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Abstract

The collision operator for a relativistic plasma is refotatad in terms of an
expansion in spherical harmonics. In this formulation tb#ision operator is ex-
pressed in terms of five scalar potentials which are givenri®rdimensional in-
tegrals over the distribution function. This formulation used to calculate the
electrical conductivity of a uniform electron-ion plasmatwinfinitely massive
ions.
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[. Introduction

Landau first obtained an accurate kinetic equation for a nonresiivplas-
ma. The Landau collision operator was generalized to aivisiat plasma by
Beliaev and Budket. The collision operator in both cases involves integralsef t
distribution function of the background species. This nsetke operators difficult
to evaluate, numerically or analytically.

In the nonrelativistic case this difficulty was removed bysBabluth, Mac-
Donald, and Judd,and by Trubnikov* They recast the Landau operator into dif-
ferential form by writing it in terms of derivatives of two alar potentials. The
potentials in turn satisfy a pair of elliptic partial diffartial equations. With the
aid of this formulation, the numerical evaluation of thelismn operator may be
accomplished straightforwardly by solving the potentigli@ions. An analytical
solution of these equations in terms of spherical harmon&s given by Rosen-
bluthet al.3

Recently? we formulated the relativistic collision operator of Beeand Bud-
ker® in terms of five scalar potentials, which again obey elliptctial differential
equations. In the present paper we extend this formulasolving the potential
equations in terms of an expansion in spherical harmonissarfapplication, we
calculate the electrical conductivity of a relativisti@pina with massive ions.

In Sec. Il we review the differential formulation of the delbn operator. The
spherical harmonic expansion is developed in Sec. lll. $hiswn in Sec. IV how
the nonrelativistic results are recovered in the limit—> co. We evaluate the
zeroth-order and first-order spherical harmonic companehthe collision term
with respect to a Maxwellian background in Secs. V and VI. Galeulation of the
conductivity is given in Sec. VII.

[I. Potentials

We begin by summarizing the differential formulation of trwlision operator.
This repeats our earlier expositigrhowever, we now introduce a more compact
notation and also write the results in such a way that theeatativistic limit is
more easily obtained.

The collision term for a plasma of specie<olliding off speciess’ may be
written in the Fokker-Planck form &3:
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where the diffusion and friction coefficients are given by

s/s’
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Here,u is the momentum per unit rest mass, and, in the relativistée cthe kernel
U is given by
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U(u,u) = ’Y’}?;wg (wzl —uu—u'u +r(uu’ + u’u)), €))

in whichy = /1+u?/c2, v = /1 +u?/c2, and
r:’y’y'—u-u'/cz, (4a)
w=cVr?—1. (4b)

The quantityr is the relativistic correction factor corresponding to thkative ve-
locity of the two interacting particles. The relative speéthe interacting particles
is given byw/r. In the nonrelativistic limity — 1 andw — |u — u’|.

In the previous papémwe expressed the Egs. (2) in differential form, making
use of the potentials
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These potentials satisfy the differential equations

LoV g0 = fs, (6a)
LoW 19102 = Ysr[1)0s (6b)
LoV 131022 = Yor[2]02; (6¢)
LV = fo, (6d)
LiW g1 = Yerpns (6e)
where uu 0% 3u 0V 1-da?
Laqf:<|+c—2>:m 2 @

In terms of these potentials the diffusion and friction doednts are given by
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Equations (6) and (8) constitute the differential formigiatof the relativistic col-
lision operator. Boundary conditions on the solutions 0§.H§) are obtained by
expansion of Egs. (5) fdu| — co.

The present notation differs from that in Ref. 5. The coroesience isb ;)
= ho, Vypo2 = hy Yopzloze = he, Youp = 9o, Yy = 1. The present
notation reflects more clearly the structure of the diffil@requations (6). By
adjoining to Egs. (5) the definition

V() = fo(u),
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and by using %" in the context¥ ), to stand for a string ok > 0 indices, we
can express the five potential equations (6) in the concise fo

La\IIs’[k—l—l}*a = \Ps’[k}*- (9)
The integral representations (5) will likewise condenge @single formula
a3’
Vpre(w) = - /% o (/) for () = (10)

for k > 0. The kernel functiory;. is defined in the next section.

lll. Solution to potential equations

In this section, Eq. (9) will be solved by separation of Vialég in spherical
coordinates. The choice of spherical coordinates is a alature since frequently
the distribution function is nearly spherically symmetiud so is well represented
by only a few spherical harmonics. Singg,, depends on the distribution of
speciess only, we will simplify the notation by dropping the speciegscripts.

A. Spherical harmonic expansion

In a sphericalu, 8, ¢) coordinate system, the operatoy is

5 020 2 3u\ov 1 [0%V ov
L\If ’7 8 + E+C_2 %‘1‘@ W—I—COtHW
1 62\1'+1—a2

u2sin2 0 O0¢? c2

Let us expand the potentials in terms of Legendre harmonics:

. (11)

W ( Z Z Vimik)«(w) P (cos 0) exp(ima). 12)

=0 m=-—1
The coefficients)y,, ;). (u) are given by

(I —m)! [dQ

Dimip)«(w) = (20 +1) (I+m)! /) 4m

— W) (1) P (cos 0) exp(—img),

whered(2 is an element of solid angle

/ ds) . / sin 6 df d(b
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Equation (9) becomes
L awlm[k+1 T;Z)lm[k %5 (13)

where

>y (2 3u)dx (l+1)  a*-1
Ll,aX( ) <1+ )d 2+< + )du < w2 + 2 X (14)

and where);,,,(g (u) = fim(u) is the(l,m) coefficient in the expansion gf(u) in
Legendre harmonics.

As before, Eg. (13) stands for a set of five differential eiunest for the po-
tentialSyy, 110, Yim2102s Yim31022: Yim[ay1, @NAYpy,211- We will, however, find it
convenient to solve for the potentials with arbitrary iredici.e., to solve the system
of equations

Ll,awlm[l]a = fim, (15a)
Ll,a’¢lm[2]aa’ = wlm[l}av (15b)
Ll,a”wlm[?)]aa’a” = wlm[ﬂaa’a (15¢)

for arbitrarya, o/, anda”.
For later reference we list the components of the operat@rsd K that occur
in Eqgs. (8):

1 0?0 A2 O

L =" 5o+ -5 5. (16a)
ng\l’:%%—i-%zg—i, (16b)
L¢¢W:m%+%g—i+icotﬂg§, (16c)
)
Lug¥ =Ly, ¥ = ﬁia <§;§¢ — % %)’ (16€)
Log¥ = Lyp¥ = @ < 3692;;5 ot # Z—D (16f)



KW =v"—, (169)
ou
1 0¥
v=-2
Ky T (16h)
1 ov )
Kol = usinf 0¢’ (160
uu 200
<I+—2>\I/: 0 10 |W (16)
¢ 0 0 1

B. Homogeneous solutions

In order to solve the inhomogeneous equations (15), it igired first to deter-
mine the solutions to the homogeneous equations

Lia¥imia = 0, (17a)
LiaPimaa = Vhmitlas (17b)
lea"lemS[S]aa’a” = lem?[ﬂaa" (17C)

It is shown in the appendix that two independent solution&do (17a) are
T/JlH,ns[l]a(u) = Jintja(u/c) and¢Fn§[1]a(u) = yif1ja(u/c) where

. TC _—]—

]l[l}a(u/c) = \/ ZPa_ll/lgﬂ(’Y)a (183)
] ™c

wia(u/e) = (=177 [R50, (18)

and P} is the associated Legendre function of the first kind.
When the full system of equations (17) is considered, we teedroduce the
additional functions, defined recursively by Eq. (A6),

Jik+1)*a — Ji[k+1]*a’ fora # ',

a? — a2 ’ (19)
a]l[k—l—l}*a fora = o
a(CLZ) ? ’

Ji [k+2]*xaa’ =



with y; (). defined in a similar fashion. The general solution to Egs) {dgiven
by

leS .
m(l]a Ji[1]a Yi1]a
1/’lHn§[2]aa/ = Cimitla | Chiaa’ | + Clmiga | CYii2)aa
¢1Hn§[3}aa’a” C4jl[3]aa’a” CYi3laa’a”
0 0
+ Cimaa | e | + Clmflaar | Vi
C2jl[2}a’a” CYi21a’a”
0 0
+ Clm[3]aa’a” 0 + Cl/m[?)]aa’a” 0 ) (20)
Ji[1]a” Yi1je”

whereCy,, (i)« andCl’m[M* are arbitrary constants (independentpfind the argu-
ment of the functiong;;;, andy;.. is u/c.

The functionsjy;;. andy; ). are invariant under permutation of the indices in
x and invariant under change of sign of any indexinAlso the functions satisfy
e (—2) = (=1) s (2) and (—2) = (1) (2); and ;. and
Ji[k]* Ji[k)* Yilk]« Yik]«(2); Ju[k)* Yilk]«
are related by

i = (D1

It follows from Egs. (A11) that?* =25, (u/c) andc?* =3y, (u/c) reduce
to finite and nonzero expressions in the nonrelativistiatiim
ul+2k—2

. 2k+1—-2 - _

i (00 = G ek — @1
C oris (—DF@21 -2k + 1!

cli%lo C yl[k]*(u/c) = (2k — 2)!!ul—2k+3 (21b)

Further properties of these functions are given in the agligen

For our problem/ and the indices: are always integers, in which cagg,.
andy; ;). may be expressed in terms of elementary functions. Theitumcthat
we need are given explicitly in Eqgs. (A27) and (A28). It issdabere that the
kernels appearing in Egs. (5) are precisely the functigps,; this justifies the
general definition for the potentials given in Eq. (10).

C. Green’s function

With the solutions of the homogeneous equations in harglaistraightforward
matter to construct a Green’s function and so to write dovergigneral solution of
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the inhomogeneous problem. The final task will be to applyempate boundary
conditions from Eq. (10).
We begin by defining the functions

Ny, ') = 0, (22a)
Niptja(u, v') = ¢ yipja(u/e)jipa (W' /c), (22b)
Ni2jaar (u,u') = C(yzma(u/ ) Jilaar (W' /€) + Yip2gaar (w/ ) i1 (u'/ C)) ,(22¢)

Nigjaarar (u,u') = ¢ (yl[l]a(u/ ) Jislaarar (W' /€) + Yilaa (/) Jigjarar (W' /€)
+ Yglaarar (W) ) dipjar (W' / C)) - (22d)

From Egs. (21), we see that the functiaNg,,. reduce to finite nonzero expres-
sions in the nonrelativistic limit. These functions satitfe differential equations

Lt aNijiet1)5a (1, u') = Nypg(u, u'),
Lia Nyt 1700 (0, 1) = Nypga(u', w).
Next we combingV; ;.. (u, u") and Ny, (u', u) to obtain the Green'’s functions
%5(11—1/), fork =0

Nl[k]*(u>7u<)> for k > 0,

Kl[k}*(uvu/) = { (23)

whereu~. = max(u,u') andu« = min(u, u’). These Green’s functions satisfy
Lo Kifpg1)sa(u,0') = Kypge (u, ).
To establish this relation, we use

0

90 (Nl[k}*(uaul) - Nl[k}*(ul7u))

1
{_2, fork— 1
u=u! 0, otherwise,

where the result fok = 1 follows from the expression for the Wronskian, Eq.
(A5). Furthermore, the Green'’s functions satisfy equatianalogous to Egs. (19),

namely,
Kkt 140 — Kifkt1)xa’

for /)

Bifpyolsaa _ 2 ar 0 forafa on
¢ OKifkt 100 e
d(a?) =a.



The Green's functiong; ;.. are therefore symmetric under interchange of the in-
dices inx.

A particular integral for the differential equations (18)niow given by

lm k]* / Kl k‘]* u, u flm( ) . (25)

We shall show next that this particular mtegral is pregidéle solution defined
by the integral form of the potential Eq. (10). This will berdoby matching the
behavior of Eq. (25) near = 0 to the behavior of the solutions of Eq. (10). For
u — 0 we haveK, (u,u’) — Nyj.(u',u). By using Egs. (22) and (Alla) we
obtain in this limit

ulc2k—1-3

@+ 1)

The general solution is obtained by adding the homogeneamusan, Eg. (20),
to the particular integraly;,,, ). = zﬁ;ﬂ[k]* + @z){jg[k]*. It remains to determine the
coefficientsC,, ;. and Cl’m[k]* appearing in Eq. (20). The primed coefficients
Cl/m[k]* are found by considering just the order of growthygf, ;. (v) atu = 0.
From Eq. (12) it follows that);,,.(u) = O(u!), whereas from Egs. (20) and
(A1), we havey;,. = Cj, 0. 0(u™'""). The coefficients™;, ;. must vanish
in order to suppress this dlvergencez,at: 0. To establish that the unprimed
coefficientsCy,, (i)« also vanish, we must consider more carefully the behavior of
Yk« (u) at the origin.

From Egs. (20), (26), and (Alla), we find that the leading obddavior of
Yimik]« 1S

Diprge(1) — /0 Yij(u /C) flm( ) du. (26)

" - |C + k3 / Y (U /€) — u fim(u) du/ /) (27)
Im[k]* Im[k]* 0 U[k]* , Im (2l T 1)”
In order to determin€’,,, ., we expand the integral representation/gf, ;). near
u = 0. Substituting the spherical harmonic expansion, Eq. (b#),Eg. (10), we
obtain

— &) dQ m u/ Ym 9/’ /
¢lm[k]*(u) :Czk’ 3/0 u/QdU//E yo[k;}*(w/c)fl ( ) l ( (b)

Y Yim(0,9)

(28)

where we have introduced the spherical harmdnics

20 +1(—m)!
(I 4+m)!

Yim(0,¢) = P (cos 0) exp(imag).
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Because we want to expand Eq. (28) for smalve writew from Eq. (4) as

2
w = \lu’z <1 + 6—2> — 2eu/y,
c

2 08
e=wucosa —c(y— 1);7

where

anda = cos~!(u - u'/uv’) is the angle between andu’. Because the: de-
pendence only enters througland because = O(u), we proceed by expanding
Eq. (28) for smalk. We use Eq. (A24) to expang,.(w/c) as

Yorpe(w/c) = ZC Yurir« (v /C)l,,- (29)

When we substitute farand perform the angle integrations, we encounter integrals
of the form

I, = /@ cos"a Yy, (0, ¢').
4
Using formula (7.126.1) of Gradshteyn and Ryzhike can expandos™« as

n2l
o n! 2n—4k+1
cosr = ZO 35 (@ =2k T no2k(eos )

Likewise, we can use Eq. (3.62) of Jack$em expandP, (cos o) as

P, (cos @)

2n+1 Z Y0, ).

Substituting these series int; and using the orthogonality condition for the
spherical harmonics

/dQ Yy (0, 6)Yim (0, ) = 618

we obtain

I = 2007 ((n =D /2)l(n + 1+ DI

|
{ i forn > [ andn — [ even,
0, otherwise.
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Therefore, the first term in the sum in Eq. (29) which conteisuo the integral in
Eq. (28) is the ternt’ = I. This results in a term of order'. The remaining terms
in the sum contribute terms of higher orderinThus, we have

ulc2k—l—3

Vi« (u) — @

/O (/) 7 o) (30)

Comparing Egs. (27) and (30), we find th@t,, ). = 0, and therefore that
ané[k]* = 0. The desired solution is given just by the particular indgEq. (25),

which for & > 0 we may write as

W
Vimk]«( / Ny (u, u') ,flm(u/) du

u/2
+ Nl[k]*(u/7u)7flm(u/) du/a (31)

with Ny, given by Egs. (22). This completes the solution for the pidén
Uimk]#-

In obtaining this result, we have, in effect, found a sptar@rmonic decom-
position of the kernel in Eq. (10)

l

B yopgew/e) =413 N Nypga(us, u) i (0, ¢)) Vi (6, 0)
=0 m=-1

Z (20 + 1) Ny (us, u< ) P (cos o).
=0

For k = 1, this yields an addition formula for a class of associatedenelre
functions:

pl/2 (r) ~ plt1/2 ) P_l_l/z(’y’)
a—1/2 . Y T “a-1/2 a—1/2
7002 — )i lz%( D20+ 1) 2 (2= )i (2 —1)ifA Py(cos o),

wherer = vy — /42 — 1/9"?2 — 1cosa and1 < +' < ~. This identity is not
found in the usual handbooks, although it did turn out to bakm®*?

V. Nonrelativistic limit

Taking the limitc — oo in the preceding equations, we recover the well-known
nonrelativistic collision operator. We catalog here th@amant results.
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The kernelU reduces to the one given by Landau

A 1 12 / /
U(u,u’) = F;tfaqg(hl—-u| |——(u~—11)01—-u)).
The quantities: andw reduce tal and|u — u’[, respectively. The potentialb, .
only depend on the number of indicés,and not on their values. We will, there-
fore, drop the indices and writ, ;) (u) instead of¥ ;1. (u). When Eq. (21b) is
substituted into Eq. (10), the potentials become

fs( fOI’k‘:O,

. /|2k—3
wlu 1 / ’u% u fo(u)d3u’, fork > 0.
/I

The potentials satisf§ ¥ (1] = V3], WhereL is now the velocity-space Lapla-

cian,
0 ov

In particular, we have

LYpny = fo,
L\PS’[Q} == \Ps’[l]'

The diffusion and friction coefficients are given by

4nTs/s" 92
D*/*' (u) = — -~ m‘l’s’[%

4nT3/5 mg 9
- \PS/ [1] .
ng Mg OUu

F*/*' () = —

The homogeneous solutions to the separated radial comygonfethe nonrela-
tivistic potential equations are given by Egs. (21). Subttig these into Egs. (22)
and then substituting the result into Eq. (31), we obtainltbgendre harmonic
expansion for the potentials

wlm[l] (u) =

v 1 ull 2 / / 0 1 ul 12 / !

13



wlm[Z] (u) =

US|
_/o 2(20 + 1)

B /uoo 2(211+ 1)

These expressions coincide with the results of RosentealeDonald, and Judéd.

1 ’I,L/l+2 1 ull 9 , ,
S 3a T o gt | fm()du

1 ul+2 1 Ul

2 + 3L 2l — 14/t

] u fr (W) dud.

V. Isotropic background

In this section and in Sec. VI, we consider the cases wherbabkground is
described by thé= 0, m = 0 andl = 1, m = 0 components in Eq. (12). First let
us consider the azimuthally symmetric case= 0 and! arbitrary. For simplicity
we will drop them subscript and thus write

Wi (u) = Z Vi)« (w) Pi(cos 0).
=0

When we substitute this representation into Egs. (16),ebersd derivatives in the
component_,,, ¥ may be eliminated by using the differential equation (1Bjs t
gives

29 Oy +1)%a
Luu (¢l[k+1]*a(u)PI(COS 9)) = [727/)1[@* - % %

l(l+1 a’?—1
+72< (u2 ) + = >¢l[k+1}*a] Py(cos ). (32)

Let us now specialize to an isotropic background 0, Py(cos6) = 1. If we
substitute Egs. (16) and (32) into Egs. (8), we obtain

st ATDSS dpsio[2)02
Du/u,O = - [Q’Yz o uso[1]0
ng U du

8P ddyoer2 | Bu ] (33a)

2 g 6—47/18'0[3}022
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/ s/s' dip
s/s'  AnD 1 2 AV gr0[2]02
Dypo = e l—’Y au 0—21/15/0[2]02
42 dpgopzione 4u
o o |, (33D)
c du
s/s! 4 PS/S/ d s/ 2 d 5
Fu/() =7 m — Ysropy +_M ) (33c)
) Ng My du ¢z du

The other components difg/ o anng/ *' vanish. Lastly we substitute for the po-
tentials using Eqg. (31). Some massaging of the result leads t

/

s/s' 47TPS/S/ v .
Du/u,O = {/0 [27202]6[2]02 8c J0[3]022} fs’O( ) du

Ng!

+/ 2v2¢? Joj2j02 — 8¢? Joj3jo2 fs ro(u /}, (34a)

sfs AT/ /u 1
Dy = T ng { 0 30[1} 2]02
u?

+ 3 7 u2f0[3]0221— > vo(u') du’

1 12 u/2 02 1 '
+/u lz 32 5 Jop2 — 2 (ﬁ + ¥>JO[2}02

4 2 u o
22! v 34b
+ 2 u2]0[3]022]77’f3 o(u') du }’ ( )
s/s’ 47TFS/S/ Mg u )
Fu’/o T T m ,{/0 [7236[1]1 230[2]11} st( ") du
o0 u/ ) , )
™ / 4530[2}02fsr0(u )du’ o, (34c)

wherejy. = Jig«(u/c) andjl[k]* = Ji« (' /).
Of particular interest is the case of a Maxwellian backgrhure.,

fso(u) = f N5/ MM my ey
nlu) = / = ex —
$'0 s 47TCTS/K2 (’I’)’LS/ C2/Ts/) P TS/ ’
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where K, is thenth order Bessel function of the second kind. First of all we ca
verify that

s/s’ MU g/s'
Fu,O - T., Duu,O’
s

wherev = u/~. This is accomplished by substituting

Ty
mgv' du’

fs’m(u/) = -

fsm( )

into the expression foDZ{fE] and integrating by parts. This relation betwdéjfl

and DZ{fO implies that the collisions will causg; to relax to a Maxwellian with
temperaturd’y.

In the high-energy limitnyc?(y — 1) > Ty, the indefinite limits in the inte-
grals in Egs. (34) can be replaced &y. We can perform the resulting integrals

using formula (7.141.5) of Gradshteyn and RyZhikhich gives, after a change of
integration variable,

/0 exp( BV1+ 22) —]1[1 (2)dz = I;‘;Sf)

Forl = 0 anda = 2 this gives the normalization condition for the Maxwellian

/ 47Tu2f3/m(u) du = ng.
0

On carrying out the integrations in Egs. (34), we obtain

’ 2 K K u
DS/S — FS/S Uper 181 1— Do Uy 35a
uu,0 2)3 K2 Kl y 202 ( )
DS/S Fs/s’ 1 1 K uts’ + uz%s’ + Ko u?s’ u?s’ (35b)
06,0 — 2 K2 ’7202 K2 ’LL2 ’7202 ’
5/5 s/s’ mg 1 K1 K(] uts
=-I —— 11— 35¢c
u 0 mgr U2 K2 K1 Y 62 ( )

whereu?, = T, /m, and the argument for the Bessel functionsigc? /Ty In the
limit my — oo, we recover the Lorentz collision operator

DquZFUOZO (36&)

Dggo = —rols L 55" (36b)
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VI. First harmonic

In addition to the isotropic components of the collision i@ter calculated in
the previous section, the first harmonic of the Legendre msipa is also required
in the calculation of the electrical conductivity. Spediflg, we need to compute
the termC'*s/ S'( fsm, fs1 cos ). We can express this in terms of the potentials and
their derivatives using Egs. (1), (8), and (16) to give

C/' (fom (1), forr () cos §)
fsm(u) cos@
_ 4rTs/s { M

Ng

u dYgnpp
u,  du

2 2u dgpin
B %7%/1[1]1 * v, du

u dYgipo u? 1
t o e — = |¥s1p)0

4
Uts YUis Uis

+ 27” . 2u dl/}srl[2]02 B 2 B 2 1/}
u?s c2u§s du 7”?3 62ut28 s71[2]02

8yu dg1[3)022 3y
- 2l Ju + 2l Yer1[3)022 ¢ - (37)

1
[;%/1[@} -

mgr

Finally, we substitute for the potentials and simplify tdaih

O35 (fam(u), for1(u) cos 0)
fsm(u) cos 6

4xDe/s { m 1

Ng

u
+
0
-/ -/
+l2 _oMs «71[;}1 4 «71[22}11
Mg Upg Mg Ui

1 o Ms ji[;}l + ji[;}z _ 10j1[22}02
Mg C Uts Uts

u

4

21 2 1
€ J1[2102 € J1[31022
6 24—
ts ts
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j! P )
+< 1[1]20> +7<2 1[24102)]01;/!}08/1(”,) !

Czuts Ut vy
N /°° L (gms | ms fipjz o ms i
u | u? my 2 Mg ut25 Mg u%s

2

, . .
+l<_231[1}1 +4]1[22]11
Ut Ut

Utg Utg

. . 9
n <ms ];[1};) _1_7, <231[2‘1]02>] Cu/fsq(u/) du’}, (38)
Mg Ui Upg Y
where, as beforgj. = jij«(u/c) andjl’[k]* = Jurp (' /).

Both in Egs. (34) and in Eq. (38), one can substitutejf@r, from Egs. (A27)
and (A28) and thereby express the collision operator déynimeerms of elementary
functions. The resulting expressions would be very badlyalsed numerically
nearu = 0 because of large cancellations. It is preferable, theeefar evaluate
Jifk)« directly by the method outlined in the appendix.

The collision operator obeys the conservation law

2j 2j
16 ,711[12}02 o4 315}022

/ (BsC " (for f) + b O/ (f, )| dPu = 0,

whereh, = ag + a; - msu + asmsc?y, andag, a;, anda, are arbitrary constants.
The collision operator is also self-adjoint:

/ WO (x fams form) dPu = / XC% (6 fom, form) dPu,

and satisfies the symmetry

/ VO (fom, X Form) dPu = / XC* 1 (fomy ¥ fom) du,

wherey andy are arbitrary functions ofi, and7,; = T,,. Combining these two
properties gives

CS/S/(h5f5m7 fs’m) + CS/S/(fsrm hs’fs’m) =0.

This provides a useful check on the implementations of B345.4nd (38)
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VII. Calculation of the conductivity

At this point the calculation of the electrical conductyvis straightforward.
We consider an electron-ion plasma with infinitely masste¢éi@nary ionsyn; —
oo and f;,, — n;0(u). In the presence of a weak electric fidl#, the electron
distribution is given to first order by, (1 + x1(u,t) cos §). The linearized Boltz-
mann equation may be written in the form

aXl QEEU A
AL — .(x1), 39
ot T + Ce(x1) (39)
whereC.(x,) is the linearized electron collision term
A 1
- - e/e e/e
CG(XI) fem cos 0 [C (fele COS eafem) +C (femyfele COs 0)

+ Ca/i(fele COs 97 fzm)] .

The first term here is given by

Ce/e(femXI cos 0, fem) - i 0 UQDe/e ox1

fem cosf T w2 ou ut0” 5y,
with D andF given by Egs. (34). The second is given directly by Eq. (3&hwi

s = s = eandfy; = femxi. The last term is given by the Lorentz limit,
Egs. (36),

e/e 8Xl 2 e/e
+ F.o a2 eeoX1

Ce/i(femX1 Cos 97 fzm) _ Pe/i
fem cos 0 w2
The conductivity is defined by

X1-

4mqe
o =
3E

The time asymptotic solutiof;(u,t — oo) is determined by solving Eq. (39) as
an initial value problem. We takeg;(u,t = 0) = 0 (for example). The differ-
ential termsC®/®( fomx1 €08 0, fer) and C¢*( fumx1 cos b, fim) are both treated
fully implicitly, while the integral termC®/®( fum, femx1 cosf) is treated explic-
itly. This permits large time steps to be taken and leads aparconvergence to
a steady state. A check opy is obtained by evaluating the first moment of the
linearized Boltzmann equation. The electron-electrotissoh terms drop out by
conservation of momentum, to give

/mfmxmxﬂmt—nmwu%m.
0

4 [
[ ey du = (40)
0 m

19



where , ,
B re/i _ gilog Ae/t
= Fe/e o e log Ae/e
is the effective ion charge state, and where we have assymed- ¢;n; = 0.

It is convenient to writer as

2,3

_ neqeute —

- 7mezre/ea(@,Z)
4rred T§/2

_ (0, 7),
me'*2log Ae/e Z ©:2)

T, T,
me®  Hllkev’ e TV e/me

The normalized conductivitg is a dimensionless function of two dimensionless
arguments. In the limi® — 0, & is bounded and nonzero, and we recover the
nonrelativistic scalingr o TS/Z. Values ofg for various® and Z are tabulated
in Table 1 and plotted in Fig. 1. The nonrelativistic condlitst was first calcu-
lated by Spitzer and Hard¥, who quote values aof (0, Z)/5 (0, 0o). Their results
coincide with ours in the limi® — 0.

In the limit Z — oo, electron-electron collisions can be ignored, and the rele
vant collision term is the Lorentz electron-ion collisiarm, Eqgs. (36). This case
is considered by Lifshitz and Pitaevskli.We can write

where

qe b 2 2

X1 = 7ZT8F€/GU V7.

The resulting conductivity is

4 1 00
il E / ute? fem du
3 neup, Jo

_ 1 * (1) g
= 3@7/2K2(@—1) /1 72 exp _6 dry.

Evaluating the integral, we obtain

1 El(@_l)
3077 K,(0-1)\  ©

o=

o=
—(1-6+20? - 60° — 246 — 240°) exp(@_l)>7 (41)
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where F,, is the exponential integral. In the limi® — 0, this reduces t& =
16,/2/7. For® — oo, we obtaing = 4/v/©, which agrees with the result of
Lifshitz and Pitaevskii.

Another tractable, albeit less interesting, limitds— 0. In this case, this elec-
trons equilibrate with themselves so that their distrifnutis a Maxwellian drifting
atvg andy; = vqu/uZ. The drift speed, is found by applying Eq. (40) to give

_ 3exp(0 HKy(07") geBuj,
- VO(1 + 20 +202) mZTe/e

Ud

The resulting conductivity is

3exp(0 N K»(©7")
VO(1+20 +202)

o= (42)
In this expression we recognize the result obtained by vael&ns and van Leeu-
wen'? on the basis of a lowest-order variational treatment of éhativistic Boltz-
mann equation. Their result for the conductivity of a reiatic plasma, therefore,
corresponds to the limi& — 0. For this case the limi® — 0 givess = 3,/7/2
and the limit® — oo givess = 3/1/6O.

VIIl. Conclusions

In our earlier work, we gave a differential formulation for the collision op-
erator for a relativistic plasma. This formulation is sunmized by Egs. (6) and
(8). A major objective of the present work is to solve thealiéntial equations (6)
and, hence, to express the potentials in terms of quadraliwe was achieved by
using an expansion in Legendre harmonics, Eq. (12). Thalradmponents of
the potentials are then given by Eq. (31) where the kerivg|s, (u, u’) are given
by Egs. (22); these in turn involve the special functighg. andy;., whose
properties are given in the appendix. The entire formutaisonvell-behaved in the
nonrelativistic limit; indeed, in this limit, the potenigaand their solutions agree
with the earlier nonrelativistic treatment of Rosenbletfal.> and Trubnikov!

Several computer codes exist which solve the nonlinear éeRlkanck equa-
tion in the nonrelativistic limit. In many of these codes twlision operator is
evaluated in terms of a Legendre harmonic expansion of ttenpals. Our results
are easily incorporated into such codes, allowing themdattrelativistic colli-
sions. The evaluation of the collision operator will be a fenes more costly than

21



in the nonrelativistic case, firstly because five potentmed to be computed in-
stead of two, and secondly because the kernels involve gmadgunctions;y ;.
andy;(y). instead of simple powers aof.

As an application of this formulation, we give in Eqs. (34pksit forms for
the diffusion and friction coefficients for an isotropic Bgoound. Finally, we
calculate the electrical conductivity of an electron-idagma with massive ions.
Our results agree with those of Spitzer and H&rin the nonrelativistic limit. We
also give analytical expressions for the conductivity fa imiting cases’ — oo
andZ — 0in Eqgs. (41) and (42).
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Appendix A. Properties of the homogeneous solutions

In this appendix we will develop some properties of the sohg of the homo-
geneous radial equations (17).
1. Definitions

First we shall obtain fundamental solutiofs, (2) andy;;},(#) to the lowest-
order homogeneous differential equation

Ll,aX(Z) =0, (Al)

where

d? 2 d (141
Ll’aX(z):(1+z2)d—z>2<+ <;—|—3z>d—§— < ( 2 )+a2—1>x. (A2)

The variablez corresponds ta/c in the main text. In this appendix,must be an
integer,a must be real, and is in the complex plane cut along the negative real
axis.

By changing the independent variableto= /1 + 22 and defining a new
dependent variablg(y) = /zx(z), we obtain the equation

(+3)?
v -1

d*¢ dg
2 J— [E— _

(a+3)(a—3)+ £=0.

This is the generalized Legendre equation, whose solutimmthe associated Leg-
endre funCtiOI’]SPa__ll_/12/2(’y) and p'H1/2 (7). We choose to defing;;, andy;(y),

a—1/2
by
. T 112
Jinja(z) = gpa_l/g (7), (A3)
™
wa(=) = (1 RS 0). (A%)

An alternative representation is obtained by Whipple'sid¢farmation (see Eq.
(8.739) of Gradshteyn and Ryzfk

—iam
e

2T(a+1+1)

_ le—ia7r
ylma(?«“) = é(r‘zi_l)@gl—ﬂ’}’/z)-

Jipja(2) = Qr(v/2),
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The Wronskian of the paij;1), andy;y, follows from Eq. (8.741) of Gradshteyn
and RyzhiK; for integer! and arbitrary it is given by

. d d . 1
jl[l]a%yl[l}a - yl[l]a%]l[l]a = W

Therefore, the solutiong;;, andy;;;. are independent. Whens a non-negative
integer, thery ;) is regular at the origin whilg,(;,. is singular.

In order to express the solutions to the higher-order egustiwe introduce
the functionsjj . (2) andy;.(2) where the subscript” stands for a string ok
indices. The functiong,;;. are defined recursively by

(A5)

. Jik+11%a(2) = Jifkt1)5a (2)
Jik+2]%aa’ (2) = et 2 a,[2+1] ; (A6a)

the caser = o’ is handled by taking the limit

. Do 11ea(2)
ilks2vaa(z) = % (A6b)

The functionsy,;).(2) are defined in the same way, replacingy y throughout.
Making use of the propert§L; , — L; »/)x = —(a®—a'?)y;, itis readily established
thatjl[,ﬂ* andyl[k}* satisfy
Ly afik11+a(2) = iy« (2), (A7a)
Li okt 10 (2) = Yijg«(2)- (A7b)
The functionsjyj;;. andy; ). are invariant under permutation of the indices in

x and invariant under change of sign of any indexjrthese properties reflect the
commutivity of L; , andL; ., and the symmetry,; , = L; _,. Also, we can write

e = (=D 1 (A8)

which reflectsl; , = L_;_1 4; and finally we have;,(—z) = (—1)ljl[k]*(z) and
Yik)«(—2) = (—1)lyl[k}*(z). In most of what follows, we list only the properties
of jijx«- Equation (A8) may be used to give the corresponding preseof y; .-

2. Taylor series

In the limit 2 — 0, we can expand’ll__ll_/lz/z(fy) in a Taylor series using formula
(3.2.20) of Batemalr

I G Y I

P“(’Y)_ I‘(l—,u) F(%"‘%V_%Ma—%V—%Ml—N;l—’Yz)’

v
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wheref is the hypergeometric function

L abz ala+1)b(b+1) 2>
Flabiez) =14 20+ == 00 2

Substituting this into Eq. (A3), we obtain a Taylor-serigpansion ofjyjj,(2)

l _
2 F<l+1 al+lta, 3

j””“(z):(%ﬂ)!! 2 ' 2 T3

wheren!! denotes a double factorial
2"/21“(%71 +1), for n non-negative and even,

\/j2n/2f(%n +1), forn odd.
Y

With this definition, we find2n — 1)!!(—2n — )l = (—1)™.
Another useful Taylor series is obtained by a transfornmatibthe hypergeo-
metric function (Eq. (9.131) of Gradshteyn and RyZhik

Fla,b;c;2) = (1—2) % F(c—a,c— b;¢; 2).

This gives

N
v @y et

. 1 o
Jina(z) 2 <l+22 a7l+22—|-a 2’_22) (A10)

Series (A9) and (A10) either terminate (i.e., converge yavbere) or converge
inside the circlgz| = 1. In particular, ifa is an integer and < |a/|, then one of the
series will terminate.

It is not so easy to write down Taylor series for the highereorfiinctions
Jik«(2) (B > 1). However, the leading term is independent of the indicekimga
up *, and can be obtained by substituting a series solution iggo &7). One finds

- Zl+2k—2 142k

Ju?) = G =gy = T O ) (Alla)
(—1D)k(20 — 2k + 1) okt

yl[k‘}*('z) = (Qk _ 2)!!Zl_2k+3 + O(l/z * ) (Allb)
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3. Asymptotic series

Sincej;, depends only on the magnitude @fwe can, without loss of gen-
erality, takea > 0 in this section. In the limitz — +o0, formula (3.2.21) of
Batemar® may be used to derive the following asymptotic expression;fg,(z)

. _ I'(a) l—a+1 =l—a 1
_ a—1 . c
jl[l]a_(2z) F(l—l—a—l—l)F( 2 ) 9 a+ 1 22>
a1 D(—a) l+a+1 —l+a 1
2z)7o~! F ca+1;—— |. (A12
RS vy < y T 4Th %>( )

This cannot be used directly whenis an integer ol + a is a negative integer;
in those cases, a limit must be taken. kaand! both non-negative integers, the
leading order behavior is found to be

a—1)! _
((a - l))' (22)%71, for a # 0,
Jige = § ha oyl e (A13)
I 5 S L N}
Iz
and 141
_ 1
(D" (a '1)'(22)“‘1, forl < a,
Yii)a — Q(QQa_D' (A14)
%(22)‘“‘1, forl > a.

For0 < < a anda an integeryj,(z) andy;;).(2) have the same behavior as
2z — 400 (namelyz?~—1). It is, therefore, convenient to define some combination
of jiji)e @ndy;p, in which the leading-order behavior cancels. Such a contibima

is

1)
anya(2) = Jipja(z) — (—1)”1%91[1@(2)
- i Q. (A15)

Forl < —a, we haveqj, = Jjipja; forl > a, q, diverges. The asymptotic
behavior ofg;py), for I < ais

(—1)"*12(a — 1 —1)!

" (2z)7%7 L, (A16)

Ai[1]a —
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An asymptotic series foj;;,(2) valid for I — +oo follows from formula
(3.2.14) of Batemal

1+1/2 )
, 1 2 l 1 1.3

- Fl - - C. 2.2 )
Jimja() (2l+1)!!<7+1> ? ( atgatgilty 7+1>

The leading term is

/2

! —1-1/2
0T 3/2)73 (v+1) , for | — +o0. (A17)

Jipa(2) —

4. Recurrence relations

Recurrence relations that givg,, in terms of ji1i1j, and jijje+1 May be
derived from the corresponding relations for Legendre tions’13:

. 2 .
Jipa(2) = T []l—l[l]a(z)

+(l+1-a)(il+1+a) jmma(z)] (A18a)
= —% {(l —a+1)jinja-1(2) = ( +a+ 1)jl[l]a+1(z)} (A18b)
= ﬁ [ij—1[1}a(z) —(+1+ a)jl[l]a—i-l(z)}' (A18c)

These relations may be combined to exprgss, in terms of any pair of its neigh-
bors. The derivative ofjj;;, may be found from

d . 1. l+1
%]l[l]a(z) = 531—1[1]a(2) -

~ial?): (A19)

By combining Egs. (A6) with the relations (A18a) and (A19k wan generalize
these recurrence relations to multiple indices

Tk« (2) = Ji—2pg1xa(2) — (21 — 1)gjl—1[k+1}*a(z)

+ (l2 - az)jl[k—i—l]*a(z)v (AZO)
d . 1. I+1,
%]l[k}*(z) = 531—1[@*(«2) - 7]1[@*(2)- (A21)
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Other recurrences involving the higher order functions i@yound by differen-
tiating Eq. (A18c) with respect to:
2(a+ 1) + 1+ a)jigat1,a+1(2)
= 2a[zj1—1[2)a,0(2) — (I = a)VJif2]a,a(2)]
+ Viia(2) = Jijas1(2), (A22a)
4a+ 121+ 1+ a)figatt.artae1 ()
= 40”[zj1-13)a0,0(2) — (1 — O)Vi3ja.0,0(2)] + Z1-1[2)aa(2)
— (I = 3a)vii2)a,a(2) — (L +3a + 3)digjar1,ar1(2).  (A22b)

Equations (A18) and (A19) constitute a set of second-omel@nrence relations
which jyj;), solve. There is another independent solution which we wiiteras
gijije- If we substitute

9i)a(2) = crabipyal2)
into the recurrence relations, the resulting relationseap@valent to the original
set provided; , satisfies

Cla 1
a-1a (I+a)l—a)
Cla  l+1-a
a1 l+a
Depending on the value &éfc; , may be written in one of three forms
i (=1

- ) forl >
Cl,a (l . a)'(l n a)!v re=a,
Cla = it _ (_1)l(a_l_1)!
N N T
C;’fzjl:(_l)a(a_l_1)!(_a—l—1)!, forl < —a,

where we have takem > 0. Thus gli[il}a(z) = ¢f',yipja(2) Solves the recurrence
relations for—a < [ < a. If this solution is extended beyond this range, it degen-
erates to 0 (fof < —a) orinfinity (for / > a). The independence gf;, andg;(ij,
may be verified by computing the Casoratians. These may g floy substituting
recurrence relations (A18) and (A19) into the Wronskian, &%) to give

. . 1
gina2)ii-1p1a(2) = Jipla(2)9-101a(2) = —Cra 3,

(A23)

for—a <l <a,

Cla 1

9i)a(2)di1)a—1(2) = Jipga(2)gipja—1(2) = Irl-as
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The function g;1),(2) defined in Eq. (A15) may be written agjq(2) —
g;'fl]a(z). Thusgj,(2) solves the recurrence relations fox a, and this gives
a solution independent gfj;), for —a <1 < a.

5. Generating function
From the differential recurrence, Eq. (A21), we obtain

dm
Jigmip«(7) = (—1)md,y—mfz[k}*(7)7

where
. yl[k}*(\/ 72 -1)

fl[k]*(’}/) - (72 — 1)1/2 .

Performing a Taylor-series expansionfgfy;..(y — ez) gives
!
Jory=(v Zfz kg (7 ) :
This leads to the following generating functlon
o (/22 (1 + €2) — 2e27) = Z el (A24)

6. Special cases

Simple closed expressions exist in certain special casdsdifollowing equa-
tions,o = sinh ™! 2):

; - ! Y A25
Ja[1)a(2) = W/O P (A25a)
. za—l
Ja—1[1ja(2) = a =11 (A25b)
. sinh(ao +2)*—(y+2z) ¢
Jopa(e) = Sleo) _ Gyt el = () ® (A25c)
az 2az
. cosh(ao +2)¢ 4+ (v+2)7°
Jora(z) = @) _ O+2)'+0+2)7 (A25d)
z 2z
. o (2a — 1N
]—a—l[l}a(z) = (_1) (%71)7 (A25€)
2%—1
g (A25f)

Jofko..0(2) = k=12
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where we have takem > 0.

The recursion relations, Egs. (A18), (A20), and (A22), tbge with Eq.
(A25f) allow j; ), for 0 < k < 3 for integer! and integer indices to be expressed
in terms of elementary functions. The multiple-index homrgous solutions that
we need can be expressed simply in terms of the single-inalakans:

z

Jiz02(2) = S 111 (A26a)
) z

g (2) = SJ1+1[1]05 (A26b)
. z 22

Jizp22(2) = SJin + 5 dee2qo; (A26c¢)
. 2?2

Jizjo22(2) = g J2110- (A26d)

For definiteness, we catalog all the required functigis.(z) and y;.(z) for

I=0and 1:
. o 1
Jo[ijo = —>» Yo[1jo = — 7> (A273)
z z
Joppn = 1L, Yo[1 = _%7 (A27Db)
. 14222
Jo[12 =7 Yo = ——— (A27c)
. 2y —0o 2z
Jopjoz = — Yopjo2 = ~ 3> (A27d)
. g —Zz g
Jo[2j11 = 1 o, Yo = —5; (A27€)
) —zv+ (1 +22%)0 o
Jo[2122 = 7 (8z ) ) Yo[2J22 = —%a (A271)
. —327 + (342220 —vo + z
Jozjoz2 = 3(2z ) Yoo = g (A279)
, oc—z
Jifijo = 1 2 Yo = — 72 (A28a)
) zy—o 1
I =5z Y= (A28b)
, z 1—222)y
Jipgz = 3 Y12 = —( 2 ) ; (A28c)



—3y0 + (32 + 23)

. Y
J1i2j02 = 12,2 ; Yoz = 5 (A28d)
, =327+ (3+22%)0 1
Ji = 5.2 ; i = 3 (A28e)
, —(3 = 622)y0 + (32 — 523) ¥+ zo
Ji2)22 = 0.2 Y2 = (A28f)
. 15 + 622)yo — (152 + 1123 20

J13jo22 = ( ) 2882(2 )7 Yipsoz2 = 5 (A280)

The functionyg.(2) is the kernel that occurs in Eg. (10).

7. Numerical methods

Our final concern is to determine a method by whigly.., ., and their
derivatives may be calculated accurately and quickly. &diuse of the analytic
forms is ill-advised, particularly whenis small and is large. For example, con-
sider the numerator of the analytic form ffify)02 given in Eq. (A28d) in the limit
z — 0. This consists of three terms, the largest of which is priioal to z;
however, the sum is proportional t6.

Given jiijq, EQs. (A26) may be used to calculate the required multiptiex
solutions. Furthermore Eq. (A21) may be used to give thevatves of ji)..
Equation (A4) givesy;. in terms of jy,,. Thus the problem is reduced to
calculating j;1),(2) of all integer—L — 1 < | < L, integera > 0, and real
z > 0. (Fora < 0, we can usgjj—(z) = Jjijja(2). Forz < 0, we can use
Jipja(—2) = (=)' ip3a(2).)

We will also be able to avoid problems with numerical undevfand overflow
by computingj; , where

l

. z ~
Jl[l]a(z) = m]ua(z)-

In the nonrelativistic limit: — 0, we have, from Eq. (A9)j; , — 1.

Our main tool for calculating;), will be the recurrence relation (A18a) which
when written in terms of; , becomes

(l—a)(l+a) 2=
20— 1)(2 + 1)

=20 = V)10 — ( (A29)
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In order to apply it we need to examine the stability of theureznce for largé.
In this limit, the recurrence relation is approximately

- = 1.2~
N—2,a = VIi-1,a — 77 Jl,a>

whose solution is ~
Jla 2

~
~

Jita v EL
Comparing this with the leading term in the asymptotic seffel7) shows that the
solution we want corresponds to the upper sign. This salusalominant when
the recurrence relation is applied in the backwards doactif we start with large
[ with some arbitrary mixture of the dominant and subdomirsahiitions, then on
each application of the backwards recurrence relationstitrelominant solution
decreases by — 1) /(v + 1) = 22 /(v + 1)? relative to the desired solution.

If we desire to computg , to accuracy for [ < L, we choose ad’ such that

log(0)
2log(z/(y + 1))

We setj,, , andj;,_, , so that their ratio is given by, ,/7;,_, ., = 2/(v + 1).
We then use Eq. (A29) as a backwards recurrence tbjgg/&)fo <I< L. At
this point j; , differs from the desired solution only by an overall muitigkive
factor. This may be determined from Eq. (A25b) which giygs; , = 1. Thus
Ja = Jia/Ta1.4- Because of the degeneracy in Eq. (A29) the values ofor
0 <1 < a are independent of the choice bfand starting valueg,, , andj;,_, ..
The recurrence is effectively restarted at a — 1. ’ ’

Various optimizations to this scheme are possible. For @kanit is only nec-
essary to start the recursionl/at: L’ for one value ofa, e.g.,a = 0. For other
values ofa we can start the recursionlat= L by rewriting Eq. (A18c) as

L'>L+

~ (2l + 1)jl—l,a—l - (l +1- a)lyjl,a—l
Ja = )
l+a

(A30)

and using this recurrence to giye , andj,—1 , in terms ofj .1, jr—1,4—1, and
JL—2,a-1-

For large values of, L’ becomes large because the behavior of the dominant
and subdominant solutions is nearly the same. It is, thexefpossible to use
forward recursion using Eq. (A29) to obtaip, for | > a. Starting values are given
by ja—1, = 1 andj, , which may be calculated usirjg o = o/z and recurrence
relation (A30). As before, backwards recursion should lesider0 < [ < a.
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Forl < —a, we can computg; , by backwards recursion using Eq. (A29)
together with the starting valug ,—1, = 1. For—a < I < 0, we could con-
tinue the backwards recursion using as starting vajgiegndj; , as found above.
However, it is sometimes useful to be able to compyjte,; but this cannot be
accurately computed using Eq. (A15) whens large because of the large can-
cellation that occurs in this limit. Instead, we compytg,, directly. To avoid
problems with underflow and overflow, we work wigh, which is defined by

P

QI[l}a(z) = m(jl,a(z)'

We have seen that|), satisfies the same recurrence relationfas. This implies
that g, , satisfies the recurrence relation (A29). From Egs. (A25c) @®25d),
together with the recurrence relation, we have

I 1a(2) = ﬁ (A31a)
i-2a(?) = Ty (A31b)

We can then utilize backwards recursion using Eq. (A29) ¥e gi,, for all —a <
[ < 0. Finally, we can computg ,, for —a <1 < 0 using Eqg. (A15) which gives

(a S 1)! (_1)l+1z—2l—1

(a+ 1) (=20 —3)N(=2 — 1)”5—1—1@. (A32)

jl,a(z) = q~l,a(z) +
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Table

TABLE I. Conductivities for various values of the normalizéemperature®® =
T./(511keV) and the effective ion charge state The conductivities are normal-

ized to(4med)/ (m g2 log A°/*)(T2/% ) 2).
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o Z 0 1 2 5 10 00
0 3.75994  7.42898 8.75460 10.39122 11.33006 12.76615
0.01 | 3.75490 7.27359 853281 10.07781 10.95869 12.29716
0.02 | 3.74920 7.12772 8.32655 9.78962 10.61952 11.87371
0.05 | 3.72852 6.73805 7.78445 9.04621 9.75405 10.81201
0.1 |3.68420 6.20946 7.06892 8.09361 8.66306 9.50746
0.2 | 357129 543667 6.06243 6.80431 7.21564 7.82693
0.5 |3.18206 4.13733 4.47244 4.88050 5.11377 5.47602
1 2.65006 3.13472 3.32611 3.57303 3.72206 3.96944
2 2.03127 2.27862 2.39205 2.54842 2.64827 2.82473
1.33009 1.45375 151805 1.61157 1.67382 1.78870
10 | 0.94648 1.02875 1.07308 1.13856 1.18263 1.26490
20 | 0.67042 0.72743 0.75853 0.80472 0.83593 0.89443
50 | 0.42422 0.46003 0.47965 0.50885 0.52861 0.56569
100 | 0.29999 0.32528 0.33915 0.35979 0.37377 0.40000
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Figure

FIG. 1. The normalized conductivity as a function of the nalimed temperature
© =T./(511keV) for various values of the effective ion charge state
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