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STOCHASTIC ION HEATING BY A PERPENDICULARLY PROPAGATING ELECTROSTATIC WAVE* 

C .  F. F. ~ a r n e y ?  and A.  Bers 

Research Labora to ry  of E l e c t r o n i c s  and Plasma Fusion Center 

Massachuser ts  I n s t i t u t e  of Technology 

Cambridge, Massachuset ts  02139 

The motion o f  an  i o n  i n  t h e  presence  o f  a  cons t an t  magnet ic  f i e l d  and 

a  p e r p e n d i c u l a r l y  p ropaga t ing  e l e c t r o s t a t i c  wave wi th  f requency s e v e r a l  

t imes  t h e  i o n  c y c l o t r o n  f requency i s  shown t o  become s t o c h a s t i c  f o r  f i e l d s  

s a t i s f y i n g  E/Bo > l / 4 ( (n /u ) l i 3  (w/k).  Th i s  s t o c h a s t i c i t y  c o n d i t i o n  i s  i n -  

dependent of how c l o s e  w i s  t o  a  cyc lo t ron  harmonic.  App l i ca t ions  of CUJ-- 

r e n t  i n t e r e s t  i n  supplementary h e a t i n g  of plasmas w i t h  r f  power n e a r  t h e  

lower-hybrid f requency a r e  sugges t ed .  

It i s  w e l l  known t h a t  a  s m a l l - ( i n f i n i t e s i m a l - )  ampl i tude  e l e c t r o s t a t i c  wave t r a -  

v e l i n g  a c r o s s  a  cons t an t  magnetic f i e l d  s u f f e r s  l i n e a r  damping on t h e  i o n s  only  i f  i t s  

f requency L i s  an exac t  m u l t i p l e  o f  t h e  i o n  c y c l o t r o n  f requency,  Q .  At f i n i t e  ampli- 

t udes  of t h e  wave, n o n l i n e a r  e f f e c t s  become impor tant  and we can expect  t h a t  t h i s  re-  

sonance i s  broadened. We show t h a t  a  s i n g l e  wave l e a d s  t o  s t o c h a s t i c  i o n  motion a t  

an ampl i tude  which is  independent  of how c l o s e  w i s  t o  a  cyc lo t ron  harmonic,  nil. Th i s  

p rov ides  a  mechanism whereby t h e  i o n s  i n  a  plasma can be  hea t ed  by such coherent  waves. 

There a r e  two, p h y s i c a l l y  d i s t i n c t ,  n o n l i n e a r  mechanisms o p e r a t i v e  i n  t h i s  i n t e r -  

a c t i o n .  The f i r s t  c o n s i s t s  of a  t r a n s i e n t  t r a p p i n g  of t h e  i o n s  i n  t h e  p o t e n t i a l  o f  

t h e  wave; t h i s  l e a d s  t o  a  r a p i d  h e a t i n g  of t h e  i o n s  n e a r  t h e  lower boundary of t h e  s to -  

c h a s t i c  r e g i o n /  The second i s  due t o  n o n l i n e a r  resonances  t h a t  a r i s e  from t h e  per-  

t u rbed  c y c l o t r o n  motion of t h e  i o n s  i n  t h e  wave f i e l d ,  and which produce s t o c h a s t i c  

i o n  motion i n  a  r e g i o n  of i on  v e l o c i t y  space  extending from t h e  t r a p p i n g  r e g i o n  t o  an 

upper bound determined by t h e  f i e l d  ampl i tude;  t h i s  l e a d s  t o  a  slower h e a t i n g  of t h e  

i o n s  up t o  t h e  upper boundary of t h e  s t o c h a s t i c  r e g i o n .  

I n  c u r r e n t  schemes f o r  t h e  supplementary h e a t i n g  of tokamak plasmas wi th  micro- 

wave power, wave-packet f i e l d s  t h a t  p ropaga te  n e a r l y  a c r o s s  t h e  magnet ic  f i e l d  ( e . g . ,  

lower-hybrid-resonance cones and some of t h e i r  p a r a m e t r i c a l l y  exc i t ed  decay waves) a r e  
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gene ra t ed .  The s t o c h a s t i c  i on  h e a t i n g  mechanism we p r e s e n t  can p l ay  an impor tant  r o l e  

i n  sucn h e a t i n g  schemes. 

S t o c h a s t i c  i o n  motion can a l s o  be  caused by an o b l i q u e l y  p ropaga t ing  wave t h a t  

t r a p s  i o n s  i n  t h e  p o t e n t i a l  w e l l s  p a r a l l e l  t o  t h e  magnetic f i e l d a 2  Th l s  mechanism i s  

i n a p p l i c a b l e  f o r  t h e  wave of i n t e r e s t  h e r e ,  which we t a k e  t o  p ropaga te  e x a c t l y  a c r o s s  

t h e  magner ic  f i e l d .  

W e  cons ide r  an  i o n  i n  a  cons t an t  magnetic f i e l d  B 5 and a  p e r ~ e n d i c u l a r l y  propa- 

g a t i n g  e l e c r r o s t a t i c  wave YE cos(ky - w t  - @) .  The equa t ions  of motion a r e  

2  
where l e n g t h s  a r e  normal ized t o  k - l  and t imes  t o  a = q k ~ / ( m f i  ) , and 1) = w/g. The 

Hamil tonian  f o r  t h i s  sys tem is  

where ( I , , w  ) and (I , w  ) a r e  conjugate  ac t ion-angle  v a r i a b l e s  of t h e  unper turbed sys- 
- 1 2  

tem (a + O ) ,  y = (Z11)112 s inwl ,  and x  = I - (211)112 coswl (wi thout  l o s s  o f  gener- 2  
a l i t y ,  we t a k e  t h e  cons t an t  of t h e  motion,  - y, t o  be  z e r o ) .  I n  (2) w2 i s  t h e  wave 

phase  and s o  I! d e s c r i b e s  two harmonic o s c i l l a t o r s ,  t h e  i o n  i n  a  magnetic f i e l d  de- 

s c r i b e d  by (I1, w ) and t h e  wave desc r ibed  by ( I  ,w ) ,  coupled by t h e  l a s t  te rm i n  ( 2 ) .  1 2  2 
I n  o r d e r  t o  f i n d  t h e  c o n d i t i o n  f o r  t h e  onse t  of s t o c h a s t i c i t y  we u s e  t h e  s u r f a c e -  

o f - s e c t i o n  method. We choose t h e  c r o s s  s e c t i o n  de f ined  by wl = n and numer i ca l ly  cor-  

p u t e  r 5 (21  ) ' I2 ,  t h e  normalized v e l o c i t y ,  a g a i n s t  w2 f o r  each c r o s s i n g  o f  t h e  w = r 1 1 
p l a n e .  F i g u r e  1 shows t h e  r e s u l t s  o f  such computations f o r  v = 30.23, u = 2.2 and 4 ,  

and i n  a  r e g i o n  o f  v e l o c i t y  space  wi th  r > v. With a = 0  t h e  t r a j e c t o r i e s  would a l l  

l i e  on h o r i z o n t a l  s t r a i g h t  l i n e s ,  s i n c e  I1 i s  a  conserved q u a n t i t y .  At u = 2 . 2  t h e  

t r a j e c t o r i e s  have  become q u i t e  complex, many l y i n g  on cha ins  of " i s l a n d s . "  t h e  o r d e r  

of t h e  i s l a n d s  i s  given by t h e  number of cyc lo t ron  o r b i t s  i t  t a k e s  f o r  t h e  i o n  t o  r e -  

t u r n  t o  t h e  i s l a n d  i t  s t a r t e d  on.  C l e a r l y  v i s i b l e  a r e  cha ins  of fou r th -  and f i f t h -  

o r d e r  i s l a n d s .  Ou t s ide  t h e  i s l a n d s  t h e  motion appears  s t o c h a s t i c ,  b u t  t h e  s t o c h a s t i c  

r eg ions  a r e  s e p a r a r e d  from one ano the r  by coherent  r e g i o n s ,  p reven t ing  t h e  movement of 

p a r t i c l e s  from one s t o c h a s t i c  r eg ion  t o  another  and l i m i t i n g  t h e  amount of  energy t h e  

p a r t i c l e s  can ga in .  At a. = 4 ,  t h e  motion i s  s t o c h a s t i . ~  over  n e a r l y  a l l  of t h e  r eg ion  

of v e l o c i t y  space  shown i n  t h e  f i g u r e ,  a l l owing  p a r t i c l e s  co be  heated  through t h e  

r eg ion .  

From t h e  s t u d y  of t h e s e  f i g u r e s  and o t h e r s  a t  d i f f e r e n t  f r e q u e n c i e s ,  we form t h e  

f o l l o w i n g  p i c t u r e  o f  how t h e  motion becomes s t o c h a s t i c :  The p re sence  of t h e  wave 

Caiisfs a  n o n l i n e a r  change i n  t h e  cyc lo t ron  f requency,  <<7 > .  Thi s  i n  t u r n  causes  t h e  
1 

""t i0  of t h e  wave f requency t o  t h e  cyc lo t ron  f requency t o  become a  "simple" r a t i o n a l  

" m b e r  i n  c e r t a i n  r e g i o n s  of v e l o c i t y  space ,  l ead ing  t o  f i x e d  p o i n t s .  [ I n  F i g .  l ( a ) ,  
1 1 

fc:: i n s t a n c e ,  t h e  c y c l o t r o n  f requency has  5ecome ~ 1 3 %  and ~ 1 3 %  a t  t h e  f o u r t h -  and 



FIG. 1. The wl  = 3 c r o s s  s e c t i o n s  of phase space  f o r  \J = 30.23 and (a)  u = 2.2 ,  (b)  
a = 4 .  The r r z j e c r o r i e s  of 24 p a r t i c l e s  a r e  fo l lowed f o r  300 o r b i t s  i n  each case .  
Crosses  i n d i c a t e  i n i t i a l  c o n d i t i o n s ;  d o t s ,  s u b s e q u e n ~  c r o s s i n g s .  I n  (a)  t h e  numbers 
i n d i c a t e  t h e  p o s i t i o n  o f  f o u r t h -  and f i f t b o r d e r  i s l a n d s  and t h e  o r d e r  i n  which they  
a r e  v i s i t e d .  The i n i t i a l  c o n d i t i o n s  were picked t o  i l l u s t r a t e  t h e  dominant f e a t u r e s  
of t h e  motion.  

f i f t h - o r d e r  i s l a n d s ,  r e s p e c t i v e l y . ]  Around h a l f  of t h e s e  f i xed  p o i n t s ,  a  cha in  o f  i s -  

l ands  forms; t h e  o t h e r  h a l f  a r e  h y p e r b o l i c  f i x e d  p o i n t s  a t   he s e p a r a t r i c e s  between t h e  

i s l a n d s .  As i s  v e i l  k n ~ w n , ~ ' ~  t h e  a d d i t i o n  of any sma l l  p e r t u r b a t i o n  t o  t h e  s y s t e n  

causes  t h e  motion i n  t h e  v i c i n i t v  o f  t h e  s e p a r a t i x  r o  become s r o c h a s t i c  [ s e e  F i g ,  l ( a ) j .  

A t  what we d e f i n e  t o  be  t h e  " s t o c h a s t i c i t y  t h re sho ld"  t h e  cha ins  of i s l a n d s  of v a r i o u s  

o r d e r s  over3 a p ,  caus ing t h e  s t o c h a s t i c i t y  t o  become much more widespread s e e  F ig .  l ( b ) j  ; 

above t h i s  t h r e s h o l d  a p p r e c i a b l e  h e a t i n g  i s  p o s s i b l e .  As t h e  f i e l d  is  inc reased  rwo 

f a c t o r s  c o n t r i b u t e  t o  t h e  even tua l  ove r l ap  of t h e  i s l a n d s .  F i r s t l y ,  t h e  i s l a n d s  grow 

i n  s i z e  ( a l t hough  t h i s  e f f e c t  i s  no t  always v i s i b l e  i n  su r f ace -o f - sec t ion  p l o r s  because  

t h e  s i z e  of t h e  s t o c h a s t i c  r e g i o n s  surrounding t h e  i s l a n d s  a l s o  i n c r e a s e s ,  e a t i n g  away 

a t  t h e  i s l a n d s ) .  Secondly ,  and perhaps  more s i g n i f i c a n t l y  f o r  ou r  problem, i s l a n d s  of 

d i f f e r e n t  o r d e r s  appea r .  



To f i n d  t h e  s t o c h a s t i c i t y  t h re sho ld  i n  terins of i s l a n d  o v e r l a p ,  we should the re -  

f o r e  do two t h i n g s :  t o  f i n d  o u t  a t  what f i e l d  t h e  i s l a n d s  of va r ious  o rde r s  appea r ,  

and t o  f i n d  ou t  t h e i r  s i z e .  As we w i l l  s e e ,  a l l  bu t  f i r s t - o r d e r  i s l a n d s  appear  a s  t h e  
2  

r e s u l t  of an O(a ) s h i f t  i n  t h e  f requency.  The s i z e  o f  tire corresponding i s l a n d s  i s  

de termined by h ighe r -o rde r  te rms.  The fo l lowing  a n a l y s i s  g i v e s  t h e  t h re sho ld  f o r  i s -  

l a n d s  of v a r i o u s  o r d e r s ,  bu t  no t  t h e i r  s i z e .  Th i s  t o g e t h e r  w i th  t h e  numerical .  simula- 

t i o n s  gi-ves u s  t h e  s t o c h a s t i c i t y  thi-eshold.  

The l o c a t i o n  of p th-order  i s l a n d s  may be de r ived  a n e l y t i c a l l y  by f i n d i n g  pth-order 

f i x e d  p o i n t s .  These i n  t u r n  a r e  found by s e t t i n g  

where s and p a r e  i n t e g e r s  and t h e  ( t ime)  average  i s  perforined over  p  cyc lo t ron  o r b i t s  

( o r ,  e q u i v a l e n t l y ,  s  wave p e r i o d s ) .  For f i r s r - o r d e r  i s l a n d s  (p = 1, s = n)  , <& > is  
1 

r e a d i l y  found by a  F o u r i e r  t ransfoi -mat ion5 of (2) w i t h  r e s p e c t  r o  wl and w2. Then t o  

o r d e r  a, nwl - w2 i s  c o n s t a n t ,  and s o  on ly  one term i n  t h e  F o u r i e r  sum c o n t r i b u t e s  t o  

g i v e  

To f i n d  t h e  t h re sho ld  f o r  f i r s t - o r d e r  i s l a n d s  we s u b s t i c u t e  ( 4 )  i n  (3) and t a k e  sin(nwl- 

w2) = il. I f  we a l s o  a s y m p t o t i c a l l v  expand t h e  Bessei  f u n c t i o n  i n  t h e  l i m i t  r >> v ,  we 

o b t a i n  

where v = n  + 6 .  For p  I ,  we t ransform5 H t o  a  s e t  of ac t ion -ang le  v a r i a b l e s  f o r  

which t h e  a n g l e s  a r e  c y c l i c  t o  o r d e r  a .  Then, i f  we a r e  n o t  t oo  c l o s e  t o  t h e  t h re sho ld  

f o r  f i r s t - o r d e r  i s l a n d s ,  t h e r e  a r e  c o n t r i b u t i o n s  t o  H of o r d e r  a' varying a s  s i n ( m <  - 
1 

kw ) ,  where k  = 0 o r  2. i f  p $ 2 ,  t hen  on averaging on ly  t h e  angle-independent term 2 
in! = k = 0) c o n t r i b u t e s ,  g i v i n g  

For p  = 2 ,  t h e r e  is  an a d d i t i o n a l  c o n t r i b u t i o n  when m = s and k = 2;  however, w i th  

r > v ;> 1 and v : n + i, t h i s  t e r n  i s  n e g l i g i b l e ,  s o  t h a t  we u s e  (6)  i n  t h i s  ca se  a l -  
2 

sc,. I n  Fig .  2  ( a )  we p l o t  v/<& > a s  g iven by (6). A s  u i s  inci-eesed,  t h e  i s l a n d  con- 
1 

d i t i o r ~ ,  (31 ,  i s  s a t i s f i e d  f o r  more and more v a l u e s  of s  and p .  The t h r e s h o l d  f o r  a  

-.-; - - r : i cu i a r  cha in  o f  h ighe r -o rde r  i s i a n d s  i s  found by s u b s r i t u c i n g  (6)  i n  ( 3 ) .  Expand- 

i r. r. ir: t h e  l i m i t  r ?> v >> 1 g i v e s  



FIG. 2.  ( a )  P l o t  of R r v / & >  - 30 a s  g iven  by (6 )  f o r  v = 3 0 . 2 3 .  The p l u s s e s  i nd i -  
c a t e  t h e  v a l u e s  of r  f o r  which <Q ? i s  a  s imple  r a t i o n a l  m u l t i p l e  of v .  (b) The th re sh -  1 
o l d  o f o r  t h e  format ion of i s l a n d s  of v a r i o u s  o r d e r s  ( t h e  numbers by t h e  curves)  f o r  
r  : 47.5 a s  a  f u n c t i o n  of 1). The l i n e s  g ive  t h e  a n a l y t i c a l l y  p r e d i c t e d  va lues  and t h e  
c r o s s e s  g i v e  t h e  numerica l ly  observed va lues .  The p l u s s e s  g ive  t h e  numer i ca l ly  ob- 
served s t o c h a s t i c i t y  thresh01 ds .  

where v  = s / p  + e.  

I n  F i g . Z ( b ) w e  p l o t t h e p r e d i c t e d v a l u e s  o f t h e  t h r e s h o l d s  f o r  i s l a n d  format ion a s  given 

by (5) and (7) f o r  2$ < v < 3$, and r z 47.5 ( i n  t h i s  p l o t  we have  allowed f o r  t h e  2 2 
f a c t  t h a t  r >> -J i s  no t  s a t i s f i e d ) ,  t o g e t h e r  w i th  t h e  numer i ca l ly  observed t h r e s h o l d s  

f o r  v a r i o u s  v .  Also g iven i n  Fig .  2(b)  a r e  some numer i ca l ly  obse rvea  s t o c h a s t i c i t y  

t h r e s h o l d s .  We observe  t h a t  t h i s  t h r e s h o l d  i s  i n s e n s i t i v e  t o  6 ,  va ry ing  by about 20% 
1 1 

f o r  b between - and -. Since  t h e  o v e r l a p  of i s l a n d s  causes  t h e  motion t o  become s t o -  
2 2 

c h a s t i c ,  an a c c u r a t e  exp res s ion  f o r  t h e  s t o c h a s t i c i t y  t h r e s h o l d  i s  ob ta ined  merely by 

r e p l a c i n g  E and E i n  (5)  o r  (7) by a  coi is tant  [which we determine  from Fig  ? ( b ) j ,  whi le  

r e t a i n i n g  t h e  slow dependence on r and n ,  g i v i n g ,  f o r  r >> V >> 1, 

For r : v ,  we must go back t o  ( 4 )  and (6) and expand i n  t?ie l i m i t  b ? >  1 t o  o b t a i n  
6  

2!3 
a = v  ! 4 ,  ( 9 )  

o r ,  i n  unnorinalized terms,  
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FIG. 3 .  ( a )  The l i m i t s  o f  t h e  s t o c h a s t i c  r e g i o n  a s  g i v e n  by Eqs.  ( 9 1 ,  ( l l ) ,  and (12) .  
The c r o s s e s  g i v e  t h e  n u m e r i c a l l y  o b s e r v e d  v a l u e s .  The t e r m s  " d i s c o n n e c t e d  s t o c h a s t i c ' '  
and "connec ted  s t o c h a s t i c "  a r e  used t o  d i s t i n g u i s h  m o t i o n  o f  t h e  t y p e  shown i n  F i g s .  
l ( a )  and l ( b ) ,  r e s p e c t i v e l y .  (b )  H e a t i n g  o f  a  g roup  of 50 p a r t i c l e s  w i t h  a = 20,  i n i -  
t i a l  v e l o c i t y  r = 2 3 ,  and e v e n l y  d i s t r i b u t e d  p h a s e s .  ( c )  V e l o c i t y  ( r )  d i s t r i b u t i - o n  
f u n c t i o n  f o r t h e  p a r t i c l e s  i n  (b)  a v e r a g e d  o v e r  o r b i t s  800-1100. N o r m a l i z a t i o n  i s  such  
t h a t  / 2 m f  d r  = 1. 

Our r e s u l t s  can  b e  used  t o  d e t e r m i n e  what  r e g i o n  of  v e l o c i t y  s p a c e  i s  s t o c h a s t j ~ c  

f o r  a g i v e n  a.  For a much l a r g e r  t h a n  t h e  t h r e s h o l d  g i v e n  by (9), t h e  u p p e r  l i m i t  may 

b e  found by i n v e r t i n g  (8)  t o  g i v e  

The lower  l i m i t  i s  d e t e r m i n e d  bv t r a p p i n g 1  and s o  i s  g i v e n  by 



F i g u r e  3 ( a )  shows t h e s e  l i m i t s  f o r  ,) = 3 0 . 2 3 ,  t o g e t h e r  w i t h  t h e  n u m e r i c a l l v  o b s e r v e 6  

v a l u e s .  How an i o n  g a i n s  e n e r g y  w i t h i n  t h e  s t o c h a s t i c  r e g i o n  may b e  i l l u s r r a t e d  by i n -  

t e g r a t i n g  t h e  e q u a t i o n s  f o r  a  number of  i o n s  w i t h  v e l o c i t i e s  j u s t  above t h e  lower l i m i t  

of  t h e  s t o c h a s t i c  r e g i o n  and w i t h  e v e n l y  d i s t r i b u t e d  p h a s e s .  I n  F i g .  3 ( b )  we p l o t  t h e  

rms s p e e d  o f  50 p a r t i c l e s  a s  a f u n c t i o n  o f  c y c l o t r o n - o r b i t  number (which i s  n e a r l y  pyo- 

p o r t i o n a l  t o  t i m e )  f o r  o = 20 and u = 30.23 .  We n o t e  t h a t  t h e  f a i r l y  r a p i d  i n i t i a l  

e n e r g y  g a i n  is  f o l l o w e d  by a  s l o w e r  h e a t i n g .  We can a t t r i b u t e  t h e  i n i t i a l  energy  f a i n  

t o  t h e  e f f e c t s  of   rapp ping. I n d e e d ,  t h e  1-m v e l o c i t y  a f t e r  t h e  f i r s t  few c y c l o t r o n  

o r b i t s .  is cl.ose t o  v + 2&. Tne slorz h e a t i n g  c o n t i n u e s  f o r  l o n g e r  t h a n  1000 c y c l o t r o n  

o r b i t s ,  a t  which t i m e  t h e  rms v e l o c i t y  i s  a b o u t  9 0 ,  and t h e  v e l o c i t y  d i s t r i b u t i o n  func-  

t i o n  h a s  s p r e a d  o v e r  most  of  t h e  s t o c h a s t i c  r e g i o n ,  F i g .  3 ( c ) .  

As a n  example ,  c o n s i d e r  a  wave n e a r  t h e  lower-hybr id  f r e q u e n c y  i n  a  plasma w i t h  

no  = 1014 cmW3, B0 = 50 kG, and I ,  = 1 Lei'. Taking  u/Q. 5 u = 24,  and k,rTi/ni = 6 ,  

we f i n d  f rom (10) t h a t  t h e  t h r e s h o l d  f i e l d  f o r  s t o c h a s t i c i t p  is  a b o u t  5 . 5  keV/cm ( a t  
2  -5 

t h i s  f i e l d  E E  / 4 n  T. i s  a b o u t  4  x 1 0  ) .  The mor ion  becomes s t o c h a s t i c  f o r  p a r t i c l e s  
0 1 

t r a v e l i n g  a t  t h e  wave p h a s e  v e l o c i t y  which  i s  4 0  s o  t h a t  a n  a p p r e c i a b l e  number of 
T i  

t a i l  p a r t i c l e s  i s  h e a t e d .  I n  tokamaks t h e  lower-hybr id  wave is  o f  f i n i t e  e x t e n t ,  de- 

t e r m i n e d  bv t h e  e x c i t a t i o n  s t r u c t u r e .  I n  t h i s  example ,  i f  t h e  e x t e n t  a l o n g  R i s  1 0  

cm, t h e n  t h e  i o n s  spend  s b o u t  20 c y c i o t r o n  p e r i o d s  i n  t h i s  f i e l d  and can i n c r e a s e  t h e i r  

e n e r g y  by a n  amount c o r r e s p o n d i n g  t o  t h e  t r a p p i n g  w i d t h  o f  t h e  f i e l d s .  At much h i g h e r  

a m p l i t u d e s  of  t h e  lower-hybr id  f i e l d s ,  t h e  c o n d i t i o n s  f o r  p a r a m e t r i c  decay  may a l s o  b e  

s a t i s f i e d .  For  decay  waves which a r e  o f  l o w e r  f r e q u e n c y  and s h o r t e r  w a v e l e n g t h ,  t h e  

c o n d i t i o n s  f o r  s t o c h a s t i c  i o n  h e a t i n g  (10) and (12)  may b e  more r e a d i l y  s a t i s f i e d  even  

f o r  i o n s  w i t h  v e l o c i t i e s  n e a r e r  t o  u s o  t h a t  b u l k  i o n  h e a t i n g  can r e s u l t .  
T i  

T h i s  work was s u p p o r t e d  by t h e  U . S .  Energy Research  and Development A d m i n i s t r a t i o n  

u n d e r  C o n t r a c t  No. E ( l l - l ) - 3 0 7 0 .  
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