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I .  D e r i v a t i o n  o f  Equat ion  

Some a n i s o t r o p i c  media, e.g.  a  magnet ized plasma, can suppo r t  p ropagat ing  
e l e c t r o s t a t i c  waves. We wish t o  s tudy t h e  d i s p e r s i o n  and non l i nea r  s e l f -  
modula t ion  o f  such waves when t h e  system i s  two-dimensional ( x  and y , x  
be ing t h e  p r i n c i p a l  a x i s )  and has reached a  steady s t a t e  [ a l l  f i e l d  q u a n t i -  
t i e s  - e x p ( -  i w t )  , w = constant] .  We w i l l  t a k e  t h e  medium t o  be homogeneous 
and non -d i ss ipa t i ve ,  and w i l l  assume t h a t  t h e  d i e l e c t r i c  t enso r  depends on 
t h e  e l e c t r i c  f i e l d  amp l i t ude  squared. T h e  equa t i on  f o r  t h e  complex e lec -  
t r i c  p o t e n t i a l ,  @ ,  i s  

We expand 2 about B = 0 , I V @ ~  = 0 ( t h e  long-wavelength, I  i nea r  I  i m i t )  

where E i s  a  formal expansion parameter.  Assuming Kyy > 0 > Kxx then t o  
2 2 2 2 

o r d e r  EO ( I )  becomes t h e  wave equa f i on  - 1Kxxla $/ax + KYya @/ay = 0 .  

Expanding @ about t h e  r i g h t - g o i n g  s o l u t i o n  we l e t  @ = @ ( T  , 5 )  , where 
1 / 2  

T y  and 5  x  - ( /K , , / /K~~)  y  3" a@/ac = o c i )  , a@/a?- = o c ~ )  . TO 

o r d e r  E we o b t a i n  

where v  a a@/ag,  and s u b s c r i p t s  denote d i f f e r e n t i a t i o n .  We c a l l  ( 3 )  t h e  
Compi ex Mod i f i ed  Korteweg-deVries equa+ion [ I ] .  

2. Constants  o f  t h e  Mot ion  

Only f o u r  cons tan ts  o f  t h e  mot ion  a r e  known. T h i s  i s  i n  c o n t r a s t  t o  equa- 
t i o n s  s o l u b l e  by t h e  i nve rse  s c a t t e r i n g  method which have an i n f i n i t e  num- 
be r  o f  cons tan ts  o f  t h e  mot ion .  The f o u r  cons tan ts  a r e :  



I n  ( 7 )  k  i s  t h e  Fou r i e r - t r ans fo rm v a r i a b l e  con juga te  t o  5 .  Three o f  
these cons tan ts  have phys i ca l  i n t e r p r e t a t i o n s .  I, = cons t .  s t a t e s  t h a t  t h e  
e l e c t r i c  f i e l d  i s  d e r i v a b l e  f rom a  p o t e n t i a l .  I, = cons t .  and 1, = cons t .  
g i v e  t h e  conse rva t i on  o f  momentum and energy, i . e .  t h e  f o r c e  and power ba- 
lances. 

3. So lub le  L i m i t s  

A l though ( 3 )  i s  n o t  a n a l y t i c a l l y  so lub le ,  i t  i s  c l o s e l y  r e l a t e d  t o  t h e  
mod i f i ed  Korteweg-deVries equat ion,  

vr + V ~ ~ ~ + K I V I ~ V ~  = 0  , ( 8 )  

which i s  s o l u b l e  by t h e  i nve rse  s c a t t e r i n g  method [z]. To see t h i s  r e l a t i o n  
we r e w r i t e  ( 3 )  i n  two ways, 

v ~ + v ~ ~ ~ + ~ v ~ ~ v ~  = Z ~ V I ~  veS , ( 9 )  

VT+VSS5+ l v12  Vt  = -v lv21 i .  , (10)  

where 0  = a r g ( v )  . I n  t h e  l i m i t s  o f  slow and r a p i d  phase v a r i a t i o n ,  t h e  
r i g h t  hand s ides  o f  ( 9 )  and (10)  r e s p e c t i v e l y  a r e  n e g l i g i b l e  and i n  t hese  
l i m i t s  ( 3 )  reduces t o  (81, a l t hough  t h e  s t r e n g t h  o f  t h e  n o n l i n e a r  term, K ,  

i s  d i f f e r e n t .  When n e i t h e r  l i m i t  app l i es ,  we must so l ve  ( 3 )  numer i ca l l y .  

4. Numerical S o l u t i o n  

We choose i n i t i a l  c o n d i t i o n s  o f  t h e  form, 

F igs .  I  and 2 show two examples o f  t h e  e v o l u t i o n .  We see t h a t  t h e r e  a r e  
two t ypes  o f  s o l i t a r y  pu lses  produced; one had a  cons tan t  phase ( F i g .  I ) ,  
w h i l e  t h e  o t h e r  i s  an envelope pu l se  ( F i g .  2). 

5.  Constant Phase Pulses 

The cons tan t  phase pu lses  a r e  a  spec ia l  case o f  t h e  s o l i t o n s  o f  ( 8 ) .  T h e i r  
form i s  

The area o f  these pu lses  i s  f i ? r  . However, these pu lses  do n o t  behave as 
s o l i t o n s  i n  ( 3 ) .  F ig .  3  shows t h e  c o l l i s i o n  o f  two o f  t hese  pu lses  which 
have d i f f e r e n t  phases, 0 . We see t h a t  a f t e r  t h e  c o l l i s i o n  t h e  phase and 
amp l i t ude  o f  t h e  pu lses  %ave changed and some " r a d i a t i o n "  i s  produced. 

6. Envelope Pu lses  

The general  form o f  t h e  envelope pu lses  i s  V ( T  , 5 )  = V(S)exp( i koS - iw0r )  , 
where V i s  complex, 5  = 5 - CT , c = a2 - 3 k i ,  and w  = k o ( 3 i 2  - k:) . 
Here 5 i s  t h e  decay r a t e  o f  V as IS1 -+ V s a t i s f i e s  



For ko = 0 ,  we recover the constant phase pulses. Numerically integrating 

(13), we find that for 0 < lkol < 0.5a, V does not form a pulse, while for 
/ ko/ & 0.5a we do obtain a pulse. The asymptotic form of the pulse for ko 

large is 

Fig. I (left) Evolution of (3) with initial conditions given by ( 1 1 )  with 
A = 3 , k = I . The sol id l ine, long dashes, and short dashes denote I v I  , 
Re(v), and Im(v) respectively 

Fig. 2 (right) Same as Fig. I ,  except A = 5 ,  k = 3 



F i g .  3 

C o l l i s i o n  o f  two cons tan t  phase 
pu I ses 

5 Constant Phase 

A 

F ig .  4 (above) 
Same as F i g .  2, except  A = 6 

F i g .  5 ( l e f t )  

Schematic showing numbers and 
t ypes  o f  pu lses  produced w i t h  
i n i t i a l  c o n d i t i o n s  g i v e n  by (11)  



where E = a / k  . I n  t h e  l i m i t  E + 0  we recover  t h e  s o l i t o n  o f  (8) ( w i t h  
K = 3 ) .  The "absolute" area o f  V i s  ( c f .  t h e  area o f  t h e  cons tan t  phase 
pu l ses )  

7. T r a n s i t i o n  From Envelope t o  Constant  Phase Pulses 

Since s o l i t a r y  pu lses  do n o t  e x i s t  f o r  t h e  f u l l  range o f  ko/a i t  i s  c l e a r  
t h a t  t h e r e  cannot be a  cont inuous t r a n s i t i o n  f rom envelope t o  cons tan t  phase 
pu lses .  I f  we t a k e  an envelope pu l se  and a l t e r  t h e  i n i t i a l  c o n d i t i o n s  i n  such 
a  way t h a t  / k o l  < 0 .5a ,  we see from (15 )  t h a t  i t  has s u f f i c i e n t  area t o  break 
up i n t o  about  3  cons tan t  phase pu lses .  For  i n i t i a l  c o n d i t i o n s  o f  t h e  form o f  
(11)  t h i s  happens when A 2k0 (see F i g .  4 ) .  F i g .  5  shows schemat i ca l l y  what 
pu lses  a r e  produced f o r  d i f f e r e n t  i n i t i a l  c o n d i t i o n s .  The e q u i v a l e n t  f i g u r e  
f o r  (8) would c o n s i s t  o f  a  s i n g l e  s e t  o f  l i n e s  a? A ( K / ~ ) ' "  = N - / / 2 .  
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