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The molecular distributions obtained from canonical Mddg&lo simulations can be used to find an approximate
interaction energy. This serves as the basis of a methodsfonating the binding free energy for a ligand to a
protein which enables the free energy to be used to direatebign of ligands which bind to a protein with high
affinity.
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I. INTRODUCTION In this paper we describe possible solutions to both these
problems. Let us start by giving an overall description & th
The goal of structure-based drug design is to create a liganehethod. Our computational model consists of a protein which
which binds with high affinity to a protein target. An excijin is either kept rigid or is allowed to have a small number of
prospect is the ability to carry out this design process comeegrees of freedom interacting with a ligand. We assume that
putationally and thereby obtain a series of drug leads whiclthe ligand is “made” by connecting several simpler organic
are potent and which can be subsequently optimized for drugragments together and, for simplicity, we take the fragteen
like properties. In an earlier paper, we presented the wormto be rigid and assume that they are joined by rotatable honds
hole method/[1] which, subject to some limitations, allotwst however, the method is easily generalized to remove these re
binding affinity of a given drug ligand to a protein to be com- strictions. This system is described by a conventionaleforc
puted. For the purposes of structure-based drug design, wield such as Ambel[3] with the effects of the solvent cap-
might imagine using the wormhole method to screen a largéured by an implicit solvent model such as GB/SAI[4; 5]. In
number of known molecules against the protein. This suffershis model, we can limit the number of degrees of freedom of
from two serious drawbacks: only a tiny fraction of feasiblethe system to a manageable numiég10). For the purposes
drug-like chemicals can be assessed in this way; and it is natf this discussion, we assume that we have identified a bindin
initially known where or how the compounds are likely to bind site on the protein. Our goal is to design a set of ligands (cre
to the protein. ated from the fragments) which bind to the protein with high
One strategy for alleviating these problems is to use affinity. It would be possible to build additional criteriatd
fragment-based approach [2]. Here fragments are smal (usthe design process, e.g., synthesizability, solubility., énow-
ally rigid) organic molecules. By a judicious choice of frag ever, these considerations are beyond the scope of this.pape
ments, a large and diverse set of drug-like molecules may b®ur standard for success is that the approximate techniques
built in silico by forming bonds between them. Because thewe develop lead to ligands with high affinity as predicted by
number of fragments is small)(100), and because they are the full force field outlined above. For this purpose it is een
relatively simple, we can compute maps of where the fragnient to regard the full computational model as “exact”. The
ments bind to the protein. These data then serve as the buildegree of agreement with experimental data, while crueral,
ing blocks to create larger drug-like molecules. The precés tails validation of the force field which, again, is beyond th
constructing these molecules, of necessity, providesitite b scope of this work.
ing mode to the protein. The key is, of course, to build the We begin by performing wormhole Monte Carlo simula-
large molecules in such a way as to optimize the binding affintions [1] of each of the various fragments binding to the pro-
ity. tein. These calculations give the binding affinity of each
We face two challenges here. Given a partially built candi-fragment to the protein and equilibrium distributions oé th
date molecule, can we quickly assess how a particular fragragment-protein system. We next fit an analytic function, a
ment can be added? Having grown the molecule with th&aussian mixture, to these molecular distributions. Thee fit
addition of a fragment, how can we rapidly compute the refor two fragments are then used for two purposes: to find fea-
sulting binding affinity to evaluate whether the new molecul sible ways to form a bond between the fragments, creating a
is acceptable? larger ligand and to give an approximate interaction energy
for the newly created ligand with the protein which, in turn,
allows for rapidly computing its binding affinity via the war
hole method.
*Electronic addres$: ckarney@sarnoff.¢com The first part of this paper describes techniques for fitting
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a Gaussian mixture to a distribution of molecular configuradog-likelihood

tions. We adopt the well-known EM methdd [6] for this pur-

pose; however, we have to adapt the method to deal with two L = (In f(xi); wi)i, )
peculiarities of molecular distributions: firstly, in thegsence

where(-; -); denotes the weighted arithmetic mean,
of constraints, the distributions lie on a sub-manifold afte- {50 9

sian space; secondly, for symmetric molecules, we can make n "
a better fit by respecting the symmetry. (Xiswi)i = win'/ > w. (2)
Two applications of Gaussian mixtures for molecular distri i=1 i=1

butions are described next. They may be used to define suiky EMm iteration proceeds as follows:
able portals for the wormhole method; this provides a more

robust method than the use of ellipsoidal portals givenljn [1 o a;G(x;;y5,Cj) (3a)

They may also be used to provide an approximation for the id = f(xs) ’

energy of a molecular system. A = (giiw;); (3b)
Finally, we describe how these tools may be combined to - 7 ’

compute an approximate binding affinity which allows the v = i gigwi)i, (3¢)

binding free energy to be used to direct the design of ligands C = ((xi —y;™")(xi — y}‘CW)T; gijwi);.  (3d)

With this procedure, the log-likelihood is guaranteed ta-co
Il. GAUSSIAN MIXTURES verge to a local maximuml[6]. The quantigy; gives the re-
sponsibility of the Gaussian componént:; y;, C;) for x;.
There is often an interest in fitting some observed data with
a “model”, an analytic function which approximates the data ,
One important category of data is the set of configurationd": Non-Cartesian space
of a molecular system given, for example, by the results of ) ) L
a Monte Carlo simulation. An analytic fit then provides an , When simulating complex molecules it is important to re-
approximate but compact representation of the observed datduce the dimensionality of configuration space by imposing,

Because the samples from a canonical ensemble Monte Carlg" €*@mple, constraints on bond lengths and bond angles. Fo
simulation are drawn from a distribution which is propontid example, when simulating biphenyl (two benzene rings kinke

to exp(—BE(x)), whereE(x) is the energy of the system in by a single bond), the energetics of the molecule allows us to
configurationx, 3 = 1/(kT), k is the Boltzmann constant, treat it as two rigid rings connected by a bond tha_lt permits
andT is the temperature, the analytic fit can also be used gnly torsional movement. The complete configuration of the

give an approximate expression for the energy of a molecula‘?m'ecu,le is then given_by the pos_ition and orientation of one
configuration. of the rings together with the torsion angle of the connectin

An important class of models is the mixture of Gaussian®0nd- . . . -
and the EM (expectation-maximization) algorithm [6] is-fre We W'_” represent torsion angles as a point on t,he ¢ le
quently used to optimize this model based on the maximunerentatlons are conveniently represented as unit quatesn
likelihood. We begin by reviewing an iteration of the staritia [ £]: however, because and —q represent the same orienta-
EM algorithm including the straightforward extension of al ton. orientations are defined as a pair of opposite points on

5 ; > a palt ol
lowing the samples to have a statistical weight. Assume that. - N Mardia and Jupp.[8], a distinction is made between a
our data is irected line through the origin, direction (which can rep-

resent the torsion angle), and an undirected line through th
[X1,X2,X3, . .., Xnl, origin, anaxis (which can represent orientations of general

molecules). The orientation of a diatomic molecule, for ex-
wherex; is a point inR?¢ and that associated with each of the ampleCO, would be given by a unit vector, i.e., a direction
samplex; is a scalar weight;. This weight might arise from onS?. The full configuratiorx is then a mixture of Cartesian
coalescing consecutive identical samples from a MonteoCarlcoordinates and “angle-like” coordinatesSh Our strategy
simulation (because of a run of rejected moves) or becauder applying Gaussian fits to points in this mixed topology is
the Monte Carlo sampling is carried out with a non-physicalto replace eq[{3c) by
energyE* in which case we have); = exp[—((E(x;) —

E*(x,))]. i = (i gigwidi,
Let the current fit be where((-; -)); is the appropriate weighted “physical” mean of
me1 x;. For the angle-like coordinates, we find the mean by em-
F(x) = Z a;G(x;y;,C;)), beddingS' in R!*!'. The mean direction is given by the di-

iz rection of the weighted sum of the unit vectdrs [8], while the
mean axis is given by the axis about which the moment of

whereZ;ﬁ:—o_l a; = 1 andG(x;y;,C;) is ad-dimensional meSr_tla.Iof Ithe we|gh|ted axes |sdmt|)n|mum .7; 8].

Gaussian with unit volume and meary, and covarianceg; . imilarly, we replace eql{8d) by

The goal is to find the sefiw;, y;, C;} which maximizes the coev = <d(xi’y;_lew)d(xi’y?eW)T;gijwi%
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whered(x,y) is a displacement iiR? fromy to x. The op-  protein, this has 8 symmetries made up of combinations of
eration ofd is to map configurations into a local Cartesian 180° rotations of the benzene rings about the connecting bond
space centered at. In order to make such a mapping for and an interchange of the two rings. When biphenyl is placed
the angle-like coordinates, we project the sphere (in tlse ca in any of its 8 symmetric positions the resulting system en-
of directions) or hemisphere (in the case of axes) onto a baltrgy and hence the equilibrium distribution is the same. If,
in R! using a generalization of the Lambert azimuthal equal-on the other hand, the biphenyl is free in solution, then we
area projection[1] with the pole of the projection given by remove the continuous symmetries by fixing the position and
the mean. It is important that the projection preserve apea sorientation of one of the rings. There are then 4 symmetries
that its Jacobian is constant; in this way, integrals in ttee p given by — 41 and«y — =+ + 7 where is the torsion
jected space are the same (up to a multiplicative constant) aangle. These correspond to rotating the free rind&y? and
integrals in the original space. changing the sign of the torsion angle. The latter operation
In carrying out this extension of Gaussians to non-Cantesiaplaces the biphenyl into its mirror symmetric conformation
geometries, we have lost an important property of the Gaugbut not by inverting the molecule). This symmetry is nor-
sian. InR¢, if we fit a single Gaussian to arbitrary data, then mally excluded when biphenyl is bound to a protein, because
the log-likelihood is maximized by choosing the mean and cothe protein binding pocket will not exhibit the same symmetr
variance of the Gaussian equal to those of the data. We are nfitecause proteins are chiral).
aware of a generalization of the Gaussian which preseri@sth We shall suppose that the system hasader symmetry,
property for our more complex geometries. However, the prewhich can be described by a symmetry oper&tori) where
scription given above presumably nearly preserves thip-pro 0 <! < k and
erty provided that the covariances of the individual compo- x — S(x,1)
nents in the mixture are sufficiently small that the Gaussian
do not “wrap aroundS' to any great degree. We will address maps the configuration into one of thie symmetric con-
this issue later. figurations. We can compose symmetry operations with
In the discussion above, we have implicitly assumed that(S(x,1"),1) = S(x,l @ I'). Clearly @ defines a group of
a uniform measure of is the natural metric for angle-like orderk. We will take identity element to be and define the
coordinates. This is the case for the orientation of a moleinverse ofl to bel (thus,l @ [ = 0).
cule and for torsion angles. However, the situation is more In fitting a Gaussian mixture to data, we can ¥sboth to
complex for molecules whose bond angles can vary (for exsymmetrize the samples and to symmetrize the fit. However,
ample to treat the common conformations of cyclohexane). Ay using the properties ¢f the computational complexity in-
full treatment of such cases is beyond the scope of this papegreases only b (instead ofi:*). We begin by symmetrizing
However, the strategy would be the same as given here: déhe fit,

termine a suitable mean and then map the samples to a locally mol kel
Cartesian space centered at the mean in such a way that con- f(x) = Z aj— G(S(x,1);y;,Cj).
figuration space integrals can be expressed in the transtbrm =0 k =0

space with a constant Jacobian. For simplicity, we apply the symmetry operation through the

configuration argument a¥ rather than viay; or C;. From
this definition, it is easy to show that

f(S(x,1) = f(x).
(This follows from the group properties af.) In forming the

resp0n5|b|llty matrix, we start by computing the respoitisjb
the component(S(-,’);y;, C;) for the symmetrized data

B. Incorporation of symmetries

The use of symmetries allows the simplification of many
problems. In describing molecular configurations, we en-
counter both discrete and continuous symmetries. Example
of the latter are translational and orientational invacewhen

) . : point S (x;, 1),
simulating a solute molecule in a large volume of solvent, ro
tational invariance about the axis in a diatomic molecute, e o Loy GS(S(x4, 1), 1); 5, Cy)
Such symmetries are best treated by expressing the molecu- g = f(S(x:,1)) ’
lar configurations in a lower dimensional space thereby ig- 1a,;G(S(xi,I' ®1);y;,C;)
noring the symmetry coordinates. Thus the “orientationd of =7 Fx0) )
diatomic molecule can be expressed as a directicgtoather _ t
than as an axis of’. = Jiwen

Let us describe some typical discrete symmetries that aris¢here

in molecular systems. A molecule of methat&]l,, may 10;G(S(x4,0);y5,Cj)
be oriented in 12 different ways (the order of the tetrahledra gijt = 7. f(x:)

groupT) that leave like atoms in the same positions. We d
not treat the reflection symmetry of methane as an additiona
symmetry because such inversions do not occur under normahj*" = (giji; wi)i,
conditions. e — (S(xq,1); gijiwi i,

A more complex example is biphenyl. When bound to a f}ew ew ewn T
Cj = (d(S(xi,1), Y )d(S(Xi,l)an )5 GigtWi)i 1

‘e can now update the components using
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Here in forming(:; -) and((-; -)), we sum ovet € (0,n] and The partial EM update then consists of updating the respon-
l€[0,k). sibilities for the new component,
C. Extension of the greedy algorithm Giml = (1= am)kf(x:) + am >y G(SXi, I); ¥m, Cn)’

In the foregoing, we have supposed that the number of comwhere we need to evaluagg,,; for I € [0, k) and fori € Ajo,
ponents in the fit is known. In general, this is not the case ande., for all i, for which S(x;,1) € A;o for somel. The update
various algorithms have been proposed to grow the number aff themth component is then
components in such a way that a fit close to the global max-
imum for the log-likelihood is tracked. Here we adapt the @y = (Gimi; Wi)i 1,
greedy EM algorithml[9] for adding components so that sym-y2% = ((S(x;,1); gimiwi )i 1
metries can be included. We determine the optimal numbef,cw _ (d(S(xi,l),yfnew)d(S(Xul),yEfW)T;gimzwi)i*,h

of components by minimizing a cost function involving the ~™
minimal description lengthiL[13,7.4.2], where the subscript* indicates that the sums ovéishould
include onlyi € Ajo.
M) — 1} Inn. 4)

2

C:—L+g[m<1+d+

The term in brackets gives the number of free parameters iR- Loose ends
an m-component fit angb, which is normally unity, is a pa-

rameter that can be adjusted to penalize the addition of more Finding the 1-compon¢nt fit with non-symmetric datais a
components. simple matter of computing the mean and covariance of the

Let us review the greedy algorithm [9]. After the EM al- flata. Togfﬂvir' 'ftV.VE arte pel)r;‘o_rm|ng a symrr:jetnc fit, we needt
gorithm has converged for amn-component fit, we attempt f.o appé/ Iterations to obtain afcon;]/erge one-componen
to add a new component (with index) as follows. Initially, It To eterm|Te a sta"rtlng point for these EM iterations we
each data poing; is assigned to the componepfor which pick a n_’;\ndom central” sample, and transform the other sam-
g;; is maximum. In this way the data is partitioned into ples using the symmetry operator so that they are as close as

setsA;. We make several splits of each componghly se- possible to the selected sample. Thg resulﬁr@/mmetry—
lecting two random samples frody; and partitioning4; into transformed samples are used to define a tentégiveCo).

two subsets based on closeness to the two random samplé@is procedure is repeated several times with different cen
- : wo_ ral samples and thigyg, Cy) which yields the maximum log-
A tentative new component is added withy, = a;/2 and Ig<elihood is used as the initial guess for the first compdnen

mean and covariance given by one of the two subsets. Th The EM alaorithm can fail with poorly conditioned sarm-

resulting tentative fit undergoes partial EM iterations wehe les. For exagm Ile one Galljs\évilan Eom yonent In|1i ht Converge

am, Ym, andC,, are adjusted and the; for0 < j < m PIES. P€, - . pone 9 9
to a group of samples which are in a lower dimensional space.

are merely scaled by — «,,, (with the corresponding; and e avoid this problem by placing a lower limit on the max-
C; held fixed). This procedure is repeated several times foW void this p y placing wer fimi 1ax
Imum eigenvalue of the covariance matrix and by placing a

each of then components and the fit with the maximum log- o . - : .
P 9 |ower limit on the ratio of the minimum to maximum eigen-

likelihood (following the partial EM updates) is selectesl a . . 7
the (m + 1)(—compogentfitpwhich is thel?] subje)cted to full EM values. This makes the EM algorithm more robust possibly at
the cost of requiring more components to maximize the log-

updates. kelihood
When treating weighted samples, we modify the procedurg (Iall\jl)o te Carl licati ish t id G
above by selecting the two components frémwith proba- _nvionte £.ario applications, we may wish to avoid >aus-
sian components where any of the angle-like coordinates

bilities proportional to their weights. Because we do tleg-s 4" Th f h . dest
eral times, we use the Walker algorithm|[11] to make these/f@p around-. The presence of such wrapping may destroy

selections. detailed balance because a transition to a wrapped sample

In order to include symmetries, we generalizgabove to drawn from such a Gaussian is not balanced by a reverse pro-

Aj which contains thoss (x;, 1) for which gii = ey s We can limit the effect of the wrapping by checking

is maximum. It is only necessary to consider splitting the_those diagonal elements of the covariance matrix correspon

m unsymmetrized components of the existing fit; thus We{/c?ato itnhe :cnc%res-h\/lfliethﬁr?o?tdé?aarfjsa.r dlf dt:\?iZEoirse ;Otrllaggrﬁetgst
only need to determinel;,. We can do this by assigning pping '

an unsymmetrized sampkg to a symmetrized component by fcc())rl elfr(]?]r:glfet’h;hgg \;Vr?a%?:g i::aatlre tge igrrﬁzgec:nig]?hzwsr:nd
finding thej and!’ which maximizesg;;;-, and then adding ~. umns o varl TX appropriately wrap
S(xs,1 = ') to Ao ping is limited to the small fraction of samples beyond 3 stan

As before, we partition each ;o into two subsets by pick- dard deviations. Here again, the algorithm can adjust ® thi

g v random sampes o, acordng o he ampie ST 10 0done Causaen componerts e
weights) and using the distance as definedlas the close- lon, we wi wWhow : intal

ness metric. For each subset we use an initjal= «; /2 and Z)r(la‘l:é%kfg::(\)'\é%?]g?ées moves even in the face of wrapped
(¥m, Cin) computed from the data in the subset. 9 )
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The result of a canonical Monte Carlo simulation is a setmore interacting molecules. (Thus with molecular dissocia
of configurationsx; drawn from the underlying Boltzmann tion we haveA = 2. The unbound systerh = 0 consists of
distribution proportional texp(—SE(x)), together with the @&, = 2 independent complexes, each consisting of a single
corresponding energieS(x;). In the foregoing discussion, molecule,A or B, while the bound systerh = 1 consists of
we make the fit to the configurations, essentially ignoriregy th ®; = 1 complex,AB.)
energies. This is an appropriate use of the data from a Monte If the configuration of complex in system) is x,,, then
Carlo simulation where the sample configurations constitut the full phase space is given By= {\; xx0, Xx1, - - -, Xad, }-
the “primary” data. One application where we could makeHere, we have added a set of “ignorable” coordinatgg; the
use of the energies is when making fits to several indeperenergy of the system, and hence the equilibrium distrilbutio
dent Monte Carlo runs of the same system. In this case, wRinction, is strictly independent of these coordinates. &6
can adjust the overall weight of each independent run so thample, in simulating a molecule in a solvent batky would
the difference of3(E(x;)) and (In f(x;)) is approximately include the position and orientation of the molecule; orewh
the same across the runs. (Hef¢,denotes a average over a a molecule is deprotonated, it would include the coordmate
single run.) This adjustment is important when the indigildu of the “missing” proton. Inclusion of these ignorable coor-
runs are not sufficiently long to sample configuration spacalinates is dictated by the requirement tHaspan the same
fully. phase space volume for eagh In practice, we do not keep

track ofx o, because the integral over this coordinate is trivial

(the integrand is constant!) and we write
I1l. APPLICATIONS OF GAUSSIAN MIXTURES

We use the procedure for fitting molecular distributions /dxAO = Yo
with a Gaussian mixture in two ways. The first is as a method )
of defining the portals for wormhole Monte Carld [1]. Inthis  Wormhole Monte Carlo moves allow the state to switch be-
case we are fitting the data from several independent Mont&veen different systems preserving detailed balance. dlhis
Carlo runs and Gaussian mixtures then offer a robust way dPws the determination of the ratios,
“clumping” the data with each component of the mixture then
providing a portal for the wormhole method. The other appli-
cation provides an approximation to the energy of the system . - .
Here we are more concerned about the accuracy of the fit, anv(\:/ihereW# Is the statistical weight of system
we also need to establish that the arbitrary constant that co
nects the energy to the logarithm of the fit drops out when W, = exp(—fBF,) = /5M exp(—pY)dY,
forming physically relevant quantities.

WQZW1:W2:...,

andF), is its free energy. In particular, in the case of protein-

ligand binding, the dissociation constant is given by
A. Portals for wormhole Monte Carlo

1 Wy
The original description of wormhole Monte Carlo [1] was Kq= Vo W,
specialized to the treatment of molecular dissociation,
wherelj is the system volume.
A+ B = AB, In this more general framework, the wormhole mave [1] is

where we sought the equilibration between the bound and und_(/aﬁned as follows. We define a set of "portal functions,

" . :
bound states of molecules andB. This procedure can be w'w?, ..., on, with properties
generalized to deal with other types of interaction, e.glgt+ 0<w(Y)<1/v< oo,

lar exchange, )
b [dYw(Y) =1,

AB+ C= A+ BC, ) _
wherev is a representative phase-space volume of the portal

protonation, function. A wormhole move consists of the following steps:
select a pair of portalsw, w’) with probability p,../; reject

A+HT = AHY, the move with probability — vw(Y), whereY is the current
A state; otherwise, with probabilityw ('), pick a configuration
or tautomerization, T’ with probability w’(Y’); and accept the move 6’ with
ABH = HAB. probability

(In practice, the free proton in the second case would be han- () = min(l Puwrw exp(—=BE*(Y')) U_’) 5)
dled by an implicit solvent held at constagst.) We therefore wwi T o " puw exp(—BE*(Y)) v )’
consider the equilibrium oA “systems” indexed by.. Each

of the systems is made df, independent molecular “com- whereE*(T) ~ E(T) is the “sampling” energy of configu-
plexes” indexed by and each complex is made up of 1 or rationY, which is used also for the conventional Monte Carlo



moves (within a system). We term andw’ the source and random portal function and pick a random symmetry index
destination portals, respectively. The test involvin@(’) de-  I; with probability

termines whether the current configuration is “in” the seurc

portal—note, however, that this test is “fuzzy”. If the teat- 1= 05 G(Sug (Xugs 1) Yuess Cuos) / Kue:

ceeds, a move is attempted to the destination portal, and the. o
move is accepted according to a standard Boltzmann fact plect the move; if none of these tests cause the move to

modified by the ratio of the portal volumes. In the limit of a € rej_ected, the “_|n” test succeeds _angl we procee_d W'th
long Markov chain, we then have choosing the destination portal by picking the destination

systemy/, picking a portal functionj’ and a symmetry’
W, — C{dx, exp(—BIE(T) — E*(T)])), for each complexy’, and setting the co_nfiguration for the
complex to S, ¢ (x,/4,1") Where x4 is selected from
where( is independent of; and (-) is the average over the G(Xu¢;ywer s Cugrj). In evaluating the acceptance prob-
Markov chain. ability, eq. [®), we express,,., as the product of the individ-
Although the choice of portal functions is arbitrary, the ual probabilities (of selecting source and destinationesys
method is only effective ibw(Y) is sufficiently large to al- and of selecting particular portals for the source and dasti
low wormhole moves. For simplicity, we restrict each portaltion complexes). Similarly the volume of the portal is given
function to a particular systeth= ;. Because the complexes by the product of,o and the volumes of the portal functions
making up a system are independent it is natural to considdpr the separate complexes.

w(Y) as product of density functions for each complex. Thus  In this formulation, the symmetry of a complex is incorpo-
the typical portal function is rated into the portal function, ed(6). However the test for

being in the portal and the operation of selecting a configura
1 tion from it are decomposed into picking a random symmetry
w(Y) =6— H Wye (Xpg)s (with equal probabilities) followed by a test or selectiana
V0 42y unsymmetrized Gaussian.
If, when sampling from the destination portal, any of the
where angle-like coordinates are wrapped around, then we immedi-
ately reject the whole move. This is necessary in order to
/ww(x,w) dx,e =1, maintain detailed balance, because the test on the source po
tal never involves wrapped coordinates. This effectively r

and the factorl /v, arises from an implicit constant den- place_s the Gau_ssians i_n the definition of the portal funstion
sity in x,,0. For a particular complex in system\ we need by clipped versions which evaluate to zero for wrapped coor-
to determine a set of portal functioms, s (x,.), w,, (Xus), dlr]rzar:es. _ deal of flexibility in the choice of I
Wy, (Xug), - -, Which reflect the probable configurations for belil;('el'tl's a gf;eatd ga tﬁ exr|] Hlity In El'e g ﬁ'ce 0 Bporta
this complex. We obtain these portal functions using the reProbabiiiies ofiered by the scheme outliined here. because
sults of several conventional canonical Monte Carlo runs orlihe test of being in the source portal is typically very inex-

the complex. We make a Gaussian fit to the resulting sets oqg.rll.‘?ve’ Itis deS|hr;31bIe to Iarlran%z_tthat the sourcltla podf@“'pf
configurations. If the fit contains components, then we ob- abilities are roughly equal. In addition, we usually aduhet

tain m portal functions, indexed by, for this complex each ratio of conventional to wormhole moves so that, on average,

of which is a symmetrized Gaussian of the form each configuration is tested against all the portals foryever
attempted conventional move. On the other hand, the proba-

. kap—1 bilities for the destination portals would usually be atfasto
Wrgi (Xng) = — G(Sro (X265 1) Yoo, Caoi ), (6) reflect the statistical We|ghtofthe po_rtal. . _
3 (%20) kxg ; (526 (20, 1); Y205 1) Let us turn to the details of making the Gaussian fits to
define the wormhole portals. Because the individual Monte
wherek,4 is the symmetry order for the comple%,, is the  Carlo runs performed for each complex are independent, it
corresponding symmetry operator, etc. We take the “volumefs natural to consider scaling the overall weight to the ltesu

of this portal function to be from each run in order to match the energy samples. In prac-
tice, this procedure results in rather poor fits with too many
Ungj = kxo/G(¥Yag5 Yasi> Cags)- components. In this application, Gaussian fitting may vigwe

merely as a robust clumping technique and for this purpose if

_ We assume that the choice of source and destination portag ffices to attach the same weight to all the samples. For the
is independent so that the portal probability, can be fac- — same reason, we increaseo 5 in eq. ) so that a smaller
tored into probabilities fotw andw’; furthermore, we assume humber of components is used to make the fit.

that these probabilities may in turn be factored into chice G5 ssian portals offer advantages over the use of ellipsoid
for the source and destination systems and for the portals fo,qtais proposed i[1]. With a given number of components,
the respective complexes for each system. In this case, the EM method does a “global” optimization and is thus likely
wormhole moves can implemented as follows. Pick a Sourcg, gptain a better fit and than the somewadhocscheme for
portal systemu; if A # 1, the move fails; otherwise consider choosing ellipsoids. Also the Gaussian fit to a configuration

each complex in the systemin turn; for complex, picka  qf independent complexes naturally factors into a prodéict o



Gaussians for each complex. Thus Gaussian portals refleasthereD,, are adjustable constants which satisfy

the independence of complexes properly. Gaussian portals, o,

combined with the mean energy for a portal (which can be

readily estimated from the energg)ges of tr?e sam(ples) alsw off Z Dy =D+ In(Wy/W) = In v,

a rougha priori estimate ofi¥’,. This, in turn, allows us to

adjustvy, to maximize the probability of transitions between for all .

systems and hence to reduce the error in the eventual estimat Let us apply this to the case of molecular dissociation. The

of W,. In the case of ligand-protein binding, where we simu-A = 0 (resp.\ = 1) system contains two complexes (resp. one

late single ligand and protein molecules in a system of physicomplex) each of which is free to move within a system

cal volumeVj, this procedure entails adjustifg so that the — of 3-dimensional volumé’; thus, we haveiy, = (oVp)?

fraction of time the molecules are associated is roughly (respwip = oVp), whereo is the volume of orientation space.
Finally, we remark that when performing a conventionalln this case, there is one constraint on the choice of endfgy o

Monte Carlo move for a particular system, it is preferable tosets for the fit energies, namely

¢=1

select randomly a single complex to move. This will result in
; . Diy=D Dy1 — In(K .
a higher acceptance rate compared to attempting to move all 10 00+ Do —In(Ka/0)
the complexes simultaneously. As expected, this constraint does not involje It is also

apparent from the form of this constraint, that differenices
energy between the unbound and bound systems will be inde-
B. Obtaining the energy from the fit pendent of the choice of offsets.

The result of a wormhole Monte Carlo simulation is a set of
configurations sampled fromxp(—3E*(T)). Ifwe fitanan-  IV. MOLECULAR DESIGN
alytic function to these samples weighteddsy(—G[E(Y) —
E*(T)]), then the fit can serve as a basis for approximating We now have the tools to tackle ligand design. We start the
E(Y). Here we detail how we can use Gaussian mixtures t®rocess by computing the binding affinity of the fragments.
carry out this fit and we show how to obtain approximationsFragment-based design works on the principle of building a
for the energies of the individual complexes and how the-arbicomplex molecule from simpler sub-components. We extend
trary offsets for energies cancel whenever energy diffeeen this idea by also computing the binding affinity of the larger
are computed using the approximate energies. molecule using data from the calculation of the binding affin
We begin by making normalized fitg,,, to all the com- ity of the simpler molecules. Finally, we describe the pssce
plexes in all the systems. If the same complex appears in muPy which simple molecules can be combined.
tiple systems, the samples may be aggregated in order to per-
mit a fit using more data. The energy of the system is taken to

be the sums of the energies of the complexes, i.e., A. The single fragment binding affinity
Dy Our starting point is a protein target for which we know the
E(T) = Z E(xx4), structure and a set of simple organic fragments. The symme-
b=1 tries of the fragment are determined. In the case of a rigid

fragment, this consists of the set of 3-dimensional rotegtio
and similarly for E*(Y). The sampled configurations for which leave the molecule invariant. The energy of the system
each complex are assigned weightseab(—G[E(xxg) —  is computed using a conventional force field with an implicit
E*(xx¢)])- solvent model as described in the introduction. The simula-
The normalized fit for a particular system is then given asion is focused on a certain portion of the protein by adding a
the product of the fits for the contributing complexes, multi restraint energy which is zero if the fragment is within a re-
plied by1/vxo and these can be combined weightedByto  gion of interest on the protein (e.g., within a binding siej

provide a fit inY space as increases parabolically outside this region. It is possibide-
o fine the restraint region to include a few solvent layers abou
Wy 1 3 the entire surface of the protein—but this obviously result
F(1) = W oo H Fro(3x0); in a longer simulation. Including a parabolic portion to the
¢=1 restraint potential allows the fragment distribution td &if

gradually and this allows the distribution to be fit with fawe

Gaussian components than with a hard restraint. The binding

—BE(Y) ~ D +1n f(7), affinity of a molecule will be only weakly dependent on the
precise extent of the restraint region providing that ite@ne

whereD is an arbitrary adjustable constant. This provides arpasses the true binding site of the protein.

approximation of the energy of a system. In addition, we can We perform a wormhole calculation to find the binding

approximate the energies of the individual complexes by affinity and to provide the distribution of fragments. In or-
der to determine initial portals for this calculation wetgys-

—BE(Xxp) = Drp + In frp(xarp), atically search for plausible binding modes by inserting th

whereW =", Wy, and we have



fragment randomly into the restraint region with a randoim or B. Approximate energy of combined molecules

entation and random conformations for the protein and frag-

ment (if these molecules are flexible). This process is most Let us consider the case where we have identified two pos-
efficiently carried out with a tailored restraint region (ain  sible ligandsAB andBC and we wish to combine these via
prevents attempts to insert the ligand within the proteih) f the “overlap” portionB to form a ligandABC. We might
lowed by a quick steric check (where configurations are reform a N-fragment ligand withA andC being fragments and
jected as soon as two clashing atoms are found). This can & being an(N — 2)-fragment overlap ligand. Alternatively,
followed by a crude energy minimization using the vacuumwe might takeB to be null and merely add a fragme@tto
energy model. We can make an estimate of how many probes(N — 1)-fragment ligandA. (In either case, we form a 2-
need to be made in order to explore the surface of the proteiftfagment ligand by taking. andC to be fragments anB to
thoroughly and so to find all possible binding pockets. Thisbe null.)

estimate is based on the volume of the restraint region and Because we are concerned here with the energies of differ-
the typical length and orientation scales for energy vimiat ent combinations of fragments, we adopt a notation for the
A similar exercise is carried out for the unbound system-s-thi energy where we do not explicitly specify the molecular con-
merely consists in finding allowable conformations of the-pr figuration and wheré’(Z) is the energy for a single molecule
tein and ligand. We then drop any of the bound configurationg andE(X,Y) is the energy for the two interacting molecules
whose energy exceeds the minimum unbound energy. The réc andY. We write

sulting bound and unbound configurations are used as gfartin

points for a set of conventional Monte Carlo runs with the E(ABC) = E(AB) + E(BC) — E(B)

full sampling energy. The initial portion of each run should + §E(ABQ), (7a)

be discarded and any bound run whose energy is stuck close _ _

to (or above) the unbound energy should be eliminated. The E(ABC,P) = E(AB,P) + E(BC,P) — (B, P)

resulting data from these Monte Carlo runs is then used to +OE(ABC, P), (7b)

determine wormhole portals using a Gaussian mixture and to . .
: . Where we expeci F' to be small if the energies are approx-
estimate a starting value of the system voluirpe

In addition, we can add “catch-all” portals for the unboundImatEIy additive. _In th|§ and subsequent equations, we un-
derstand the configuration of the molecules to be consistent

and bound systems. For the gnbound system, this W'”.a”OV¥hroughoutthe equation, e.d\,is in the same configurationin
the molecules to assume arbitrary conformations (subgect t Il the terms. I8 is null, then we can writé? (B, P) — E(P)

whatever constraints are imposed by the molecular model). We now make two approximations. We assume that the en-

For the bound system, the molecules would be allowed tor ies involving the simoler moleculésB. BC. andB. are
assume arbitrary conformations and in addition the ligand 9 9 P ' ' '

. . . ‘ iven by fits to configurations from prior binding affinity eal
would be selected from the restraint region with an arbjtrar given
orientation. These catch-all portals allow new binding emd culations and we assume thal(ABC, P) and 0 E(ABC)

to be discovered are small. If these assumptions hold, then El. (7) provides
The binding affinity is then calculated using the wormhole? rlnel;hod of comp_l:jtllng Lheherjergy of tlre m‘.)rebc_o(;ﬂp'exﬁmo'e'
Monte Carlo method. During the course of this simulation,f:u eABC very rapidly which, in turn, allows its binding affin-
V, is adjusted to maintaifiy ~ W; and if Vj is increased ity to the protein to be determined quickly. We expect the
(resp. decreased) we redudg (resp.)Vy) by the same factor. neglect o E(ABC, P) ando E(ABC) to be most easily jus-

. : . tified when the overlap portioB is as large as possible; i.e.,
We may also find that the ligand becomes trapped in a Ioca\%lhen two (N — 1)-frazrlrj1ent ligands arg comer)ined to form
gggég}s/s\:‘vuellj/;/o\rllynhh%r;:vrﬁ:)\fgg Iie(xtggtuesdsig)nyggr?a?sb?l?g ?(?u%icp N-fragment ligand. In carrying out this calculation, the
by rerunning the Gaussian fit adding recent configuratiods anairggrca;xg;w;zn;ighn?igg:; rwhen cog\_/f(fe rting theglt?\:/nen th

) s - . g g energy differences betweaen
restarting the binding affinity calculation. bound and unbound systems
The process converges with a sufficiently long run with- L o - .

out the need to add new portals and with sufficiently frequenF In our initial implementation, we build ligands by adding

wormhole moves between the bound and unbound systeméﬁﬁ)mggﬁfhgrrﬁo?e;grge m;r;r;];teogfrlggsﬁgrrfggr(gf 1S e
This process provides an estimate of the dissociation antst j PP P °%

K, for this fragment-protein interaction and a set of sample are applied recursively so that the energy oNaragment

for the bound and unbound configurations. From this con?-Igand interacting with the protein is found by summing each

figurational data (weighted to reflect the difference betwee Of.tl_hhee'gggll:?;s;fégﬁmbg?;grgtvee'g Zgiz)gllllgvsv's' Assume that we
the full and sampling energies), we fit a Gaussian mixture t o e o :
the bound and unbound distributions. This provides an a;tbave computed the binding affinity of the best ligands with up

proximation to the energy of the protein and the ligand eithe .ON — 1 fragments using the f_uII energy. Fits to th_e dlstr|bu—_
unbound or as a bound complex. tions of these molecules provide the corresponding approxi

mate energies which can be used to compute the approximate
energy, using eg7), fa¥-fragment ligands either by adding

a single fragment or, preferably, by using@a— 2)-fragment
overlap. This allows us to compute approximate values for th
binding affinity of theN-fragment ligands. The binding affin-
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ity of those ligands with the best approximate binding affini consider the problem for the boundl £ 1) case; the unbound
ties can then be recomputed using the full energy. Becausease § = 0) follows as a straightforward simplification.

this latter binding affinity calculation is carried out falling We compute Gaussian mixtures for the configurations of
the similar calculation with the approximate energy, we canAB and BC bound, respectively, to the protein. We draw
use Gaussian fits to the samples from the approximate calcseveral sample configuratiofisy, I's, I'p] and[I'g, I'c, I'p]
lation to define the initial portals for the wormhole method from each possible pair of Gaussian components selected
with the full energy. This procedure can be repeated to ereatfrom the two fits. Herd"\; denotes the configuration of mol-

ligands with an arbitrary number of fragments. eculeM. We form a “bond” constraint term,
In order to compute the full energy of the enlarged mole- ) ) )
cule, we may have to determine the Amber atom types afresh, D? =|T'g —Tg|" + |lp — T3],

for example, using the GAFF rules_[12;113]. In addition, ) ) ]
we need to determine the partial charges for the new ligandvhere|I'nt — I'y[| is some suitable measure of the separation
One simple prescription is as follows: when two fragments ©f the two configurations of moleculd and we takeD > 0.
A andC are combined to form a 2-fragment moleci€,  If Biis null, then|T's — I';||* is replaced by a constraint term
the charge on the hydrogen removed franis donated to the ~ for the new bond betweeA andC, for example, an appro-
derivatized atom of! andvice versa This rule, which main- ~ priately weighted sum of the squared deviations of the bond
tains charge neutrality, can be readily generalized fagdar length and bond angles from their ideal values. In formihg
ligands. More realistic charge models could be employed, ifve weight the various contributions so thatis an approxi-
necessary. For example, VC/2003![14] allows partial chergemate distance that atoms must move to sati3fy: 0
to be computed without the need for a quantum calculation, We now seek nearby configurations for the two systems
while AM1-BCC [15;[16] gives the charge on the basis of an[I'a, I's, I'p] and[I'g, I'c, I'p] for which the bond constraint
relatively inexpensive AM1 quantum calculation. The over-is zero. This is accomplished by gradually decreasing a
all expense of these more detailed charge calculationsicoultarget” constraint,D;, from the initial value ofD to zero.
be reduced by carrying them out only for the ligands with theFor a specificD;, we randomly perturb the configurations in
best predicted binding affinity. Techniques for making con-such a way as to meet the target constraint,< D;, and
strained moves of a molecule made up of rigid fragments an@ccept the new configuration with a Boltzmann probability
for efficiently evaluating the resulting energy (includitte ~ min[1,exp(~AE/(kT"))], where AE is the change in the
solvation free energy) are given In[17]. (fit) energy andl” is an annealing temperature. In this way,
We can further improve the accuracy of the approximateve attempt to minimize the energy of the combined system
energy evaluation by including some contribution§f For ~ Subject to the bond constraint. This procedure is attempted
example, we can sétF(ABC, P) ~ §E(ABC) and evaluate at the physiological temperatuf¢ = 7" and then at succes-
SE(ABC) using eq.[(7a) together with a direct evaluation of sively higher temperatures until either we achidéye= 0 or
E(ABC) (which, typically, is fast because it does not involve an upper temperaturg) = 27, is reached.
the interaction with the large protein). In this way, we exfpe  If the bond constraint can be satisfied and if we include
to include the main intra-molecular contributions to the en the steric term forABC in the approximate binding affinity
ergy including the effects of atom removal and charge rediscalculation, we repeat the above procedure to satisfy & ster
tribution. In this approximation, we still neglect threedy ~ constraintS = 0, whereS measures the degree of overlap be-
effects which enter into the solvation energy for the boundween the non-bonded atomsABC. In this case, we perturb
system, e.g., the modification of solvation energyAainter-  the moleculeABC subject to the constrain® = 0 in order
acting withP due to the presence 6f[4]. Also neglected are to reducesS to zero following a similar strategy as that used to
the effects of atom removal and charge redistribution on théneet the bond constraint.
ligand-protein energy. If the bond and (if applicable) steric constraints can be sat
We might make a further simplification 6 (ABC) by in-  isfied in such a way that botii's, I's, I'p] and[['s, I'c, I'p]
cluding only some terms in energies in dql(7a). For exampleare within a few standard deviations of one of the components
we might include just the torsion energy of the inter-fragime  Of their respective Gaussian mixtures, thén, I's, I'c, I'p]
bonds and a “steric” energy, which is infinite if non-bondedgives a configuration foABC bound toP which serves as one
atoms inABC overlap and is zero otherwise. of the starting points for finding portals for the bound sgste
Finally, note that we do not need to include the chemical The scheme described above is appropriate when we have
bond energies when formingBC because these energies aredirect calculations of the fit energies&B andBC interacting

the same in the bound and unbound systems, and so canceMith the protein. However, if these are given by summing the
the computation of the binding affinity. contributions over fragments, then the bond minimizatién o

the new bonds is carried out allowing all the inter-fragment
bonds to relax. In this case, the “old” inter-fragment bonds
C. Combining molecules would start in the ideal constrained state; however, inntig
the new bonds to relax, the old bonds are allowed to stretch
When forming a complex ligandBC from ligandsAB  so that the ligand can find a good pose where all the inter-
andBC, we need to generate starting configurationsA®&C  fragment bonds meet the constraints.
for the purposes of identifying the wormhole portals [1]. We
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D. Implementation The predictive capability of our initial implementatione(d
scribed above) is limited to ligands made up of just 2 frag-
The preceding sections describe the physical basis fogusirments. However, we believe that this limitation could be
binding free energy to direct ligand design. The implementaremoved by computing the full binding affinity of the best
tion entails additional challenges. There is a need for book(N — 1)-fragment ligands and using this as the basis of
keeping to associate a molecule with the smaller moleculebuilding N-fragment ligands. Such a scheme would allow a
out of which it was created. Care must be taken to match upreadth-first search which would allow the search to be di-
the configurations of the molecules in order to implement theected toward the molecules with the greatest binding &ffini
approximate energy evaluations. In order to avoid buildirey In pruning intermediate molecules, we may wish to retain
same molecule multiple times (e.g., putting the fragmemts t (V + 1)-fragment molecules which have a worse binding
gether in a different order), we use the USMILES representaaffinity than their N-fragment parents, with the expectation
tion [18] as a unique tag for the molecule. (Unfortunatélist that this would enable us to build betteW + 2)-fragment
representation has shortcomings for our purposes. It dates n molecules. This would allow non-functional linkers (witb n
in fact, provide a unique representation of a molecule;, e.g.intrinsic propensity to bind to the protein) to bridge beéne
C1C2CC2CC3CC13 andC1C2CC3CC3CC12 are two dif-  high-affinity functional groups.
ferent USMILES representations of the same molecule. Fur- The technique described here covers joining fragments in
thermore, USMILES only deals with the 2-dimensional struc-a simply connected fashion where each added fragment at-
ture of a molecule and for the purposes of binding affinity,taches at one point. It would be possible to generalize the
stereoisomers should be treated as distinct.) method to allow the formation of rings. For example we might
In our current implementation, we build molecules by overlap the moleculeABC, BCD, CDA, DAB to create a 4-
adding one fragment at a time. The approximate binding affinfragment ring(ABCD).
ity of the molecules is computed by summing the fit energy of The wormhole technique and the ability to fit distributions
the individual fragments and including the steric energgy A of molecular configurations with Gaussian mixtures intrin-
intermediate molecule meeting a threshold binding affiisity sically depends on the system having a “small” number of
recorded and is used as a base from which to build larger mollegrees of freedom, because we require that phase space be
ecules (up to a given size) in a depth-first fashion. spanned by a reasonable number of samples. This limits the
We have tested this procedure by building ligands whichdegree of flexibility that can be allowed for the protein and
bind to botulinum neurotoxin type B_[19] starting with 35 or- dictates the use of an implicit solvent model. On the other
ganic fragments. A subsequent evaluation of the binding-affi hand, because we are just interested in describing where sam
ity using the full energy shows that good agreement with theples are concentrated, one might expect the method to con-
approximate binding affinity in the case of 2-fragmentlidan tinue to function well as the number of degrees of freedom is
with 90% of the pairs having an approximate binding affinity increased to, say, 20.
within 1-2 log units of the full binding affinity. However the  Our ability to obtain realistic results is also limited byeth
agreement is poor for ligands made up of 3-5 fragments. Waccuracy of the force field and the solvent model. There are
attribute this to basing the approximate energywefragment  several areas of concern. The force field, the methods for
ligands purely on the energies of single fragments. Tha®rro determining partial atomic charges, and the solvent models
in the use of the approximate energies may become excessibave all been developed largely independently, and it's not
so that the approximate binding affinity is no longer close toclear how consistent these models are. It is also noteworthy
the full binding affinity. Alternatively, it's possible thidhe  that the data validating the GB models is based on compar-
approximate energy is still reasonably accurate but that thisons with solutions to the Poisson-Boltzmann equatiof, [20
binding mode is slightly wrong so that using the approximatewhich requires specification of the atomic radii, or is based
distributions to provide the initial portals for the fulldiding  on comparisons with experimental data for the absolute sol-
affinity calculation may be inadequate; if the binding masle i vation energy (from vacuum to solution) [5]. More relevant
quite tight, the full binding affinity calculation may neviand  for our purposes would be a comparison against experimental
it. Both of these problems would be largely overcome by basdata for the changes in solvent free energy on molecular as-
ing the approximate energy fov¥-fragment ligands on the fit sociation. Another area of uncertainty is the charge sthte o
energy for(V — 1)-fragment ligands. the protein, which may have a small effect when differences
in binding free energy are being computed (e.qg., with the fre
energy perturbation method) but which may have a large ef-
V. DISCUSSION fect on the absolute binding free energy. The impact of salt
effects is easily incorporated into GB modelsi[21]. More in-
We have described a way to determine the approximatgeresting would be a principled treatment of the protomedib
binding affinity of a ligands based on knowledge of the bind-charged residues in the protein, proton exchange between th
ing affinity of simpler ligands and the associated equilibti  protein and ligand, and tautomerization of the protein er th
distributions. This procedure correctly accounts for t&sl  |igand. The wormhole method offers a natural vehicle fohsuc
of entropy associated with connecting molecules together ta treatment avoiding the need to treat protonation as arconti

form a larger molecule and allows the binding free energy taious process [22] and avoiding the need to add an uncharged
be used to direct the design of ligands. ghost protonl[23].
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