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|. Derivation of EquaTion

Some anisofropic media, e.g. a magnetized plasma, can support propagating
electrostatic waves. We wish to study the dispersion and noniinear self-
modulation of such waves when the system is fwo~dimensional (x and y, x
being the principal axis) and has reached a steady state [all field quanti-
ties ~exp(~ iwt) , w = constant]. We will take the medium to be homogeneous
and non-dissipative, and will assume that the dielectric tensor depends on
The efectric field amplitude squared. The equation for the compliex elec-
Tric potential, ¢, is
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We expand K about V = 0, |V¢| = 0 (fhe long-wavelength, linear |imit)
— 2 — — — 2 2
RV, |v6] ) = K + €(1/2) (3"K/3VaV): WV + e(3K/3]|4] yivel® (2)
where € is a formal expansion parameter. Assuming Kyy > 0 > Kyx then tfo
2 2
order e€° () becomes the wave equation —iKXX|82¢/3x + Kyya ¢/8y2 =0,
Expanding ¢ about the right-going solution we let ¢ = ¢{1, &), where
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Tey and § « x - (iKXX]/KW) y and 3¢/3E = 0(1), 3¢/9T = 0(e) . To

order € we obtain

+ v + (|v|2v) =0 , (3

T 233 €

where v « 3¢/3& , and subscripts denote differentiation. We call (3) the
Complex Modified Korteweg-deVries equation [I].
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2. Constants of the Motion

Only four constants of the motion are known. This is in contrast to equa-
tions soluble by the inverse scattering method which have an infinite num-
ber of constants of the motion. The four constants are:

o= S0 vde @ = Ivi“aE (5)
00 4 2 o 2
b= fm|v| /2 - lv€1 dg , (6) =7 v /kdk . (7)
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In (7) k is the Fourier~transform variable conjugate to & . Three of
these constants have physical interpretations. |, = const. states that the
electric field is derivable from a pofential. [, = const. and I, = const.
give the conservation of momentum and energy, i.e. the force and power ba-
lances.

3. Soluble Limits

Although (3) is not analytically soluble, it is closely related to the
modified Korteweg-deVries equation,

2
EEE+)<lv) vE =0, (8)

which is soluble by the inverse scattering method [2]. To see this relation
we rewrite (3) in two ways,
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Vot vege t [v] Vg == v|v2|E ) (10
where 8 = arg{v) . In the limits of slow and rapid phase variation, the

right hand sides of (9) and (10) respectively are negligible and in these
limits (3) reduces to (8), although the strength of the nonlinear term, x,
is different. When neither limit applies, we must solve (3) numerically.

4. Numerical Solution

We choose initial conditions of the form,

vit=0,8) = Asech(&lexp(ikyE) . on
Figs. | and 2 show two examples of the evolution. We see that there are
Two Types of solitary pulses produced; one had a constant phase (Fig. 1),

while the other is an envelope pulse (Fig. 2).

5. Constant Phase Pulses

The constant phase pulses are a special case of the solitons of (8). Their
form is

= V7 a sech[a<g-go~a2r>]exp<seo) . (12)
The area of these pulses is V27 . However, these puises do not behave as
solitons in (3). Fig. 3 shows the collision of two of these pulses which
have different phases, We see that after the collision the phase and
amplitude of the pulses (%ave changed and some "radiation" is produced.

6. Envelope Pulses

The general form of the envelope pulses is v(T, &) = V(g)exp(Ik £~ 1w T),
. 2 . 2
where V is complex, L =& - cT, ¢ = a°* - Bko, and wo = kO(Ba2 - ko).

Here a is the decay rate of V as ]C| + o, V satisfies

+lV[2V—a2V) + ik _(3V +|v12v-3a2v>=o . (13
4 0 7Lt
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For k, = 0, we recover the constant phase pulses. Numerically infegrating
(13), we find that for 0 < |k | < 0.5a, V does not form a pulse, while for

]koi > 0.5a we do obtain a pulse. The asymptotic form of the pulse for kg

large is

V = JBasech(ag){l + ie tanh(az) +€ [tanh’(az) - 1/23/3+0(e )}

(14
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Fig. | (left) Evolution of (3) with initial conditions given by (1) with
A=3, ko = | . The solid line, long dashes, and short dashes denote !v} ,

Re(v) , and Im(v) respectively
Fig. 2 (right) Same as Fig. |, except A =5, ko =3
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Collision of two constant phase
pulses
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Fig. 4 (above)
Same as Fig. 2,

Fig. 5 (left)

3 :‘- . ! T
-20 ‘i’ i ! ¢ 20
Wil
A . |
-t 1
tht
(]
IR
g
8
(b}
=086 +
{
AW
SUECIRAATIAR
v} )“:: €
Y

except A =

Schematic showing numbers and

types of pulses

initial conditions given by (I1)

produced with



where € = a/k_. In the limit € > 0 we recover the solifon of (8) (with
k = 3). The "absolute" area of V is (cf. The area of the constant phase
pulses)

v dg = Ball+e /4 +0eh)] (15

7. Transition From Envelope to Constant Phase Pulses

Since solifary pulses do not exist for the full range of ko/a it is clear
that there cannot be a continuous transition from enveiope to constant phase
pulses. |f we take an envelope pulse and alter the initial conditions in such
a way that |KOI < 0.5a, we see from (15) that if has sufficient area To break
up info about 3 constant phase pulses. Ffor initial conditions of the form of
(11} This happens when A = 2k, (see Fig. 4). Fig. 5 shows schematically what
pulses are produced for different initial conditions. The equivalent figure
for (8) would consist of a single set of lines at A(k/6)¥2=N - 1/2.
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