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Abstract

A Monte Carlo method is given to compute the binding affinity of a ligand

to a protein. The method involves extending configuration space by a dis-
crete variable indicating whether the ligand is bound to the protein and a
special Monte Carlo move which allows transitions between the unbound
and bound states. Provided that an accurate protein structure is given, that
the protein-ligand binding site is known, and that an accurate chemical
force field together with a continuum solvation model is used, this method
provides a quantitative estimate of the free energy of binding.
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Introduction

Consider a drug molecule, the ligah¢gbinding reversibly to a pro-
tein P, via
L+ P =LP.

In equilibrium, reaction is governed by the dissociation constant

_ [L][P]
Ky = P
Define the binding affinity as
B Kg4/Na
pha = —logy (1 kmol m—3) ’

whereN, is the Avogadro constant.
Goal of this work: given

e protein structure

¢ ligand binding site

e chemical force field

e solvation model

computer,.

Benefits are
e screen drug leads prior to synthesis
e guide the design of drug leads
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Figure 1. Configuration space showing the volumes corresponding
to the unbound moleculds+ P and the compleX.P.

Formulation

Consider a system of volumig, consisting of a ligand molecule
and a protein molecul® in a solvent. The state of the system is
given byI" = [I'r, I'p], wherel'y; represents the phase space con-
figuration of moleculeM (position, orientation, conformation); see
Fig.@. In equilibrium, the system obeys the Boltzmann distribdtion

f(I') o< exp|—=BE(T)],

wheres = 1/(kT), T is the temperature, andis the Boltzmann
constant, and’(I") if the energy of the system.
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Yo corresponds to all allowable configuratiorns; corresponds to
the LP complex. In the dilute limit;, — oo, we find3'4

1 on exp|—BEy(T")] dT

Ra= Vo [y, exp[—BE (I)]dI”

(1)

where £, (T") is the full energy of the system ard)(I") is the “un-
bound” energy, ignoring the interaction betwdeandP.
Combine the bound and unbound systems by extending phase space

'— [N, A={0,1}.
Define canonical average by

3, [ dT expl-BEA(D)]XA(D)
S, [T exp[-BEAT)]

Now Eg. [1) can be rewritten as

1 {8y)
T Vo (0a)

(X)

Kq

(2)

whered,, is the Kronecker delta. Because the definition/of is
independent of/;, we can picklj to give (0 o) ~ (dx1)-



Wormhole Monte Carlo

We can compute the canonical averages in [Eg. (2) using the Monte
Carlo methoe to make steps froni’, \] to [I”, \'] with acceptance
probability

min1, exp(—B[Ex (I') — Ex(D)))].

However, the estimate of th&, will be very poor, because transi-
tions between\ = 0 and1 will be extremely rare; see Fig| 2.
Remedy this problem by restricting the standard moves to changes
in " only, and allowing changes ik via “wormhole moves” which
connect otherwise disconnected regions of configuration space.
Wormhole moves combine two concepts
e squeezing’ space is equivalent to decreasifidvia Jacobian
factor when transforming integral),
e allowing direct jumps between wells (subject to “detailed bal-
ance”):°

Define a set of wormhole regions w’, w”, .... These are subsets
of [I', A\] space with configuration space volumeswvof’, v, ....
Intersperse wormhole moves with regular Monte Carlo moves.
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Figure 2: Schematic representation of iigl") (shallow and wide)

and F;(I') (deep and narrow). Conventional Monte Carlo moves
between\ = 0 and1 (shown as blue lines) are nearly always rejected
because they lead to a large increase in energy.

Define a wormhole move as follows:

pick random wormholey;

if [I', A\] ¢ w, reject the move

pick random wormholev’;

pick [I”, X' uniformly in w’;

computeAFE = E, (I'") — E\(T);

with prob. exp(—SAFE)v’ /v, accept the move

[Fnewa Anew] — [Flv A/}a
otherwisefeject move

[Fnewa )\new] — [Fa )\]



Figure 3: Typical wormholes for the case illustrated in Fig. 2. The
large ratio of the volume of the unbound wormhole compared to the
bound wormholes compensates for the higher energy of the unbound
configurations. This results in accepted wormhole moves between
all the wormholes.

If the mean energy of configurationsinscales ag~! In v 4 const.,

the acceptance probability (3(1);

see Fig[ B.



Finding the wormhole

In order for the wormhole method to be practical, we need a reliable
way of choosing the wormholes. For simplicity take protein to be
rigid and fixed. Fix the bond lengths and bond angles in the ligand
and allow! bonds to rotate. Configuration of system is given by

e position ofL (3),

e orientation ofL (3),

e conformation ofL. (1).

e Total dimensionality is: = [ + 6.

Carry out canonical Monte Carlo simulations wiily (I") separately
for A = 0 and1. For each\, obtain a canonical set of configurations
{T"}. Fitn-dimensional ellipsoid to eacfi’} with center at the mean
configuration(I'). Compute the deviation from the meai, =" —
(I'), and compute a covariance matrix

(ST 6T) = BBT.

We take the semi-axes of the ellipsoid to be the columngiB.



Ellipsoids are a natural choice to use to fit the set of configurations:
e The iso-density contours of the distribution in a harmonic well
are ellipsoids.
e Itis easy to sample points randomly from an ellipsoid.
e Conversely, itis easy to test that a point lies inside an ellipsoid.
e The volume of am-dimensional ellipsoid is given by

n/2 "

= G L1

=1

wherea; is the length ofth semi-axis.

Test suitability of ellipsoid by demanding théx(1) of the config-
urations sampled uniformly from it have energies close to its mean
energy(E,(I)). If test fails, split{I'} into two sets according to the
sign of 6I" projected along the largest semi-axis of the ellipsoid and
construct new trial wormholes from each of these sets.
Method of finding wormholes depends on the samples “spanning” a
volume of phase space. Requires that the dimensionality of phase
space be sufficiently small. Thus

e Must use an implicit solvation model.

e Minimize number of degrees of freedom for conformational

changes by fixing the bond lengths and bond angles.



How good are wormhole moves?

Example:p-amino-benzamidine (Fi§] 4) bound to trypsin:
e Protein structure from trypsin-benzamidine complex, 1BTY
(Fig.[5).
At physiologicalpH, ligand is protonated (net charge-6t).
Amber 7 force fieldt1%:3and GB/SA solvation modefi11
e Find 16 unbound and 8 bound wormholes.
Pick 1V, = 0.39 x 10718 m3 .
e Binding affinity calculation of x 10° steps.

Data from binding affinity calculations. For ever§00 steps:

wormhole attempts 900
I' e w? 26
successful wormhole move 15
A transition0 — 1 — 0 3

Main cost is evaluation of; (I'). But the frequent’ ¢ w steps are
free! Thus

Cost of each\ transition~ 3 x £ (I

Wormholes areffectivein making the transition between the bound
and unbound systems.

Computational result: pK,;=7.99 + 0.01
Experimentai’i&result: pK,;=5.14+0.1

Discrepancy may be accounted for by modes0%, errors in the
force field.Protein flexibility probably also be important.
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Figure 4: The structure gf-amino-benzamidine.

Figure 5: Trypsin-benzamidine complex, 1BTY.
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Figure 6: Cumulative estimatgs/(,(s) obtained from the first
steps of 5 independent Monte Carlo runs The dashed lines shows
convergence ak/+/s to the mean value 6f.99.

Convergence

Repeat computation 5 times and plot the cumulative estimates of
pK, based on the first steps of each run; see Fig. 6. The converge
depends on how rapidly the switch betweken= 0 and1 is made.
This is determined by th&-correlation function

Cr = ((As = ) (Aot — D))

wherep = (1), As IS the value of\ at simulation step and(. . .)
denotes an average over steps. Figure 7 stigwer several differ-
ent values o¥/. In a Markov chain of length, the expected number
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Figure 7: The\-correlation functionC;. The curves show; for
V5/(0.39 x 107 m?) = (a) % (b) % (c) 1, (d) 3, and (e)10.

of bound states igs, while, for s — oo, the variance in the number
of bound states i8Ds, where

D = %OO +Y G = %COT.
t>0
This provides us with the definition of the correlation timme From
Fig.[1, we see that; decays approximately exponentially so that the
sum converges giving ~ 350.
Problem of determining K, is equivalent to determining the bias of
a coin where probability of headsssee Fig[ B.
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Figure 8. Estimation of the bias of a coin with= 0.443. Five
independent runs are show, (¢,,) is the number of heads (tails)
observed im trials. The axes have been adjusted to allow the figure

to be directly compared with Fig] 6.
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Discussion
e Direct sampling of two physical systemg; (I") and Ey(I)
(compare with free energy perturbation theory)
e Accumulating 1 (in eithefd,o) or (dx1))
— no rare large values (high error)
— no frequent small values (high cost)

Can sample with#5(I") ~ E,(I') and compensate in the ca-
nonical averages.
Can apply standard Monte Carlo techniques
— preferential sampling
— early rejection
— force bias
— eftc.
e Can extend to treat
— limited protein flexibility
— ring flexibility in ligand
— protonation states (at constant pH)
— tautomers
Limitations
— explicit solvent not treated
— only as good as crystal structure and force field
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