\g < A1 < A2 < \3. Settingq to the
enport (1968). The generalization to matching points (as opeigenvector corresponding @ gives the minimum value for
posed to directions) was considered by Faugeras and Hebdtt= Aq.

[12] who independently found the same method for determin- In summary, the best fit is achieved by subtracting the mean
ing the orientation. Their method was subsequently resisco positions from the original sets of points to giy&; } and
ered by Horn|[13], by Diamond_[14], and by Kearsley|[15]. {y}.}, forming the matriced\, and B, and determining the
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minimum eigenvalue\, of B. The optimal rotation is given separate the external degrees of freedom, namely posittbn a
by settingq to the corresponding eigenvector Bfand the orientation, from the internal degrees of freedom. Thigved,
optimal translation is found from ed_{12). The mean squaredor example, translational and rotational symmetry to yw s
error for this fit is)\g. tem to be enforced and correlations between the motions of
This procedure has two attractive features. The rotatiomtoms within a molecule to be studied. This begs the ques-
obtained is a proper rotation (without an inversion); ties i tion of how best to define the position and orientation of a
usually the desired result. Secondly, degenerate moleculenolecule. Taking the position to be the center of mass isiofte
are treated satisfactorily. For example if one or both of thehe obvious choice. The position (so defined) evolves aecord
sets{x } and{y} is collinear, then the best fit is no longer ing to Newton’s second law driven by the total force on the
unigue. The result will be that there will be multiple minimu  molecule. It is not possible to keep track of the orientation
eigenvalues oB with distinct eigenvectors. The general solu- an analogous fashion by integrating the total angular memen
tion is obtained by setting to a linear combination of these tum, because flexible bodies can change their orientatitn wi
eigenvectors. The method does require finding the eigenvakero angular momentum—uwitness the ability of a cat always
ues and eigenvectors ofdax 4 matrix. However there are to land on its feet. A possible definition of the orientatien i
many numerical libraries [16; [117;118] which solve such prob-the best fit orientation to a reference conformation; i.ee, w
lems and the results are accurate to round-off for small symdefineo (A) as the best fit orientation, expressed as a quater-
metric matrices such @. A fast method of determining just nion, of the molecule in conformatioA relative to a refer-
the required eigenvector and associated eigenvalue im trde ence conformatio®. Here again this choice has the attractive
determine the attitude of a spacecraft is givenLin [q19]. feature that the whole molecule is included in the definition
However, in applications to molecular modeling, it is proba There are two problems with this prescription. Firstly, dife
bly preferable merely to invoke a library eigenvector roati  ference in orientations between two conformatichand B
Horn |13] considered including a scaling in the transfor-depends, in general, on the choice of reference conformatio
mationT in eq. [T1). This is quite easily accommodated.namely
However there seems little need to include such an effect in
molecular modeling. or(B)ogr(A) # 0g(B)og(A).
Diamond [20] considers the case where inversions are al- . . _ _
lowed. This is easily achieved by substituting, for x; in  (This is easily demonstrated for simple triatomic molesi)le

eq. [13). Equatior{18) then involves a matkwhere Thus this definition of orientation entails a degree of “arbi
trariness” absent in our definition of position. A second enor
B = 2<|x’|2 + |y’|2>| — B. (19)  serious defect arises from the discussion in the previotes pa

graph. Recovering the actual configuration of the molecule

Consequently the rotation giving the best inverted fit is thefrom the orientation defined in this way is numerically un-
eigenvector with thgreateseigenvalue oB, )\;. Because the stable (by a flip ofl80°!) whenever the lowest eigenvalues
sum of the eigenvalues & is its trace,4<|x’|2+|y’|2>, wecan Cross. This would also lead to large and discontinuous appar
express the mean squared error for the inverted fg(a@ + ent internal motions of the molecule with small changesén th
A1 + A2 — A3). Thus, once the eigenvalues Bfhave been —atoms’ true positions. A better choice would therefore be to
computed we immediately determine whether the inverted fifnake the fit to some rigid (or nearly rigid) subcomponent of
will be better than the proper fit. the moleculel[22]. Although this still yields an arbitrargfd

Coutsiaset al. [21] provide an interesting extension of this inition of orientation (depending on the choice of referenc
method. Suppose the atomic positigns } representa model subcomponent), the resulting orientation varies contirsiyo
of a molecule which depends on a set of parameterg, under continuous deformations of the molecule. An extensiv
for example, the torsion angles of a protein backbone. Bydiscussion of how to separate the orientation from the-inter
considering the gradient o in parameter spac@FE/dw;, nal motions of a flexible molecule is given by Littlejohn and
they provide a method for determining the parameter valueReinschi[23].
which result in the best fit to a given crystal structure.

One other interesting consequence of the result for the best
fit is that the rotation is not a continuous function of the-con V- INTERPOLATING ROTATIONS

figurations of the molecules. Let us suppose that} gives ) ) ) ]
the position of the atoms in a molecule in some predefined The power of the quaternion representation of rotations is
configuration and suppose thiat, } gives the atom positions evident Wher_1 we _con3|der the problem _of |nte.rpollat|ng.be-
during the course of a dynamical simulation of the molecule tWeen two orientations of a molecule. (This applicationimtig

If the forces acting on the atoms are finite thepis a C'! arise in the animation of a molecular simulation.) Suppose
function (twice differentiable). During the course of the-d W€ Wish to interpolate betwees, andq,. Because these
formation of the moleculeB and its eigenvalues change. In duaternions and their interpolants lie on the unit spifte
the typical case, the two smallest eigenvalues exchange rol the shortest path will be a great circle whose parametriaequ
andq switches from one direction iR? to an orthogonal di-  tion is given by [24]

rection. This results in the orientation of the best fit chiagg . .
discontinuously byl 80°. q(¢) = 3 sin(6 — ¢) + ap sin(¢)

. ; (20)
In modeling a flexible molecule, it is frequently useful to sin(0)
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wherecosf = q] - q,. In the computer animation commu- direction is given by(n)) = (n)/|(n)|, while 1 — |(n)|, a

nity this “spherical linear interpolation” operation isrd#ed  quantity lying in|0, 1], is the “circular variance’ [25§2.3.1]

by Slerp(qq, ds; u) = q(uf) [24]. As ¢ is increased frond  or “spherical variance’L[25§9.2.1]. Here(...) is defined as

to 27, q(¢) becomes successively,, q», —q., —qs, and fi-  a simple weighted arithmetical average, &gl (13), wiile )

nally returns toq,. During this operation the corresponding denotes the physically relevant mean of a quantity.

3-dimensional rotation has increasedy. If q] - q, > 0, This procedure cannot be directly applied to unit quater-

then0 < ¢ < 6 takesq(¢) smoothly fromq, to q,. If, on  nions used to represent rotations because of the indistin-

the other handg! - q, < 0, then a shorter path is found with guishability of +q. Instead, we view{q;} as axes[25,

0 > ¢ > 0 — 7 which takesy(¢) smoothly fromq, to —q. §1.1,§9.1] inIR*, and defing(q)) as the unit quaternion about
Equation [2D) is derived using simple geometrical argu-which the weighted moment of inertia ¢t} is minimum

ments applied t&* and the same result is obtained for the [26, §3]. Thus we wish to minimize

great-circle interpolation fd8". ForS3, the result can also be

1
expressed as L= Zwk ai - (1= (a)(a)") - ax
— (aa)?q. .
q((b) (qbqa) qa - Zwk | _ qqu) <<q>>
This relation has the interpretation: rotatejtoand then rotate
a fractiong/6 to the path fromy, to q,. The operatiom" is = (q)T - (1= (aq")) - (q).
defined byl[1]

The minimum value of. is given by the minimum eigenvalue
of I — {(qq") and((q)) is corresponding eigenvector. The re-
sulting L, which is a quantity lying if0, %], then provides a
measure of the variance of the rotations. This definition of
the mean has a number of desirable properties: it is invarian
when the signs of thq,, are changed; it is independent of the
order of the samples; and it transforms properly if the saspl
are transformed.
This prescription can also be applied to determine the mean
q=10,(w/2)v]q. (21)  direction of objects whose symmetry makesand —n in-
distinguishable (for example, the orientation of the diaito
This is easily solved (e.g., by using finite differences amgsp ~ moleculeNy).

q" = exp(ulnq).

In fact this interpolation scheme results in the molecule un
dergoing rotation at constant angular velocity. In order to
show this, consider a body rotating @atabout a unit axis
v. The evolution of the orientatiog satisfies the differential
equation

ing to the limitét — 0) to give Suppose we wish to determine the mean configuration of a
rigid molecule, i.e., the mean ¢f, = (qx,dx)}. We are free
q(t) = exp([0, (wt/2)v])q(0) to choose a point, in the reference molecule whose position
= [cos(wt/2), v sin(wt/2)] q(0), in the mean configuration coincides with its mean position.

(Compare this with the discussion of interpolating confégur
which agrees with eq[{20) with the substitutiohs= wt/2,  tions in the previous section.) A suitable definition for the
q. = q(0) andq, = [0, v] q(0). mean configuration is then

If we wish to interpolate between two configurations of a TV — d) + (R _R 22
rigid molecule, we are free to specify a poiat, in the ref- (T = (), (@) + {Ba(x0)) ) <<_q» (XO))'_ (22)
erence molecule which will move with constant velocity. If Frequently, we need more precise information about the

the initial and final configurations are given By = (q,,d,) distribution of configurations than its variance. We migééd
andT, = (qp,d;), with qT - q, > 0, then the required in- 10 know how much the rotation about different axes are corre-

terpolation is achieved by increasimgfrom 0 to 1 with the  lated or whether rotational and translational motions axe ¢

orientation given byj(u6) and the translation given by pled. Itis also desirable to be able to fit model distribusitm
a set of samples. For these purposes, it is useful to be able to
(da + Ra, (x0))(1 — u) + (dp + R, (o))t — Rqrus)(xo).  Map rotations ont&? so that standard statistical tools can be

employed. We require that the mapping be measure preserv-
ing (constant Jacobian) to simplify the use of the transéam
VI. MEAN ORIENTATION rotations.
We have already introduced the axis-angle representation
The mean of directional quantities has frequently presenteof rotations. We may make the restrictin < = and so map
difficulties |2%]. Let us assume we havé samples of some the hemispherg, > 0 of S? onto a ball of radiusr in R3.
directional quantity with weightsu;, for & € [1,N] and  Unfortunately, the mapping, edl(9), does not have constant
> rwr = W. In the case where the samples are angles (e.gJacobian. We can correct this by definibg [27] a new “turn”
the dihedral angles of a molecular bond) or directions (e.g.vectoru with the properties
the orientations of a diatomic molecule), there is a weklest | (23a)
lished procedure [2552.2.1,§9.2.1]: express the directions u |l s,
as unit vectors iR? or R3, ny, and determingn) where we | = <| s| — sin |s|) /3

take the sample average according to EQ. (13). Now the mean (23b)

™



This is an extension of the Lambert azimuthal equal-area pro Marsaglia[33] provides one prescription: sele¢tandy,
jection providing a measure-preserving mapping of the hemiuniformly in (—1, 1) until s; = 2% + 7 < 1; similarly, select
sphereqy > 0 of S? onto the unit ballB®. Equation[ZB) z» andy, uniformlyin (—1,1) until s, = 22 + y2 < 1; then
is well behaved at the boundaryy| = 1; however on this
boundary antipodal points are identified. The inverse nrappi q = [z1,y1,22V/(1 — 51) /52, 521/ (1 — 1) /2]
has an infinite derivate &h| = /2n for integern # 0 which
corresponds to shells imspace which map to the origin. This
inverse of eq[{A3) is easily implemented via Newton's mdtho
supplemented by a Taylor series at the origin an¢{at.

This mapping was introduced |27] to allow distributions of
orientations to be fit using a mixture of Gaussians [28]. Give
a set of sample orientatiokgy }, we compute the mean orien-
tation, (q)). The deviations of the samples from the mean areAlthough this method is less efficient than Marsaglia’s, the
then given by the rotation&;. (q)) } and these are mapped to overall impact in the context of a molecular simulation is
a set of turnguy }. Because these are pointsid, we may  probably tiny. Both of these methods return points unifgrml
fit them with a 3-dimensional Gaussian with zero mean andver the whole ofs? rather that over just one hemisphere. In
with covariance matrixu"u). most applications, this is of no consequence.

This procedure can be extended to fits of molecular config- Other representations of rotation yield more complex rules
urations. In this case the deviations from the mean configufor obtaining random orientations. For example, with Euler
ration, eq. [2PR), is mapped into a pointRf; the resulting angles, we would sample uniformly the first and third angles
Gaussian fit will capture the correlation between the tansl and the cosine of the second angle. If the orientation isngive
tional and rotational degrees of freedom. in axis-angle spacs, then the axiss/ |s|, should be chosen

In closing this section, we mention an alternative way ofuniformly onS?, and the rotation anglés|, should be sampled
fitting quaternion orientational data with analytic fumects,  from [0, 7] with probability(2/) sin®(|s| /2). Of course, this
namely in terms of spherical harmonics. The normal (3-simplifies whers is transformed tax space, eq[(23), leading
dimensional) spherical harmonics can be generalized todt (a to a uniform distribution irB>.
higher) dimensions [29; B0] and the orthogonality relatibn A related problem is selection of random rotational moves
lows the coefficients of the harmonics to be computed simfor use in a Monte Carlo simulation_[31]. This method re-
ply. The +q symmetry merely results in the odd harmon- quires that detailed balance be satisfied, which, in the ab-
ics dropping out. However in typical molecular interacipn sence of torque bias, means that the probability of selgctin
the relative orientation of the molecules is tightly coasted  the new orientation is symmetric under interchange of ottl an
which means that a large number of spherical harmonics wilhew orientations. Because we are typically interested illsm
be needed to represent the orientational distributionstioh ~ changes in orientation, it is most convenient to select ¢the r
applications, a representation in terms of localized fiomst, ~ tation in axis-angle space asp([0,s]) and to set the new
such as Gaussians, is preferable. orientation

is uniformly distributed ors3.

A more transparent and symmetric method (which general-
izes to sampling points o [34, §7.1]) is to pick 4 normal
deviategy; for i € [0, 4) and to set

P = [90791792793]7 q:p/ |p|

q' = exp([0,s])q,

Vil RANDOM ORIENTATION wheres is selected from an even distributign(s) = p(—s).

In Monte Carlo simulations [31] it is sometimes necessar)ﬁhIS result follows because the Jacobian factor is evex)in

to select a molecule with a random and uniform position anc})sually, we wish the choice of rotation axis to be isotropic,

orientation, for example, when attempting to insert a makec and in that case we haygs) = p(|s|). Thus we might select

. ) . . ) . - s uniformly in a sphere of radiuA. Raoet al. [35] select
into a simulation box during a grand canonical simulation ) . : . o e )
[B3]. Choosing a random position is straightforward. How—.|S| uniformly in [0, A] (which results in a distribution which

: ._is singular at the origin ik space). An attractive choice of
ever, we need to be careful to select the random orientation. . .2 .~ = . : .
) X ; . istribution is a 3-dimensional Gaussian
uniformly or else detailed balance will be violated (whem ba

ancing insertions and deletions). One possibility is toos®o exp(_% |S|2 /A?)

a random turnu in B? and to convert this to a quaternion. p(s) = (27)3/2A3

However, it is much simpler to sample directly in quaternion

space. Not only is this simple to sample from, but it allows torque

Let us first establish the requirement for “uniform” sam- bias to be included in a simple manner. Torque bias is imple-
pling of orientations. Composing 3-dimensional rotati®®s mented|[35] by multiplying tha priori probability of select-
carried out by the multiplication of unit quaternions; bu¢ w ing a move byexp(\3t' -s), where3 is the inverse tempera-
know thatpq = p' - Q(q), whereQ(q), given in eq.[(B), is ture,\ is a constant (usually taken to B% andt is the torque
orthonormal ifq is a unit quaternion. Thus 3-dimensional ro- on the molecule. If the “starting” distribution is a Gaussia
tations map into a rigid rotation 6F; a uniform density 0§®  then the torque-bias factor merely shifts the Gaussiarvi® gi
is invariant to such rotations. It follows that the task ofnsa )
pling a random orientation reduces to picking a random unit exp(—% \s — )\ﬁAQt\ /A?)
quaternion uniformly o$?. p(s) = (2m)3/2A3 :




This offers two simplifications over the original procedure space. This is attractive because cubical grids are simople t
[35]: (a) it is trivial to sample from a shifted Gaussian; andindex into; they are easy to refine; they have an metric fac-
(b) the acceptance probability, which involves the ratithef  tor which is easy to compute; etc. The overall “wastefulhess
forward and reversa priori probabilities, is also easy to com- of this grids relative to a cubic grid within a domainRf is

pute and, in particular, it does not require the evaluatioam o given by the ratio of the volume of four cells of the tesseract
normalization factor for the distribution. Similar consid- (4 x 23) to the area (really a volume) of a hemispher&af
tions obviously apply to the application of force bias farts-  i.e.,32/7% ~ 3.24. This might seem rather profligate. How-
lational moves, as has been discussed by Rossky. [3€]. ever, if we managed to arrange the grid aroundstheithout
Indeed, in the case of moving molecules, we would naturallyany wastage, the grid edge would be reduced by a factor of
perform a combined translational and orientational move aponly v/3.24 ~ 1.48.

plying both force- and torque-bias simultaneously. Theee a  Let us divide each of the cells of the tesseract ihfd grid
often strong gradients in the forces in molecular simufetio cubes (of side&/M). These cubes can then be projected to
and a direct application of force bias in this case can lead t§* by scalingp to a unit quaternion. This operation scales
poor sampling because certain transitions are effectifisly  the volume of each of the grid cubes m/|*4_a factor of
allowed. In such cases, it is prudent to limit the effect &f th |5/ =3 is due to scaling a volume element linearly|py™ ' and

bias by limiting the shift in the Gaussian, if necessary,ne e
sure that there a finite probability (at least 5-10%, sayhef t
sampled move being in the opposite diregtion to the forcecorners of the tesseract, e.g.= [1, 1,1, 1], where|p| = 2,
'I_'h|s ensures that the molecule can effectively explor_e CONo that range of volumes for the grid elements is 16 with the
flguran_on space becaL‘J‘se sm?II steps are always perm_mued 3thaximum distortion being a factor of 2. Mapping between an
it provides a simpler “safety” mechanism than the distance, hiirary orientationy and a point in the grid is then achieved

scaljng ofA proposed by MezeLLB7]. ... as follows. We identify the componeptof q which is largest
Finally, some care needs to be taken to treat the possibility, Jvsolute value and spt= q/q., giving p, = 1 andp; 4, €

of the orientation “Wrapping” arou_nd. S_uppose the_ sampled [-1, 1]. The grid then consists dfx M x M x M elements.
has|s| > m, then the resulting orientation is |Qentlcal to th_e The resolution of the grid, given by the maximum change in
wrapped ones — 2s/ |s|. To ensure that detailed balance is e ntations between neighboring grid cells, is approtétya
maintained, the acceptance probability should use tigori 4/M. (We need to multiply the grid cube edge by 2 to obtain

probability for the reverse moves (rather than the negative o oquivalent rotation angle, because, from Bq. (4), we hav
of the wrapped move). A simple expedient for avoiding th|sq — [1,v6/2] for  small.)

problem is simply to reject any move wits| > .

the last factor ofp| ™" arises from the distortion of the cube
during this operation. The maximum scaling occurs at the

When the application is quadrature, it is natural to evaluat
the function and to compute the metric fac:|1p|r74 at the cen-
ters of the grid cubes. For binning, we assign the samples to
the grid cube in the obvious way and again use the grid center
compute the metric factor to obtain a sample density.

The cubical grid defined above is suitable for quadrature
nd searching where the cost of function evaluations islsmal
ometimes, however, the cost of function evaluations is so

high that it is desirable to find an “optimal” set of grid paint

VIIl. GRIDS FOR ORIENTATION

In many contexts, it is important to be able to represent thd®
independent variables for a problem on a grid. It is theeefor
useful to be able to map orientations onto a grid. Possibl
applications are binning molecular data, implementingtgav

bias in orientationl[38], performing systematic searcting For integrations ovef?, this is a well-studied problem_[40]

orientations (where the goal is to provide more regular cov d vari ) ) id h b . h
erage of orientation space than is achieved by random sanfnd various integration grid have been given that ensure ac-

; Lo . . . to high ordei [41]. Fd$?, various spherical-designs
pling), and performing integrals over orientation by numer curacy : vV e .
cal quadrature [39]. Our goal is to provide a simple rule for&¢ knownll4% 43]. A-design is a set of points on the sphere

covering orientation space with a grid while ensuring that t Suﬁh thgt the a\t/)erage of.a p(r)llynOTmal ?f dlegtem{elr theh
grid elements are approximately of equal volumes and are noPnere is given by averaging the value of polynomial at those

. o 3
unduly distorted. Here again, representing the oriemata points. Unfortunately d‘?s'gns fors are only knOV\_/n fort_
quaternion provides a reasonable solution. up to 11 with the 11-design corresponding to 60 orientations

Recall that unit quaternions lie on a hyperspt#tePosi- In order to pr_ovide a denser coverage of the s.phere. We pro-
tions onS? can be determined by 3 angle-like variables. How-POs€ the following strategy: Considatsample orientations,

ever these are a poor basis for a grid because of SingmritigorrespondlngtGN points ors®. Define a“covering ra_1d|us”, .

in the resulting coordinate system. Instead let imagine sur®> 3% the maximum rotation needed to align an a‘fbltrary ort-
roundingS? by a tesseract (the 4-dimensional analogue of theen_tatlon. with one of thg sample orientations. T_he covetage

cube) of edge length 2. This consists of 8 cells which aré” IS _defmed by the ratio of the areaf’?v spherical caps of

2 x 2 x 2 cubes tangent t6°. An exemplary cell is given by 'otational extent to the total area df”, i.e.,

p with py = 1, |pizo] < 1. We need only consider half of N(a —sina)

the cells of the tesseract because of the identificatiofmf €= T (24)

Thus we choose to consider the four cells for which one of thgcompare with eq[{23b)]. For a give, the optimal config-
components o is +1. _ _ _ _ ~uration of sample orientations is obtained by minimizirg-
This then forms the basis for a cubical grid for orientationthjs gives the “thinnest” coverage, Finally, we weight each



TABLE | Coverings of orientation spacéV is the number of orien-

tations;« is the covering radius (expressed as a rotation) cdathe
coverage, eqi24).

N a c nhotes
24 62.80°% 1.579 vertices of 2 24-cells, a 7-design
60 44.48°¢  1.445 vertices of 600-cell, an 11-design
360 27.78°  2.152 vertices and cells of 600-¢kll
50 69.66° 4.426 ZCW350°
538 32.53° 5.142 ZCW3538
6044 18.10° 10.051 ZCwW36044

oo 5.499/Y/N 8.821 cubic lattice in tesserdtt

oo 4.472/¥V/N 4.748 body-centered cubic lattice in tessefact

oo 4.092/Y/N 3.638 cubic lattice in 48-cell
oo 3.328/¢Y/N 1.956 body-centered cubic lattice in 48-dell

648  20.83°  1.641 c48u2'7(s = 0.33582)
7416 10.07°  2.133 c48u309(6 = 0.15846)
70728 4.71°  2.078 c48u29476 = 0.07359)

oo 3.022/Y/N 1.464" uniform body-centered cubic lattite

3cos ™1 (%(2\& —1)).
bSeel[4B].
Ccos ™! (%(3\/5 —1)).

d60 vertices with weight 1.32870 and 300 cell centers withgived.93426.

€Euler angles for orientations taken from|[39].

"16v/3/m.

9Ratio of maximum to minimum weights is5.

h20v/5/(37).

1224+/3/[(17 + 12v/2)7].

Jignoring boundary effects, ratio of maximum to minimum wety is
64/(17 + 12+/2) = 1.884.

k280v/5/[3(17 + 12v/2)7].

'Body-centered cubic lattice in a 48-cell with lattice spagi; see[[45].

m5\/57/24.

NConjectured thinnest covering fof — oo, based on optimal covering of

R3 [47].
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truncated-cubic tetracontaoctachoron (or 48-cell) witich-
sists of 48 regular truncated cubes|[48]. The set of orienta-
tions, eq.[[2b), is the direct symmetry group for the cube.

The vertices of the 600-cell (or hexacosichoran) [45] are
given by egs.[{25a) anf{R5b) together with

i VE+1 4 V51 41
96 even permutations of ¥+ +¥5=1 +1 0]

In this case, the Voronoi tessellation is the dual of the 600-
cell, namely the 120-cell (or hecatonicosachoron). Bezaus
the Voronoi cells are dodecahedra which are nearly spHgerica
the resulting 60 orientations gives a particularly thinedng
of orientation space. A good covering is also provided by
adding the centers of the tetrahedral cells of the 600-cell.

For comparison, we list in tablé | the data for some of the
ZCW3 orientation sets used by Edén and Levit [39]. These
are obtained by the taking sets of points appropriate fer int
grating of a periodic unit cubé [49; 150;151] and mapping this
set to the space of 3 Euler angles. There are two potential
problems with this approach: (1) even though the metric of
orientation space is treated properly, the mapping from Eu-
ler angles to orientation space is not distance-presensiag
we expect this to degrade the properties of a mesh; and (2)
because one of the Euler angles is not periodic, functions in
orientation space do not obey the constraints assumed in con
structing the sets of sample points. (More complete data for
the ZCWS3 sets is available in [46].)

Finally, tablell provides various strategies for constngt
an arbitrarily fine grid. We start with gridding the tesséi@t
which we easily impose a cubical grid (see above). However,
the optimal sphere covering Bf is body-centered cubiz [47],
and such a grid results in a thinner covering. Still bettarco
erings can be found by starting with the 48-cell which has a
typical cell (a truncated cube),

po =1, Ip1] + |p2| + [p3] < 1. (26)

sample point according to the fraction of orientationalcgpa The other cells are obtained by multiplyipdy the members

which is closest to it (i.e., in proportion to the volumes o t

of eq. [2ZB). A cubic or body-centered cubic grid can easily be

Voronoi cells); and we set a secondary goal of minimizingplaced within each cell. For example, a body-centeredatti
the variation in the weights. We expect the resulting samplean be obtained with

points and weights to provide robust and accurate estinoétes

orientational integrals—patrticularly of experimentatiy nu-

pozl, p:[kalam]6/27

merically determined functions which are bounded but which ) _
may not have bounded derivatives. The sample points are alsd/Piect to the constraint e@.{26), whéte, andm are either

suitable for searching orientation space optimally. Figdi

such optimal sets of points is difficult in practice. So, here

all even integers or all odd integers. Tafle | gives three ex-
amples of such grids. The disadvantage of grids in 48-cells i

propose some sets based on the regular 4-dimensional pol 1at care must be taken to treat the faces of the cell coyrectl

topes|([44| 45], with the results summarized in tdble I.

he triangular faces of the truncated cubes slice cut throug

The 24-orientation set is obtained by placing two 24-celighe grid cells at an angle and the octagonal faces fit together

(or icositetrachora) in their mutually dual configuratidios

give the set
8 permutations of  [+1,0,0,0], (25a)
16 permutations of[+3, +1, +1 +1], (25b)
24 permutations of [i%, i%, 0,0]. (25c¢)

with a 45° twist. It is therefore necessary to resort to numeri-
cal methods to determine the volume of the Voronoi cells near
the faces. The resulting data for the weights and examples of
other body-centered cubic grids in the 48-cell with> 0.65°
are given inl[48].

One special searching problem is determining the volume
of the smallest rectangular box (whose edges are parallel to
the coordinate axes) into which a given molecule fits. This

(Each orientation is counted twice here because of theiidentproblem arises in the study of a single protein bathed in-a sol
fication of +q.) The corresponding Voronoi tessellation is avent. In order to eliminate boundary effects, it is possible
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construct a periodic system and, for efficiency, we wish the A curious and non-obvious property of rotations which is
volume of the periodic cell to be minimum. We can solve thisevident from their representation 8A, with +q identified, is
problem by systematically sampling over all orientatioss u that rotations do not form a simply connected group. Thus, if
ing our grid. However, because of the symmetries of a cubaye rotate an object b360° it returns to its original orientation
eq. [Z5), there are 24 equivalent orientations which minémi but with the sign ofq changed. This means that we cannot
the volume and we can restrict the search o4 of orienta-  continuously deform the path that the object took to redtice i
tion space by searching only in ef.J(26). We should point outo a point. However, weando this if we rotate the object by
that for the purposes of mimicking a single solute molecule€r20°. This property of rotations is an immediate consequence
in a solvent with a periodic system, the “best” computationaof their representation as a pair of poidtg on S* and good
box is not given by fitting a single image of the solute into avisual illustrations of this property are provided by thedai
box but rather by the more challenging problem of optimallybelt trick [54] and the Phillipine wine dance_55].
fitting the solute molecules into its neighboring imageq [52

The emphasis in the section is on covering all orientation
space with a grid. In many molecular modeling applicationsAcknowledgment
the orientation may be quite restricted, e.g., when comnside
ing the orientation of a ligand in a protein binding pocket, This work was supported by thie U.S. Army Medical Re-
and we may elect to restrict the integration (or search) to $earch and Materiel Comménd  under  Contract  No.
set of orientations which differ from the mean rotation by DAMD17-03-C-0082.  The views, opinions, and find-
at most©. If we express the deviation from the mean asings contained in this report are those of the author and
a turn vector, eq_[@?,), integrations may be carried out irshould not be construed as an official Department of the
(three-dimensional) turn space with the range of integrati Army position, policy, or decision. No animal testing was
restricted to the ballu| < {/(6 —sin®)/x. Because the conducted and no recombinant DNA was used.
mapping to turn space is volume preserving, the integrals ar
exact. In addition, provided th& < = /2, the mapping to
turn space entails little distortior( 12%) and standard nu- References
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